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PREFACE TO THE TENTH EDITION 


From the very rapid sale of the first nine heavy editions it appears 
that the book has really been found useful and supplied a long-felt 
need. On account of the questions set recently on the angle of intersection 
of two circles, a method to find the angle of intersection of two circles, 
which was given in the ninth edition, has been retained. (See 
Misc. Exs. 36, 37, Chap. V.) Similarly the chapter on "Pair of Straight 
Lines Represented by a Quadratic Equation" {Chap. IV) (which should^ be 
omitted by the Intermediate students of the Punjab University) 
has been retained to cover the syllabi of all the other Indian Universities 
for the Intermediate Examinations in Co-ordinate Geometry. 

In view of the recently raised standard of Examinations the book 
has been thoroughly revised, recast at some places and brought up to 
date. Slight modifications have been effected in the wording of some of 
the examples set in the University Examinations to make them of more 
permanent value. The sets of examples after the articles have been 
further enriched with modern questions. Copious hints and complete 
solutions have been given to typical examples. But in view of the new 
style of Examination papers requiring ingenuity and skill on the part of 
the examinees to try examples, most of the hints have been given at the 
end of the book and not side by side with the examples themselves. 
This arrangement, it is hoped, will minimise the chances of temptation 
to the students to see the hints without giving a fair trial to the examples, 
and thus the book in its present form will be found more useful to those 
for whom it is meant. 


D.A.-V. College, Jullundur City, 

2nd October, 1957 


BANSI LAL 


PREFACE TO THE THIRD EDITION 

Every one, who writes a book, does so with a definite purpose. My 
purpose of writing this book is to make the ‘Elements of Co-ordinate 
Geometry’ easily comprehensible to the beginners and to make the 
students well-grounded in the subject. The book has the following 

Distinguishing Features. 

(1) It just covers the University syllabus and is complete in itself, 
rigidly excluding all matters, however important they might appear from 
other points of view. 

(2) Written primarily from the Examination stand-point, it attempts 
to present the subject in an *easy-to-undersiand ’ and *easy-to-reproduce' 
form. For this reason, the subject-matter illustrated by a free use of the 
diagrams has been put in as simple and lucid a manner as possible. 

(3) Wherever possible, th&^s^n^ftTod has been summarised into a 
Rule, and, where necessary, an Aid to memory has been provided. 

(4) Each article has been followed by typical examples. This will 
facilitate the task of the teacher while allotting work to the class after an 
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article or two have been done in the class-room. For the more ar^itious 
and voracious reader^ each chapter ends with a set of Miscellaneous 
Examples (not to form necessarily a part of the class-work). 

(5) All the questions set in the Punjab University from 1924 up to 
date have been incorporated in the book and last five years also appended 
at the end. In addition to these a very large number of examples has 
taken from the Examination papers of such other Universities as include 
Co-ordinate Geometry in their syllabus. 

Copious hints and, in most cases, complete solutions of the 
important examples have been given. 

All this is done to give the students an idea of the type of questions 
usually set in University Examinations and of the type of solutions 
usually liked by the Examiners. 

(6) All articles and examples which are most important from the 
Examination stand-point have been printed in bold type and those next to 
them in importance in italics. This will help the student in his judicious 
choice of them when the time at his disposal is limited. 

(7) Straight Line and Circle have been very fully treated. Each 
method of the Circle is general which, if mastered, will render the study of 
the Parabola, the Ellipse and the Hyberbola very easy. 

A method in which the Geometry of the Circle simplifies matters 
considerably has been designated as Shorter method. 

(8) Interesting and instructive alternative proofs have been given 
here and there for brilliant students to appreciate different methods of 
approach. ‘Which of them is the best and why’ has been indicated in 
^Comparison of the two methods'. For the more intelligent students is 
intended all the matter marked with a double asterisk (* *). 

(9) A chapter-wise list of all the important results and formulae to 
be remembered by the student has been prefixed to the book for ready 
reference and occasional review. 

In short, no pains have been spared to make the book useful for all 
types of students—ordinary, average and brilliant. 

In fine, acknowledgment is due, and is hereby made to all the 
authors consulted in the preparation of the book. 

Suggestions for the improvement of the book as well as intimations 
of errors and serious misprints will be most gratefully received. 


D.A.-V. College, 
Jullundur City. 


BANSI LAL 


CONTENTS 


Chap. Sec. Page 

Syllabi of Punjab and Jammu Kashmir Universities ... xi 

Abbreviations ... ... ... ... xU 

Important Results and Formulae ... ... ... xiii 

I. The Point 

I. Directed Lines. Rectangular Axes ... ... I 

II. Distance between Two Points ... ... ... 4 

III. Co-ordinates of Points dividing the join of two 

Given Points in a Given Ratio ... ... 6 

IV. Area of a Triangle ... ... ... ... 14 

Miscellaneous Examples on Chapter I ... ... 18 

II. Locus and its Equation 

I. Equation of a Locus ... ... ... ... 21 

II. Locus of an Equation ... ... ... ... 23 

in. The Straight Line 

I. Equation of a Straight Line in Different Forms ... 25 

II. Angle between Two Straight Lines ... ... 47 

III. Intersection of Straight Lines ... ... ... 57 

IV. Length of the Perpendicular from a Given Point 

on a Given Line ... ... ... ... 66 

••V. A Line and a Point ... ... ... ... 70 

VI. Bisectors of Angles between Two Straight Lines ... 71 

Miscellaneous Examples on Chapter III ... ... 75 

IV. Pair of Straight Lines Represented by a Quadratic 
Equation (to be omitted by the Intermediate students 
of the Punjab University) 

I. Equation of a Pair of Straight Lines ... ... 80 

II. Angle formula for a Pair of Straight Lines through 

the Origin . . 84 

HI. Angle-Bisectors of a Pair of Straight Lines through 

the Origin . . 86 

IV. General Equation of the Second Degree Representing 

a Pair of Straight Lines ... ... ... 90 

Miscellaneous Examples on Chapter IV ... ... 98 

V. The Circle 

1. Equation of a Circle in Different Forms ... ... 100 

II. Tangents and Normals ... ... ... 107 

III. A Circle and a Line ... ... ... ... 113 


ix 


X 


CONTENTS 


IV, A Circle and a Point. Pole and Polar ... 121, 126 

Use of Parameter ... ••• ••• 131 

V. Geometrical Properties ... ... ... 134 

VI. Two or more Circles. Radical Axis of Two Circles 138 

Miscellaneous Examples on Chapter V ... ... 147 

VI. The Parabola 

I. Equation of d Parabola ... ... ... 153 

IL Tangents and Normals ... ... ... 158 

III. A Parabola and a Line ... ... ... 164 

IV. A Parabola and a Point. Pole and Polar ... 168,171 

Use of Parameter ... ... ... •• 173 

V. Geometrical Properties ... ... ... 175 

Miscellaneous Examples on Chapter VI ... ... 178 

VII. The Ellipse 

I. Equation of an Ellipse ... ... ... 184 

II. Tangents and Normals ... ... ... 193 

III. An Ellipse and a Line ... ... ... ... 196 

IV. An Ellipse and a Point. Pole and Polar ... 200,204 

Use of Parameter ... ••• ... ••• 206 

V. Geometrical Properties ... ... ... 210 

Miscellaneous Examples on Chapter VII ... ... 219 


VIII. The Hyperbola (to be omitted by the Intermediate 
students of the Jammu & Kashmir University) 


I. 

Equation of a Hyperbola 

... 225 

II. 

Tangents and Normals 

... 232 

III. 

A Hyperbola and a Line 

... 232 

IV. 

A Hyperbola and a Point. Pole and Polar ... 

233, 236 


Use of Paramev^r 

... 237 

V. 

Geometrical Properties 

... 239 


Miscellaneous Examples on Chapter VIII ... 

... 241 


Appendix 

... 244 


Punjab University Papers 

... 245 


Answers and Hints 









PUNJAB* UNIVERSITY SYLLABUS IN ANALYTICAL CONICS 
FOR THE INTERMEDIATE EXAMINATION, 1958 {and after) 

Directed liaes. Rectangular axes. Distance between two pomis 
U);^rdinates of a point dividing the join of two given points in a given 
ratio. Area of a triangle. Equations of a straight line in different forms 
Length of the perpendicular from a given point on a given line Inter¬ 
section of straight lines. Angle between two straight lines. Bisectors of 
angles between two straight lines. 

Elementary properties of the loci given by equations : 

■ {x~h)^ + [y-kY=r^ ; y^=4ax ■ *! + I'! = 1 ; | 

including the use of parameters ; properties of pole and polar, radical 
axis of two circles (excluding the properties of systems of coaxal circles). 
Equations of tangents and normals of the above loci. 


JAMMU & KASHMIRf UNIVERSITY SYLLABUS 
IN ANALYTICAL CONICS FOR THE INTERMEDIATE 

EXAMINATION, 1958 {and after) 

Directed lines. Rectangular axes. Distance between two points 

Co-ordinates of a point dividing the join of two given points in a given 

ratio. Area of a triangle. Equations of a straight line in different forms. 
Length of the perpendicular from a given point on a given line. Inter¬ 
section of straight lines. Angles between two straight lines. Bisectors of 
angles between two straight lines. 

Elementary properties of the loci given by equations : 

; {x~h)^ + {y-k)*=^r^ ; 

including the use of parameters, radical axis of two circles (excluding 


= I 


* Five-twelfths o/Intermediato Mathematics Paper A. 
\Two-fifths c>/Intermediate Mathematics Paper A. 
tOmitted for 1959 (and after) . 



ABBREVIATIONS 




A. B. stands for 

Ajmer- Board 

A. U. 

if 

>1 

Allahabad University 

Ag.U. 


%> 

Agra University 

B. 


ff 

B. A. Examination 

B.U. 


ff 

Bombay University 

Bar. U. 


f» 

Baroda University 

B.H.U. 


ff 

Benares Hindu University 

C. U, 


n 

Calcutta University 

D. U. 


ff 

Delhi University 

Em. 

ft 

j f 

Emergency Examination 

J. & K. U. 

f t 

ft 

Jammu & Kashmir University 

M. B. B. 

>9 

ff 

Madhya Bharat Board 

M. U. 


ff 

Madras University 

N. U. 

ff 

ft 

Nagpur University 

P. u. 

f* 

ft 

Punjab University 

Pesh.U. 

1) 

ff 

Peshawar University 

P (P). U. 

4t 

ff 

Punjab (Pakistan) University 

R. B. 


ft 

Rajputana Board 

s. 

ft 

9 9 

Supplementary Examination 

w.r.t. 

ff 

ft 

with respect to 


Note, If Qo year is mentioned, it means that the question was set 
before 1930. 
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IMPORTANT RESULTS AND FORMULAE 

( To Be Remembered ) 

CHAP. 1. THE POINT 


1. Distance formula. Th e dista nce_^tween the two poinif 

i^i, yi) and {X 2 , y^) is d=\/lx 2 —x,}"*+(yj—y,)-. [ Art. 5 ] 

2. Section formulae. (/) Internal division. The co-ordinates 
of the point which divides the join of the two points (.r,. y^) and 
(Xj, y^) internally in the ratio ; mj are 

_miXa+'^'a^j 

X -: , y-- 


mj+mj 


nii-l-mj 





2 (Xj.y 


[ Art. 6-1 ] 

[ Remember the Rule to write down these from the Fig. (See p. 7.)] 
Mid-point formulae. The co-ordinates of the mid-point of the 
join of (x„ y,) and (xj, yz) «'trc 


x== 


Xi-Hx, 


v=Xit3L» 

y 2 


[ Art. 6-1, Cor. ] 


(») External division. The co-ordinates of the point which divides 
(he join of the two points (Xj, yi) and (xj, y^) externally in the ratio 
mi : mg are 


X — 


iD«x 


2^1 


IH 2 


m,yj-n^, 


mj—mj 


[ Art. 6 -II ] 




w 


zJUs. /*y: 


( Remember the Rule to write down these from the Fig. (See p. 8 .)] 

3. Centroid formulae. The co-ordinates of the centroid of the 
triangle, whose vertices are (x„ y,), (xg. yg), (Xg, yg), are 

*= -— 3 —- , y= ^ [Art. 7, (a), solved Ex. 11 

4. Incentre formulae. The co-ordinates of the incentre of the 
triangle, whose vertices are A(xi, yj), B(x 3 , yj), Cix,, y,), are 

ax,-hbxg +cx3 ayi + byg-Ecy, 

a-fb-l-c * ^ a-fb-fc* ' 

where fl=BC, 6 =CA, c=AB. [ Art. 7, (b). solved Ex. 2 ] 

5. Area formula. The area of the triangle, whose vertices are 

ixi, yj, (xj, yg), (Xg, yj), is \ 

A=U (*iy2-*2yi)+(x2y8“X3yi)+{*3yi“Xiy3) 1 

...First form 

[ Remember the Rule to write down this expression.] 




>’3 




or A==i[ *i(y2'--y3)+X3(y3-yi)+X3(yi-y2) ]• ...Secondform [ Art. 9 ] 
Note. Complete area formula. For the complete area formula, 
lake the double sign (±) with the ordinary area formula. [Art. 9, Note 2] 


xiii 
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CHAP. III. THE STRAIGHT LINE 


1. The equation of the line, parallel to the x-azis and at a 

distance i from it, is y=b. [ Art. 15 ] 

The equation of the x-axis is y=0. [ Art. 15, Cor. ] 

2. The equation of the line, parallel to the y-axis and at a 

distance a from it, is x=a. [ Art. 16 ] 

The equation of the y-axis is x=0. [Art. 16, Cor. ] 

3. The slope of a line making an angle d with the x-axis is 

tan 9. [ Art. 17 ] 

**Thc slope of a line equally inclined to the axes is m—±1; 

[ Art. 20, Ex. 3 ] 

4. The equation of the line, passing through the origin and 

having slope m, is y=mx. [ Art. 18 ] 

5. (Slope form or ) Tangent form. The equation of the line, 
liavina slope m and cutting off an intercept c on the y-axis. is 

y=mx+c. _ [Art. 20] 

6. Intercept form. The equation of the line, cutting off inter- 


X y 

cepis a and b from the axes, is ^ 


1 . 


[ Art. 21 ] 


Note. The line meets the axes in the points (a, 0) and (0, b). 

[Art. 21, Note 1] 

7. Perpendicular form. The equation of a line, in terms of the 
length of the perpendicular p from the origin upon it and the angle a 
which this perpendicular makes with the x-axis, is 

X cos a+y sin a=p. [ Art. 22 ] 

8. The slope of the line Ax-i-By-f'C=0, =-g- , l e., 

slope= - die L. H. S. of the equation 


coelficient of y 

of the line (R.H.S. being zero), [ Art. 25, ] 

9. Point-slope form. The equation of the line, passing through 
(.T,, yi) and having slope m, is y—yi=m(x—Xi). [ Art. 28 ] 

The equation of any line through (Xj, y,) is 

y—yi=m(x—Xj). [ Art. 28, Cor. ] 

Note. The value of m is found from the second condition satisfied 


by the line. 

10. Two-point form. The equation of the line, passing through 


(Xp Vi) and (Xo, y.), is = x" ^ ^ 

The slope of the line, passing through (.Vp yi) and (xg, ya), 

= [ Art. 29, Cor. ] 

Si) Xj 

11. Distance form. The equation of the line, passing through 
(•'if Ji) ^ind making an angle 0 with the .v-a.xi3, is 

x-^i_y-yi 




cos 0 sin 0 


~r. 
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where r is the distance of the point (x, from (^i, >'i). [Art. 30] 

Any point on the line is (Xi+r cos 9. Yx+r sin 6). 

[ Art. 30, Cor. 2 ] 

12. Angle formula I. Slope form. If d is the angle between the 
lines Y=mjxH-Ci and >'=mjX-|-C 2 . then 

[Art. 33-11 

l-l-mimg ^ 

Note. Complete angle formula. For the complete angle formula 
(like the complete area formula) take the double sign {±) with the 
ordinary angle formula. [ Art. 33-1, Note 3 J 

••Angle formula II. General form. If 6 is the angle between the 
lines aiX-|- 6 i>’+Cx =0 and a 2 X+^> 2 y-l-Ci= 0 , then 

tan [Art. 33-11] 

ajag-l-bibj *• 

13. Condition of parallelism I. Slope form. The condition, 

that the lines and y=mzX^-c^ may be parallel, is 

m, = m 2 [i.e., the slope of one line=the slope of the other]. [Art. 34-1] 
••Condition of parallelism II. General form. The condition, that 
the lines a,x-|-Ai>'+Ci =0 and a^x-hbiy+Ci^O may be parallel, is 

aj 1)2 

i.e., ratio of the coefficients of x=ratio of the coefficients of y. 

[Art. 34-11] 

14. The equation of any line parallel to the line Ax-fB>’4-C=0 is 

Ax-i-By-l-k=0. 

[Rule to write down the equation of any line parallel to a given 
line (equation in the general form) : 

In the equation of the given line, change only the constant term to q 
new constant k.] [Art. 35) 

Note. The value of k is found from the second condition satislied 
by the line. 

15. Condition of perpendicularity I. Slope form. The condition, 
that the lines y=miX-\-Ci and y=m 2 X-\-C 2 may be perpendicular, is 

mxm 2 = —1 or m 2 =- 

mj 

[i.e., the product of their slopes^ —1, or the slope of one line 
^negative reciprocal of the slope of the other], [Art. 36-1] 

••Condition of perpendicularity II. General form. The condition, 
that the lines a^x-\-b^y-^Ci—Q and a 2 X-t-i 2 y-l-Ca =0 may be perpendicular, 
is aia 2 -l'bib 2 = 0 , i.e., 

product of the* coefficients of x-|-product of the coefficients of y=0. 

[Art. 36-11] 

16. The equation of any line perpendicular to the line 

is Bx-Ay-i-k=0. 

[Rule to write down the equation of any line perpendicular to a 
given line (equation in the general form) : 

(/) In the equation of the given line, interchange the coefficients of 
X and y, (i7) change the sign of one of them, and (/«) change the constant 
term to a new constant k.] [Art. 37] 
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Note. The value of k is found from the second condition satisfied 
by the line. 

17. Test for concurrency of three lines in special cases. If the 
equations of three lines are 

aiX+fijy+Ci=0, 

and (aiJC+^i>'+c,)-|-(j2r-|-i2>>-l-C2)+(<73r+A3y+f8)=0 
identically, the three lines meet in a point. In words : 

If adding the L.H.S.*s of the equations of three lines (R.H.S.*8 
being zero) we get zero, the three lines meet in a point. [Art. 42, Cor.] 

18. The equation of any line through the point of intersection of 
the two lines aiX'i-biy-{-Ci=0, a^x+b^y+Cz—O is 

aiX+b,y-l-Ci-f-k(aoX+b2y+c..)=0, 

i.e., one line+k(other line)=0, where “one line” stands for the “L.H.S. 
of the equation of one line (R.H.S. being zero)”, and so for the “other 
line.” [ Art. 43 ] 

Note. The value of k is found from the second condition satisfied 
by the line. 

19. Perpendicular distance formula. The perpendicular distance 
of the point (r„ y,) 

(/) from the line x cos a+y sin a=p is 

d=Xi cos ot+y, sin a—p, [Alt. 44-1] 

and (//) from the line ax-\-by-\-c—^ is 

d= ^i+*^yi+5 


\/ a* -f b- 


[Art. 44-11] 


[Rule to find the perpendicular distance of a given point from 
a given line : 

(/) In the L.H S. of the equation of the line {R,H.S, being zero), 
substitute the co‘ordinates_of the point, and [it) divide the result by 

V{co(-Jf. of x)^-^{coe£^. of y)-. The result gives the perpendicular distance,) 

Note. Complete perpendicular distance formula. For the 
complete perpendicular distance formula {like the complete area formula 
or the complete angle formula) take the double sign ( ±) with the 
ordinary perpendicular distance formula. [ Art. 44-11, Note ] 

CHAP. IV. PAIR OF STRAIGHT LINES 

be omitted by the Intermediate students of the Punjab 

University. ] 

1. If the separate equations of two lines are flA:-l-fiy-l-c=0, and 
fl'A:+6'y+c'=0, then their combined equation is 

(ax+by-rc)(a'x-}-b'y-f-c')=0. [ Art. 47, Cor. ) 

2. Two important results. If y—ntiX, and y^m^x are the separate 
equations of the lines ax--{-2hxy-\-by-—0, then 

nii+m 2 =-and m^ma^ ^ . [ Art. 49, Cor. 1 ] 

3. Angle formula for a pair of lines through the origin. If ^ 
the angle between the lines ^7A-4-2/j.Yy-i-6y“=0, then 


^ . 2Vh2-ab 

tan y=-- 

a-i-b 


[ Art. 50 ] 
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4. Condition of perpendicularity. The condition, that the lines 
ax^-\-2hxy-\-by^=(i may be perpendicular, is 

a+b=0, 

i.e,, coefficient of x^-f coefficient of y2=0. [Art. 50, Cor. 1 ] 

*♦5. The lines ax^-{-2hxy‘\-by^=0 are real and different. Veal and 
coincident, or imaginary according as h*—ab is positive, zero, or negative. 

[ Art. 50, Cor. 2 ] 

6. The equation of the bisectors of the angles between the lines 

ax--\-lhxy->rby>^=Q, is 


y8_ xy 
a-b h • 


[ Art. 51 ] 


7. The condition, that the equation 

ax^-{-2hxy-^by^-\-2gx+2fy-{-c=0 may represent two straight lines, is 

abc+2fgh-af2-bg*-ch2=0. [ Art. 52 ] 

*♦8. If the equation ax--^2hxy-\-by^-\-2gx+2fy-{-c=Q represents 
two straight lines, the equation of the lines through the origin parallel to 
them is ax2+2hxy + by2=0, i.e., second degree terms=0. 

[ Art. 52, Cor. 1 

**9. The condition, that the lines >;=miX+c, and y=:m^x-\-c^ may 
, make equal angles with the ;c-axis, is mi= —nig, 

I.e., the slope of one line=negative slope of the other. [Art. 53, Ex 5] 


CHAP. V. THE CIRCLE 


1. SUndard form. The equation of the circle, whose centre is 

the origin and radius=n, is x®+y2=a-. [Art. 55 ] 

2. Central form. The equation of the circle, whose centre is 

(/j, k) and radius=a, is (x-h)2+(y-k)2 = a2. [ Art. 56 1 

3. General form. The general equation of a circle is 

xHy^+Zgx+Zfy+c^ O ; 

its centre is ( — g, — f ), and radiu8 = \/ g^+P—c. [ Art 57 ) 

4. Diameter form. The equation of the circle, on the join of 
(x,. yi) and {xz. y*) as diameter, is 

(x-x,)(x-X 2 )+(y-y,)(y-y 2 )= 0 . [ Art. 60 1 

5. The equation of the tangent at the point (Xj, >,) of the circle 

(/) x*+y*=a 2 is xxi+yyi=a*. [ 62 ] 

(ii) x^+y^+2gX"\-2fy+c=0 is 

3 ‘Xi+yyi 4 -g{*+*»)H-f(y l-yi) + c=0. [ Art. 64 1 

[ Rule to write down the equation of the tangent at the point 
(xn yi) of ^ circle (or conic in whose equation there is no* term 
involving the product xy) : 

In the equation oj the curve, change x® to xx,, y* to w.. x to 
*(x+xi), y to i(y^-y,). 

6. Intercept formula for the circle. 

Length of the (chord or) intcrccpt- 2 v/{radiu 9 )a-(central ±)\ 
where central X means the 1. from the centre on the line. [ Art. 70 ] 

•If, however, there i* u term InvolvInB the product xy, cha^ 
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7. Tangent property. If a line touches a circle, 
the length of the perpendicular from the centre on the line 

=the radius. [ Art. 71 ] 

[^^The equation of the circle, when not stated, is taken for 
granted as x^-\‘y^=a\ ] 

8. Condition of tangency. The condition, that the line y^mx-\-c 


may touch the circle, is [ Art. 71 ] 

If m is the slope of a tangent to the circle, the equation of the 

tangent is y=mx±a\/ l+m^ [Art. 71, Cor. I ] 

The equation of any tangent to the circle, in the m-form, is 

y=inX"fa\/l-l-ni^. [ Art. 71, Cor. 2 ] 

♦♦Condition of tangency. The condition, that the line 
may touch the circle, is 

an2+a2m*=n« [ Art. 71, Ex. 9 ] 

9. Test for a point to lie outside, on, or inside a circle. The 
quantity o* is positive, zero, or negative according as the point 

Ji) lies outside, on, or inside the circle. [ Art. 72 ] 

10. The equation of the chord of contact of tangents from (x,, y,) 

to the circle is xxi 4 -yyi=a®. [ Art. 77 j 

11. The equation of the polar of (jri, y,) w.r.t. the circle is 

12. Any point on the circle is (a cos 6f a sin 6). [ Art. 82, Cor. ] 

13. The equation of the diameter of the circle, bisecting parallel 


chords of slope m, is y= 



[ Art. 84 ] 


♦*14. Equation of a chord in terms of its mid-point. The 
equation of the chord of the circle, whose mid-point is (xj, yi), is T=S|, 
where S=0 is the equation of the circle. Si is the result of substituting 
the co-ordinates of the point (.Vi, yj) in S, and T=0 is the equation of the 
tangent at (a*i, y,). [ Art. 84, Ex. 1 ] 

15. The length of the tan gent from (.y ^, y<) to the circle 

x2+yH2gx+2/y+c==0 is V V+yi"+2gXi-i-2fyi-|-c. 

[ Rule to find the length of the tangent from a point to a circle : 

In the L.H.S. of the equation of the circle {coefficients of x*. y^ being 
each=I, R.H.S. being zero), substitute the co-ordinates of the point, and 
take the square root of the result. The result gives the length of the 
tangent. ] [ Art. 85 ] 


16. The equation of the radical axis of the two circles 

x*+yH 2gi.v-l-2/iy+Ci=0, 

xH y4- 2g.,x + 2fiy -f Cj ^ 0, 
is 2 x(gi-g..)+ 2 y(fi-f 2 )+Ci—c.^O. 

[ Rule to write down the equation of the radical axis of two 


circles : 

Write the equation of each circle so that the coefficients of x\ y* 
are each^l on the L.H.S,, R.H.S. being zero, and subtract one equation 
from the other. The resulting equation is the equation of the radical 
axis. ] t Art. 87 ] 
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17. Condition of orthogonality. The condition, that the two circles 

gonahy. through the points of intersection 

of t^e t^f^y 2 _|_ 2 g^x+ 2 /iy+Ci= 0 . x 2 +y 2 + 2 go.v+ 2 /;y+e 2 = 0 , is 

x 2 +y 2 _|_ 2 g,x+ 2 f,y + c, + k(x 2 +y 2 + 2 g 2 X+ 2 f,y-|-c,)= 0 . 

i.e, one circle+k(other circie)= 0 , where “one circle stands for the 
‘‘L H.S. of the equation of one circle (R.H.S. being zero) , and so ior 

the “other circle.” , ^ . L 

Note. The value of A: is found from the second condition satisfied 

by the circle. 

19. The equation of any circle through the points of intersection 

of the* circle x« 4 -/+ 2 gx+ 2 /y+c =0 and the line AAr + By'i-C=0, 

is x 24 -yH 2 gx+ 2 fy+c+k(Ax+By+C)= 0 , 

I.e. circlc-l-k(line)=0. where “circle” stands for the “L.H.S. 

of the equation of the circle (R.H.S. being zero)”, and so for the 

«‘lme ” ^ ^ 

Note. The value of k is found from the second condition satisfied 

by the circle. 

CHAP. VI. THE PARABOLA 

1. Definition property. If P is any point on a parabola whose 

focus is S. and PM X on the directrix, then r * . /.m 

SP=PM. [ Art. 94. (c) ] 

2 Standard form. The equation of the parabola is 

AS=AZ = a. [ Art. 95-1 J 

[ ^j^^The equation of the parabola, when not stated, is taken for 

granted as y^^4ax. ] u jc 

The focal distance of the point P(Xi, yj on the parabola is 

SP=a+x,. [ Art. 95-1. Cor. ] 

The focus of the parabola is (a, 0), the equation of the directrix 
is x= —a, the equation of the axis (x-axis) is y= 0 , and the vertex (ongm) 
is ( 0 , 0 ). [ J 

3. The latus rectum of each of the parabolas 

y*=4ax, >>*= —4ax ; x^=Aay, x-= —4fly is 4a. [ Art. 98 ] 

4. The equation of the tangent at the point (x^, y^) of tlie parabola 

yy,= 2 a{x+x,). r u'-i?V 

5. The equation of the normal at the point (Xj, yi) of the parabola 

y-yi= 


IS 


is 


[ Art. 100 ] 


6 . The equation of any normal to the parabola, in the m-form, 
is y=smx—2am—am’, 

and the foot of the normal is (am’, —2am). [ Art. 101 and Cor. 1 ] 

**7. In the cubic flx’+6x’+cx-|-d=^0, 

b coeff. of x’ 

sum of the roots, i.e., Xi+Xj-hXj^ ——^eff. of x’~' 
sum of the products of the roots taken two at a time. 
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,_ C _ coeff. of X 

product of the roots, /.e., Ws= - —= - [Art. 102] 

8 . Condition of tangency. The condition, that the line y—mx-^c 


may touch the parabola, is c= 


m 


[ Art. 106 ] 


tangent is 


If m is the slope of a tangent to the parabola, the equation of the 

a 


y=nix-h 


zn 
a 


and the point of contact is (^ 2 , [ Art. 106, Cors. I, 2 ]' 

The equation of any tangent to the parabola, in the w-form, is 


y=inx-f 


m 


[ Art. 106, Cor. 3 ] 


♦♦Condition of tangency. The condition, that the line /x+ffiy+n=0 
may touch the parabola, is am2=nl. [Art. 106, Ex. 4 ] 

9. Test for a point to lie outside, on, or inside a parabola. The 

quantity —4fl.Vi is positive, zero, or negative according as the point 
[Xy. >’i) lies outside, on, or inside the parabola. [ Art. 107 ] 

f iu^' of contact of tangents from (xi, Vi) 

to the parabola is yyj=:2a(x+x,). [Art. 110] 

11. The equation of the polar of {x,, y,) w.r.t. the parabola is 

_ yyi=2a{x+Xi). [Art. Ill] 

12. Any point on the parabola is (at*, 2at). [Art. 114, Cor.] 

♦♦If /„r, are the parameters of the ends of a focal chord of the 
parabola, then t,t,= -l. [Misc. Ex. 31, Chap. VI] 

The ends of a focal chord of the parabola arc 


(al'^, 2at) and ^changing / to — 

(^-f> 


[Misc. Ex. 31, Cor., Chap. VI] 

13. The equation of the diameter of the parabola, bisecting parallel 
chords of slope m, is y= “ • [Art. ll7, {d)] 

® chord in terms of its mid-point. The equation 
of the chord of the parabola, whose mid-point is (Xj, >»i), is T=Si, where 

o—O IS the equation of the parabola, Si is the result of substituting the 
co-ordinaies of the point (.Yj, yi) io s, and T=0 is the equation of the 
tangent at (.Vi. Vj). [ Art. 117, (d), Ex. ] 

CHAP. VII. THE ELLIPSE 

(. To be omitted by the Intermediate students of the Jammu 

& Kashmir University from 1959 {and after). ] 


IMPORTANT RESULTS AND FORMULAE 
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1. Definition property. If P is any point on an ellipse whose 
focus is S and eccentricity e. and PM X the directrix, then 

SP=ePM. (e<l) [Art. 118] 

2. Standard form. The equation of the ellipse is 


+ ? = 1 . 


b2 


CS=ae, CZ=-®-, (l-e^). 


[Art. 119,(a), Cor.] 


2 2 

The foci of the ellipse " 2 “ + =1 (±ae, 0), and 


the equations of the directrices arc x=± 


[Art. 120, Cor.] 


equation of the ellipse, when not statedy is taken for 


granted as 


x"- 




3. The latus rectum of each of the ellipses 


'2 ««2 ^2 


a 


+-^=1 

2 ' k2 


=1 (a“>6‘)is2 “ . [Art. 121] 

2k 


b* 


6 * ■ d^ 


IS 


IS 


4. The equation of the tangent at the point (Xj, y-^ of the ellipse 

= [Art. 122] 

5. The equation of the normal at the point (Xj, yi) of the ellipse 

yi 


[Art. 123] 


6. Condition of tangency. The condition, that the line y=mx+c 

may touch the ellipse, is c=±Va^m*+b*. [Art. 126] 

If m is the slope of a tangen^_^ the ellipse, the equation of the 

tangent is y^mxXVa^m^+b^ [ Art. 126, Cor. 1 ] 

The equation of any tangent to the ellipse, in the m-form, is 

y=inx+-\/a*m®+b^ [ Art. 126, Cor. 2 ] 

**Condition of tangency. The condition, that the line lx-\-niy-\-n~0 
may touch the ellipse, is aH®+b*m*=n®. [ Art. 126, Ex. 6 ] 

7. Test for a point to lie outside, on, or inside an ellipse. The 

X ® V ® 

quantity ■ + "^2 — 1 is positive, zero, or negative according as the 

point (Xj, y^) lies outside, on, or inside the ellipse. [ Art. 127 ] 

8 . The equation of the chord of contact of tangents from (Xi, y^) 

to the ellipse is [ Art. 130 ] 

9. The equation of the polar of (Xj, y^) w. r. t. the ellipse is 

^■ + ^‘=y [Art. 131] 
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10. Any point on the ellipse is (a cos 6, b sin B). [Art. 135, Cor.] 

11. The equation of the normal at the point {a cos 6, b sin 0) of the 

ellipse is —[ Art. 136, Ex. 3 ] 

^ cos 6 sin 6 

12. The focal distances of the point P(Xi, on the ellipse are 

SP=a+exi, S'P=a-eXj. [ Art. 137, {a). Cor. ] 

13. If the normal at the point P(;fi, of the ellipse meets the 

major axis in G, then CG=e^Xi. [ Art. 137, {d) ] 

14. The equation of the diameter of the ellipse, bisecting parallel 

chords of slope m, is y=— ] 

**15. Equation of a chord in terms of its mid-point. The 
equation of the chord of the ellipse, whose mid-point is {Xi, yi), is T=Si, 
where S=0 is the equation of the ellipse. Si is the result of substituting 
the co-ordinates of the point (Xj, yi) in S, and T=0 is the equation of the 
tangent at (.Vj, y,). 

**16. The condition, that y=mx, y=m'x may be conjugate, diameters 

a ^ 

of the ellipse, is ’ mm'=:-g-. [Art. 137, (g), Ex. 5, Cor. 1] 

**The equation of the diameter of the ellipse conjugate to the dia¬ 
meter y=mx is y= —[Art, 137, (g), Ex. 5, Cor. 2] 

d XXX 

CHAP. Vni. THE HYPERBOLA 

[ be omitted by the Intermediate students of the Jammu 

& Kashmir University. ] 

1. Definition property. If P is any point on a hyperbola whose 
focus is S and eccentricity e, and PM _L on the directrix, then 

SP=e PM, (e>l) [Art. 138] 

2. Standard form. The equation of the hyperbola is 


** y“ -1 

b3 “ ■ 

[ Art. 139 ] 

CS=ae, CZ= —, b2=a=(e2-l). 

[ Art. 139, Cor. ] 

y3 

[ Aid to memory for standard results in the hyperbola = t* 

In the corresponding results for the ellipse 

1 

fli + *8 " 

change b* to — 6*. ] 


The foci of the hyperbola -^-5 -yt= 1 are 

a^ 0 * 

( ±ae, 0 ), and the 

equations of the directrices are x=±—. 

[ Art. 140, Cor. ] 
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^The equation of the hyperbola, when not stated, is taken for 


[ 

granted as — = 


3. The latus rectum of each of the hyperbolas 

= 1 , 




[Art. 141] 

a* a^ M * ■' ^ , v .u 

4. The equation of the tangent at the point {x^ y^) of the 

. , , . xxi_yyi_l [ Art. 142, Ex. ] 

hyperbola IS —. 

5. The equation of the normal at the point (x,. y,) of the 

... a 2 -(-b= [ 1 

hyperbola IS --+y'— 

6 . Condition of tangency. The condUion, that the line y=,„x+c 

may touch the hyperbola, is c= ±t/a“m.-b=. [ Art. 142 E.t. 5 ] 

If m is the slope of a tangent to the hyperbola, the equation of the 

tangent is y=mx ± V a*m“-b^ M e ni form is 

The equation of any tangent to the hyperbola, in the ni-form, 

y=mx+v/a=m"—b^; [ Art. 142, Ex. 5, Cor. 2] 

••Condition of tangency. The condition, that the 
may touch the hyperbola, is a -1 b-m —n . [ ' 

7. Test for a point to lie outside, on, or inside a hyperbola. The 

quantity^“-^ 4 *-lisncgative, zero, or positive according as the point 

(x„ y.) lies outside, on. or inside the hyperbola. [ Arh | 

8 . The equation of the chord of contact of tangents from (Xi, y^) 


to the hyperbola is 


xxj yy,_j 

« A A • 


b« 


[ Art. 143, Ex. 6 ] 


9. The equation of the polar of (Xj, yj w. r. t. the hyperbola 

J. _ yy>-=l. [ Art. 143, Ex. 7, {b) ] 

1 $ 1^2 


10 Anv point on the hyperbola is (a sec 0, b tan 0). 

^ [Art. 144, Cor. ] 

♦•11. The equation of the normal at the point {a sec B, b tan tl) of 

the hyperbola is 3 e"-.+.a’n%=‘*”+'’”- ^ ' ’ 

♦•12 The focal distances of the point P(Xi, yi) on the hyp^bola 
are ‘ SP=exi-a, S'P=ex,+a. [ Art. 145, Cor. ] 

13. If the normal at the point P(x., y,) of the hyperbola meets the 
transverse axis in G. then CG=e%. [ Art 145^ Ex 3 ] 

••14. The equation of the diameter of the hyperbola, bisecting 


b* 


parallel chords of slope w, is y^a^m 


-X. 


[ Art. 145, Ex. 7 ] 
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**15. Equation of a chord in terms of its mid-point. The equation 
of the chord of the hyperbola, whose mid-point is (Xj, is T=Si, where 
S=0 is the equation of the hyperbola, Sj is the result of substituting the 
co-ordinates of the point (xi, >'i) in S, and T=0 is the equation of the 
tangent at (Xj, y^. [ Art. 145, Ex. 9 ] 

**16. The condition, that >'=w,x, y=m'x may be conjugate diameters 

b* 

of the hyperbola, is mm'= ^ . [ Art. 145, Ex. 12, Cor. 1 ] 

**The equation of the diameter of the hyperbola conjugate to the 

b* 

diameter y—mx is y= t ^ ] 
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CO-ORDINATE GEOMETRY 

CHAPTER I 
THE POINT 

SECTION I 

DIRECTED LINES. RECTANGULAR AXES 


1. Directed line. Def. A directed line is a straight line upon 
which (/) a fixed point called the origin, {ii) a unit of length, and {Hi) a 
positive direction have been assumed. 

Notation. The origin is denoted by O (the initial letter of the word 
origin) and the positive direction is indicated by an arrow-head placed 
upon the directed line. 

Thus the indefinite straight line X'OX _ . UNIT^ _^ 

is a directed line upon which (/) O is the x' O X 

origin, (ii) the unit of length as shown, and 

(Hi) the direction OX (i.e., from O to the right) is positive (and the 
direction OX' (i.e., from O to the left) is negative]. 

Articles, Examples or Notes marked with a double asterisk 
(**) may be o nitted on a first reading of the subject.] 

**Note. {A length) AB on a directed line is positive if the direction 
from A to B is the same as the positive direction on the line, and AB is 
negative if the direction from A to B is the same as the negative direction 
on the line. 


Thus in Fig. I, AB is positive (V the 
direction from A to B, i.e., to the right, is 
positive], and in Fig. II, AB is negative 
[■.' the direction from A to B, i.e., to the 
left, is negative]. 



**2. Two fundamental relations. For all positions of two points A 
and B on a directed line, 

(1) AB=--BA. 

(2) AB=OB—OA, where O is the origin. 

♦*(1) Proof. (/) As regards sign, AB, the _, , . , 

length measured from A to B is opposite in x' 0 A 0 x 

sign (direction) to BA, the length measured [ 

from B to A. _ . __ 

(//) As regards magnitude. AB and BA X^ B O A X 

are equal. [ V they represent the length of 

the same st. line] II 


2 


NEW INTERMEDIATE CO-ORDINATE GEOMETRY 


[Arts. 3-4 (a) 


from (i) and (//), AB—— BA* 

♦♦(2) Proof. OA hA-Bf means that- the pt. moves from O to A and 

then from A to B, ^ _ _ 

/.e., the'pr."moves from O lo B 

oa>ab=6b, 

or, transposing, 

AB=OB-OA. 

[Note How to draw the two Figs. In Fig. I. the points A, B He 
on the same (right) side of O, and in Fig. 11, they iie on opposite sides of 
O (A on the right and B on the left side of O).] 

Cor If OA OB=b, then for all positions of two points A and B, 
■ '' ATl=h_a 


For, AB=OB-OA=i-<7. 

3. Rectangular axes. Defs. Let X'OX, Y OY 
be two directed lines meeting at right angles in O. 
Then (/) X'OX is called the ax/jo/.v or, more shortly, 
the x-axis, {ii) Y'OY the axis of y or, more shortly, the 
y-axis, and {in) the two together are called the 
rectangular^ axes ; (/v) O is called the origin. 


Y 


to 

• 

X 


< 

1 

• 


X - AXIS 


O(ORieiN) X 


Co-ordinates of a point 

4. (j) Co-ordinates. Def. and notation. 

Let P be a point in the plane of the axes. From P 
draw PM X on Ihe .v-axis. Then (/) the length OM 
is called the abscissa of P and is denoted by x, (n) 
the length MP is called the ordinate of P and is 
denoted by y, and {Hi) the two together are called 
the co-ordinates of P and are denoted by {x, >’)• 


Y‘ 




< 

z 

y 


S 

o 

ABSCISSA 


XV 

O X M X 


Note. They are also called the Cartesian co¬ 
ordinates after Cartesius, the latinised name of their 

inventor Des Cartes [pronounced “De Kahrt” {ah— 
very short)]. See also the frontispiece. 



*lUastration. In the adjoining Fig. AB, ^ " 

the length measured from A to B (i.e., to (he 
right) = 4-2, and 

BA, the length measured from B to A {i.e., to the left) = —2. 

Thus AB=*—B.\. 

tWhy this step. In order to prove that AB=OB—OA {i.e., by transposing 
negative term from one side to the other) we have to prove that OA+AB=OB, 
we consider OA+AB. 

tSo called, because they are ai right angles. 


Art. 4(b), (c), (d) ] 


RECTANGULAR AXES 
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(i) Rule for signs of co-ordinates. 

(/) .V, or the abscissa, is positive if it is measured to the right of the 
origin {as in the Fig. of Art. 4, (u)), and negative if measured to the left. 

(/■/) y, or the ordinate, is positive if it is measured above the x-axis 
{as in the Fig. of Art. 4, {a)), and negative if measured below. 

[Aid to memory. “Plus to the right ; Minus to left ; 

Positive, height : Negative, depth”. — Briggs and Bryan.'] 

Note that the above Rule for signs of co-ordinates is the same as in 
Trigonometry, the Rule for signs of the sides OM. MP of the triangle 
OMP. See the author’s New Intermediate Plane Trigonometry {6ih Edition) 
Art. 16. {b). 

Important. In naming the co-ordinates of a point, the abscissa is 
staled first and then the ordinate, they are separated by a comma and 
written within brackets thus : {x, y). 

Point (x, y). Def. The point whose co-ordinates are (.v, y) is, for 
.shortness, called the point (x, y) or simply (x, y). Thus the ori'cin 
is (0, 0). 

Notation. When the co-ordinates of a point are known they are 
denoted (/) by the earlier letters of the alphabet as {a, b), (c, d), {h, k) ; 
etc., or (/7) by attaching suffixes to .Y and y as {Xy y^) [read “.v one, 
one”), {x.^, y-i) [read ‘\x two, y two”] ; etc., or {Hi) by attaching dashes 
to X and y as (.v',/) [read ‘'x dash, y dash”), {x^y”) [read ‘‘.y double 
dash, y double dash”] ; etc. 

When the co-ordinates of a point are not known they are denoted, 
as in Algebra, by the letters x, y as (x, y). 


(c) Quadrants. Def. The axes divide the 
plane into four parts called quadrants. (/) XOY is 
called the first quadrant, (//) YOX' the second, 
{Hi) X'OY' the third, and {iv) Y'OX the fourth as 
marked in the Fig. in which the proper signs of the 

co-ordinates are also indicated. 

(Aid to memory. The quadrants are numbered 1,11, 
III, IV in the order in which a revolving line, starting from 
OX, and revolving in the positive (i.e-, counter-clockwise) 
dircc' ion, passes through the four quadrants.] 

EXAMPLE 


(/) taking AB. AD as axes ; 

(//) taking the centre of the square as origin and axes 
parallel to the sides AB, AD. 


Y' 

n 

(-*+) 

1 

(-!-»+) 


0 (+,-)X 

in 

t 

Y 

TV 

ABCD (side =2ii) 

Of 

-iC 



{d) To plot a point whose co-ordinates are given. 

Example. Plot the points {/) {3, 4) ; {H) {—3. —4) ; {Hi) ( — 7, 6) ; 
(/■v) {0, -6). 
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[Art. 5 


[Scale. 1 small division=l.] 

(/) To plot (3, 4). Measure OMi 
along the .v-axis, to the right of O and 
=3, measure M,Pi X to the .v-axis. above 
it and =4. Then Pi is the required pt. 

{/■/) To plot (—3, —4).Measure OMg 
along the .r-axis, to the left of O and =3 
in magnitude, measure MjPg X to the 
A’-axis, below it and =4 in magnitude. 

Then P., is the required pt. 

(Hi) To plot ( — 7, 6 ). Measure OM., 
along the v-axis, to the left of O and =7 
in magnitude, measure M 3 P 3 X to the .v-axis, above it and ~ 6 . Then 
P 3 is the required pt. 

(m) To plot (0, — 6 ). Measure OM 4 along the .v-axis and =0, 
i.c., at O measure OP 4 X to the .v-axis, below it and =6 in magnitude. 
Then P, is the required pt. 



[Rule to plot the point (x, y) : 

Measure OM alons the x-axis ami =.v, measure MP 
.1. 10 the x-axis ami =y. observing the Rule for signs of 
co-ordinates {Art. 4, {h} ). Then P is the required pt.] 



EXAMPLE 

Plot the points (/, 2). (J, -J), (-X 4), (-4, -5), (-/, 0), {0, I). 


SECTION 11 

DISTANCE BETWEEN TWO POINTS 


5. Distance formula. To find the distance between two points 
whose co-ordinates are given.'*' 


Let P(.Vi, V,). i.) be the two pts. 

Let d be the required distance PQ. From 
P. Q draw PM, QN X^' on the .v-axis and 
PR X on NQ. 

Then from the rt. d PRQ, 
T’K'-RQ' 

But PR- MN- ON - O.M 

^.Vo- .V,. 



RQ-NQ-NR NQ-MP-.v.-Vj, 
from ( 1 ), d-^ (x,-xJ--^{}\-y^y- 


•[F. V. 195!] 
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d=v'{x2-*i)*+(y2-yi)^* 

♦♦Note 1. Complete distance formula. 


d=^±V (^2-^i)“+(>'2->’i)^ 

that sign being taken on the R. H. S. which gives a +ve^ result for d. 
Taking +ve sign with the square root. 


d, the distance m =\/Ua—yi)"- 

Cor. The distance of the_point (a-,, ;'i) from the origin is 

( 1 ) ( 2 ) 

( 0 . 0 ) 


For, 


</=V(Xi-0)^+(>'i-0)2 


[v/(X 2 -x,) 2 +(>' 2 ->’,)-) 


♦♦ [Note 2. Generalisatioi^Jnrlbfe^ig. of Art. 5. it has been 
supposed that P. Q both lie ii^BH^^'drant, but the formula is 
always true in whatever quaS^^rthe points may lie. 

[For, in every case PR=MN=ON—OM=X 2 —.Vi (Art. 2, Cor.), 
and similarly RQ =>’2 —yi ] 

In fact ^'Theorems and formulae deduced by reasoning with points or 
lines in the first quadrant {where the co-ordinates are always positive) must, 
from the very nature of the method of Co-ordinate Geometry, hold true 
when the points or lines are situated in the other quadrants. 

— G. A. Wentworth. 

The same proof holds good for every case with due regard to signs of 
the quantities involved, j 

Example, find the distance between the points (/. —2) and { — 2. 2). 

( 1 ) ( 2 ) 

The distance between the pts. is 

rf=v'T-2-i)^-H2-(-2)]=^ [ v'^a-^i)H(y 2 -yi)) 

=V' (-3)H(4)* =V 9 + 16 =V25 = 5. 

EXAMPLES I. 

1. (<}) Express the distance between two points in terms of their 

co-ordinates. 

(/>) Find the distance between the following pairs of points : 

(/) ( — 6 , 7) and ( — 1, —5) ; x(i/) (—a, a) and (6, —b). 

1. Find the distance between the following pairs of points : 

(/) {at^^, 2ati) and (atz^, 2ati) ; 

(/7) {a cos a, a sin a) and {a cos a sin ^). 

3. Find the value of if the distance between the points (.Vi, — 1) 
and (3, 2) be 5. 

4. A line is of length 5 and one end is at the point (1,-2); if the 
abscissa of the other end is 4, prove that its ordinate must be 2 or 
- 6 . 

* 5. Show that the points (a, a), (—a, —a) and (—a\/3» a\/3) are 
the vertices of an equilateral triangle. [Pesh. U. 1953] 


• • + vc' stands for‘positive’. Similarly‘—vc’ stands for‘negative.’ 
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6 . Show that the points (12, 8), (—2, 6) and (6,0) are the ver¬ 
tices of a right-angled triangle. \P.V.'i946] 

[Sol. Let A(12, 8), B(—2, 6), C(6, 0) be the vertices of 
the triangle. Then 

AB2=(-2-12)2-{-{6-8)2=(-I4)2-f-(-2)2= 196+4=200, 

BC2=[6-(-2)P+(0-6)2=(8)2 + ( -6)2=64+36=100, 

CA2=( 12 - 6)2 +(8-0)2=(6)2 + ( 8 )2 =36-f-64= 100, 
AB 2 =BC 2 +CA 2 
/ACB=1 rt. Z- (Converse of Pythagoras’ theorem) ] 

Test for a right-angled triangle. 

Square of the greatest side 

=sum of the squares of the other two sides.] 

7. Show that the points (0, —1), (2, 1), (0, 3) and (—2, 1) are 
the corners of a square. 

8 . Show that (1, —'1) is the centre of the circle circumscribing 
the triangle whose angular points are (4, 3), (—2, 3), and (6, —1). 





o 



Q(^ 2 »K 2 ) 


SECTION III 

CO-ORDINATES OF POINTS DIVIDING THE JOIN OF TWO 

GIVEN POINTS IN A GIVEN RATIO 

6-1. Section formulae for internal division. To find the 
co-ordinates of the point which divides the line joining two given* 
points internally in a given ratio, f 

Let P(.Y,, .V,), Q{.Y 2 . .Vj) be the two 
pts. Lei {.Y, v) be the required co¬ 
ordinates of the pt. R which divides PQ 
internally in the given ratio /»i : nu. 

From P, Q, R draw PM, QN, RK. 

±s on the .Y-axis. Thro’ R draw a st. line 
ARB i to tlic A'-axis to meet MP 
(produced) in A and NQ in B. 

Then from the similar Z.s APR, 

BQR, 

AR _ PR 
RB RQ 


M 


N 


_ 


«/. 


( 1 ) 


But 


AR = MK=OK-OM=.y-.y„ 
RB=KN=ON-OK=.Y2-.y, 


from (1). 


V--.Y, m 


. ...t 

ni. 


or 


Again 

But 


.Y 

.y{/Mj = mi-Yo+mg-Yi 

P A pR ^ 


or wjjX—m2A*i=mi.Y5—/Wi-v 

ITliXo 

y mj+mo 

( 2 ) 


or X 




BQ RQ ma ’ 
PA-MA-MP=KR-MP=y-Vi, 
_NO - NB=NQ-KR=r 2 - v. 

•Def. A given poiat is a point whose co-ordinates are given. 
\lPes’i. U. 1954 ] 
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from (2), 


y-y, mi 


m., 


or W 2 V— 


y2—y "'2 

m.y.-^moy. 

or v(m,4m2)=--m,> 2 +m 2 r, or y = • 

[ Note. How to remember the construction and proof of 
Art 6-1. Through the point of division R draw a straight line ARB ; to 
the x-axis to meet the ordinates MP, NQ of the given points P, Q in A.B. 
and consider the two similar so formed. 

To obtain the .x-co-ordinaie of R, consider the ratio of the sides 
AR RB (of the two similar ) which are to the v-axis. 

Again, to obtain the v-co-ordinaie of R, consider the ratio of the 

sides PA, BQ which are to the .r-axis. 

The same construction and proof will be adopted in Art. 6-11. | 

[ Rule to write down the cc-srdinates of the point which divides 
the join of two given points internally in a given ratio m, : m.^. 

of the point remote from and m-> (xp/i) 
hv the x-co-ordinate oj the point p 
remote from m., as shown hy the arrows. ' 

{ii) add these products, and {Hi) divide the sum hym 

This gives the x-co-ordinate of the point of division. 

Similarly for the v-co-ordinaie. 

Cor. Mid-point formulae. The co-ordinates of the mid-point oJ 
the join of (.v,, 3 i) and {x.^, y-d are 

A “ • A 


R 


Q 


m... 


y= 


For. let P. 0 be the pis. (.r„ y,), (.V 2 ,.r. 2 ), 


and (jc, .v) the required co-ordinates of R. the nXi) 

mid-pt. of PQ. _ 

PR I 

Then PR^RQ or [^q = j 


Q 


X 


_ 


_ i. 32 +i.>'i _ y, ^y 

H-i 2 


Y + 





R(x»y) 


1..Y, _ 

1 -i- 1 2 

6-11. Section formulae for external division. To find the co¬ 
ordinates of the point which divides the line joining two given 
points externally in a given ratio. * 

Let P{x,, .V,), Q (Xa, yd be the 
two pis. Let {x, .v) be the required 
co-ordinates of ihept. R which divides 
PQ externally in the given ratio «», : m._. 

From P. Q, R draw PM, QN, RK 
J_s on the x-axis. Thro’ R draw a st. line 
ABR il to the x-axis to meet MP and NQ 
both produced in A and H. 

Then from the similar .APR, 

BQR, 0| M N 


B 


-(X 2 >y,) 


Kx 


• [J. & K. U. 1952] 
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But 


AR _ ... 

BR ~ QR ~ Wg 

AR = MK=OK-OM==x-Xi, 

BR = NK=OK-ON 


_ ... x—Xi m 

from (1),- - — — 

X— X 2 rn. 


or m^—m 2 Xi—myX—m^x^ 


x{m2—m^= nuXi—niiX^ 

_ WaX,—mjXa miXj—nigX, 


m^—mi 


UXg 


Again 

But 


PA PR _ /Wi 
QB ” QR “ nu ^ ’ 


or nt^y—miyx—mxy—m^yi 


But PA = MA—MP=KR~MP=>»—>> 1 , 

QB =NB~NQ=KR-NQ=>'->'2, 

from (2), or nuy-miyx^mxy-mxyt 

I “Vo ''to 

» V M ** 

or »*i)= /Hi >’2 

^ mi yg-m gyi 

^ m,—Wi m,—nij 

Another method. 7*0 r//e section formulae for external 

division from those for internal division. 


y= 


Here 


^ , but QR = ~RQ 

QR nu ' ^ 


t An. 2, (1) ] 


PR m, t'K mi 

— RQ mg RQ —mg 

the co-ordinates of R are 


PR 


t.xi»yj) 

p 


mi: -m 2 (^2»y2) 
R"^ 


_m,x.j-f (-m.JXi _ mj.Yo —mgXi 

' m, + {' nio) mj—m.g 

_m,vH-(-»»g).ri _ WM’! 

mi-!-(-m,.) mj-mg 

Note. If R divides PQ internally as in the Fig. of Art. 6-1, then 

tlie ratio is positive. [ PR and RQ have the same sign (direction)] 
RQ 

But if R di\ ides PQ externally as in the Fig. of Art. 6-II, then the 
ratio ^1^ is negative. [ PR and RQ have opposite signs ] 

RQ . 


[ PR and RQ have opposite signs ] 


[Rule to write down the co-ordinates of the point which divides 
the join of two given points externally in a given ratio mg : ms* ' 

Chamte to —m^ and write down the ^____ 

co-ordinates of the point which divides miT^^m 2 ^i*yzy 

the join of the given points internally in ^ ii- r "^ Q 

the 'ratio mi : -nu. [ Art. 6-1, Rule ] ^-TTTTTT , 1 ,. 

Example 1. Find the co-ordinates of the point which divides we 

line ioining (/. -2) and {4. 7) 
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(/) internally in the ratio 1:2; {ii),externally in the ratio 2 : 3. 

(0 The co-ordinates of the pt. of division are _- 

[Rule (Art. 6-1)) n - -) 

= ®-=2 

l(7)+2(-2) _ 3 _ 

1+2 3 

/. the co-ordinates of the pt. of division are (2, 1). 

(/7) The co-ordinates of the pt. of —--^ 

division are (i»- 2 ) 2 > -!> _ (4 >? > 

^'2’+(*-3T'* '-■-" 


[Rule (Art. 6-II)] 


= -! = -'• 

_ 2(7) + (-3)(-2)^20 __ 

■■ 2 + (- 3 ) ' ■ -1 ■ ■ 

/. the co-ordinates of the pt. of division are ( — 5, —20). 

Example 2. Find the middle point of the line joining ( —i, —6) and 

{ 1 . - 2 ). 

^ ( 1 ) ( 2 ) 

The co-ordinates of the mid-pt. are (—3, —6), (1, —2) 


x= 


(-3)+l 




+ Xi 
2 


= 2=-'- 


y= 


(-6)-l-(-2) 






the mid-pl. is ( — 1, —4). 

exampi.es a- 


1. (fl) Find the co-ordinates of a point which divides in a given 

ratio the straight line joining two given points. [F{P)- V. 1949] 

(h) Find the co-ordinates of the points which divide internally 
and externally, the line joining (1, - 3) and ( — 3, 9) in the ratio 1 : 3. 

[Note, (a) Important. ''Divides in a given ratio" means “divides in 
a given ratio (/) internally, and (//) externally." So both tlie Arts. 6-1 
and 6*11 should be reproduced.] 

2. (a) Find the co-ordinates of the point which divides th| line 
joining the two points (a,, bj and ( 82 , bj) internally in the ratiol^: m. 

[/>(/>). U. 1955 ] 

(/>) Prove that the points (—2, —1), (1, 0), (4, 3) and (1, 2) are the 
vertices of a parallelogram. [Mysore U.] 
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[Sol. (A) First method. Let A(—2, —1), B(I, 0), 

C(4, ?). D(i, 2) be the pts. Then the mid-pt. of the 

..^./-2+4 -l+3^ fJCi+jc* yi-{-y2~\ 

diagonal AC is I—^" * —2— / * ! ~ 2 * 2 ' 

i.e., ( 1 , 1 ), 

and the mid-pt. of the diagonal BD is 


00*2) _CO»3) 



( 


A(-2f-l) B(i*0) 



i.e., (1, 1). 

the mid-pt. of AC is the same as the mid-pt. of BD, 

ABCD is a Pgm. ( V diagonals bisect one another) 

Second method. Let A(—2, —1), B(l, 0), C(4, 3), DCi>.?) C(^*s> 

D{1. 2) be the pts. 

Then AB=^/[^332)F-fT0£(-i)P 

= \/(3)i*+(ir-=\/9-l-l = \/l0, 

DC=v'(4-i)=+(3-2)^ . „ . 

= ^/( 3 ) 2 +(l )2 =v'9+l=yi0, Bd.oj 

AD-3/[r-(_2)]2+[2-(-nT-=\W+(3p=v/9T9=3/18 

= 3V2, _ 

BC=v'(4-i? + (3-0)’’=v'(3j=+(3)= =v/9+9=V18 = 3V2. 
AB = DC, AD = BC, 

ABCD is a gm. ( V opposite sides are equal)] 

(Test for a parallelogram. The mid-point of one diagonal is the 
same as the mid-point of the other diagonal. 

Or: The opposite sides are equal.} 

3. Show that the four points (1, 2), (3, 0), (7, 4) and (5. 6) arc the 
angular points of a parallelogram. 

4. Show that the points (1, —1), ( — 2, 2), (4, 8) and {7, 5) are at 
the angular points of a rectangle. 

Centroid and incentre of a triangle 

7. (a) Centroid. Def. and notation. The point of concurrence of 

the medians of a triangle is called the centroid of the triangle. It divides 
each median in the ratio 2 : I { from Geometry) and ds generally -denoted 
by G. — - , . ^ 

Example 1. Centroid formulae. If (xi» yi)»_(* 2 » 72)* ^*3»‘y3) 
the vertices of a triangle, the co-ordinates of'its centroid are 

X.. v.+v„-f-v, [P{P). U. 1955] 


x=- 


Xi + X; 


.^_yi+y24-y3 

3 






Let A(.v„ ;’,), BCxj, .v.). C(.Y 3 , 13 ) 
be the vertices of the triangle. 

Then D, the mid-pt. of BC, is 

/.V2-I-.V3 y..+r3^ _ c: _X ^ I 

\ 2 ’ 2 y B(X2,y^) D(x^3^y2^C(«3iy3) 

the co-ordinates of the 

centroid G which divides AD internally in the^ ratio 2:1 ^ 
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are 


x= 


y= 


2T1 
2 + 1 


_X,+X2 + X3 

■3 

=yi+y2+y3 

3 


(b) Incentre. Def. and notatiorv The point of concurrence of the 
interna! bisectors of the angles of a triangle is called the incentre of the 
triangle. It is generally denoted by I. 

Example 2. Incentre formulae. The co-ordinates of the vertices 
of a triangle being given, find the co-ordinates of its incentre. 

[./. <6 K. V. I952\ 

Let A(jr„ >’i), B(x 2 , Tj), F;,) be the 
vertices of the triangle. Let AD and BE, the 
bisectors of the ^s A and B, meet in 1. 

Then I is the incentre of the triangle. 

AD bisects ^BAC of A ABC 

.. by Geometry, dc=AC = b 




t.e. 


D divides BC internally in the ratio c : h. 


\ c+o c-\-h J 

Now BI bisects /.ABD of A ABD 
AI AB c 

•• |£) ~bd ~bd 



[Rule (Art. 6-1)1 


But 


BD 


1 I 


DC ~ b above] 


BD 




BD + DC c-\-b fC°'^POticndo] 


or 


BD 

BC 


c 

c+A’ 


from (I), =_£_ 

ID ca 


BD 


c-\-b 


ca 
c-t- h 


[V BC=c/] 


^ , i.e., I divides AD internally in the 


c+6 

ratio c-\-b : a. 

the co-ordinates of 1 are 

"+«)+-. 


X = 


y= 


{c-\-b)-\-a 

C’ti' >-y. 

{c-tD}±a 


_axi + bx^+exy 
a+b+c * 

^ay,+by2+cy3 

a+b+c 
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[Art. 8 


Find the centroid of the triangle whose angular points are 
(3, —5), (—7, 4) and (10, —2) respectively. [p. U. I939S\ 

[Sol. The vertices of the triangle are (3, —5), (-7, 4), (10, -2). 

.. the co-ordinates of the centroid are 

■y_ 3+(—7)+10 


[Solved Ex. 1, Art. 71 


_ (—5)- f4+(—2) ryi-\~y2-\-y3 


y= 




] 



C(S.5> 


the centroid is (2, —1).] 

Find the centroid of the triangle whose angular points are 
( — 4, 6), (2, —2) and (2, 5) respectively. r/). (/. 1946] 

3. Prove that the medians of a triangle are concurrent. 

. ^ ^ [Pesh. U. J954] 

4. rind the co-ordinat6s of the centre of the circle inscribed in 
the triangle whose angular points are (4, —2), (—2, 4) and (5, 5) 

[P. U.] 

[Sol. Let A(4,-2), B{-2,4), C(5, 5) be the Af 4 »- 2 ) 

vertices of the triangle. 

Then a=B C=v'[S -(:^)K+(S- 4)2 

=V(7)2+(lji=.v/49+'l=V50=5v'2, 

{Note this step) 

b=CA =-^/'{4-^)8+(—2—5)a ‘ B(-2»4) 

= V'(-17)2=v'i2M9^V50=5V2, 

r^AB-x/(-2-4jH[4-(-2)]»=v/{-6)2+(6)2 

---v/36+36 =v'72=6v/2. 
the co-ordinates of the incentre are 
^_a.r, + /i.Y,-i-cv3^5\/2(4)-f5-v/2(-2)-f-6V2(5)_40v/2_ 5 

5V2+5v/2-h6v/2 ' 16^2 2 * 

aVi+/>.v,-^-o’3_V2(-2) + 5V2(4)-|-6V2(5) 40V2_ 5 
a+h^c 5^/2+5v'2+6V2 ' lV2 2’ 

the co-ordinates of the incentre are ] 

5. Find the co-ordinates of the incentre of the triangle whose 

vertices are (—36, 7), {20, 7) and (0, —8). s ^ [P. U. 1950] 

6. Prove that the internal bisectors of the angles of a triangle 

are concurrent. [ 44 . U. 1946] 


v= 


8 . Choice of axes. In order to prove a geometrical theorem when 
the co-ordinates of points are not given, the choice of axes is at our 
disposal, and a judicious choice simplifies the algebraic work considerably. 
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Two Rules for the choice of axes 
8-1. Rule I. For problems relating to two given perpendicular 
lines, take these lines as the axes. 

Thus for problems relating to a right-angled triangle or a rectangle 

lor a square) we may take the perpendicular sides as the axes. 

Note In the case of a rectangle (or a square) we may lake, some¬ 
times with advantage, the centre as origin and the lines through it parallel 

to the sides as the axes. . . . , l 

Example. Prove analytically* that in a right-angled mangle the 
mid-pomt of the hypotenuse is equidistant from the three angular Pomts^^^^^^ 

Let ABC be the triangle rt. at B- 
Take BC, BA as the axes. 

Let BC=a, BA=b. 

Then B is (0, 0). C is (a, 0). A is (0. b). 

o+a *+0\ 


i.e. 


M, the mid-pt. of AC, is ^ 
(;-• -2)- 





2 ’ 2 


B(o,o) Or (a>o)C X 




6 


)■ 


a 

4 


V 


2 


BM 


b 

2 


V( 


V 

V( _ . , 

^ \/ ( 2 ) +( 2 = V 


+b^ 


= V 4 ^ ^ 4 “ 2 

• "by Co-ordinate Geometry" 

EXAMPLE 

Prove analytically that the diagonals of a rectangle are equal. 

8.11. Rulell .F-r:^\roHg?na"nr.h:iot".h^“xr^ 
It^ttfSueVough^Ve^mi"^ pfrpendicular to the join is the 

""““Then, if the join = 2a. the co-ordinates of the given points are 
(a, 0) and (- a, 0). 
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Thus for problems relating to any 
triangle u'e may take the mid-point of the 
base as the origin and the base as the x-axis, 
so that the line through the mid-point per¬ 
pendicular to the base is the y-axis. 

Then, if the base ~2a, the co-ordinates 
of the extremities of the base are {a, 0) and {—a, 0), and the co-ordinates 
of the opposite vertex may he taken as (.Vi, Vi). 

EXAMPLES I, 

1. Median theorem (or Apollonius' theorem*). In any triangle 

ABC prove that AB--f-AC- = 2(AD--f DC^), where D is the middle point 
ofBC. [D. U. 1953] 

[ Hint. Take D as origin, DC as the .xr-axis, so that DY, the line 
thro’ D 1 to DC is the v-axis. Let BC=2<?. Then , D is (0, 0), C is 
{(1,0), B is (-a,0), and let A be (.Vp y,). AB^-f AC-= ?, 2(AD2+DC^)=? ] 

2. If G is the centroid of a triangle ABC, prove that 

3{GA^^GB‘^-GC^-) = AB^- + BC^-{-CA^-, [DM. 1953] 

SECTION IV 
AREA OF A TRIANGLE 

[ Note on the area of a trapezium. 

Let ABCD be a trapezium in which AB || DC. 

From D draw DE X AB. Then from Geometry, 

area of trapezium ABCD = i(AB + DC). DE. 

In words : Area of a trapezium 

= A{sum of ; sides) (X distance between them). ] 

9. Area formula. To find the area of a triangle whose vertices 
are given.* 

Let A{Xi, .V,), B(.V 3 , Xj), C(.Y 3 , y^) be 
the vertices of the triangle. Let At be 
the required area of the triangle. From 
A,B,C'draw AL, BM, CN Xs on the .v-axis. 

Then A=frapezium ABML+trap. J 

ALNC-trap. BMNC 

=i(MB-{-LA)ML-i(LA+NC)LN-i(MB+NC)MN 

= A(v,+y3)(jr3-Vi)-i(y8-|-y3)(^5-^8) 

= ][Xiy3-Xi}'z- XiVi-x.j'i+x^i-x^yi-^-Xay^-Xiys 

_ -{x^yt-xtyj+x^y^-x^s)] 

"After the discoverer, Apollonius (260 —200 B.C.) who studied and probably 
lectured at Alexandria. He got the title of “Great Geometer”. 

•[P{P).U. 1956S] 

t Pronounced delta. 

X'trap' stands for ‘ trapezium ’. 
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•. ^ = .l[(xiy,-x.y,) + (x 2 y,-x,yJ + {x 3 yj-XjyJ ] ...First form 
or ^^l[x^{y.-y.j)F^.fy:i~yi)'l-^ziyi--yi) ) - Secondform 

[ Rule to write down the .area of a triangle whose vertices are 

given : 

(/) Write dov^-n the co-ordinates of the vertices in order in two 
columns repeating at the end the co-ordinates at the head. (//) draw dia¬ 
gonals. and {Hi) prefix the factor i thus getting 

•^3 y 

.Vi ;’i 

Simplification. Take the products of each row and the ne.xi cross- 
wavs putting the minus sign between them 

{ e.g.. =.ViV2-a:2Ji 1 \ add these results and multiply the sum 

t. ‘ * A’2 .>’2 J 

hv thus getting 

A = i [xo\-xD\+x2y3-x.^y2+Xsyi-x,y^]. 

•*Note 1. The above Rule enables us 10 write down the area of a 
quadrilateral (in fact of a polygon) whose vertices are given in order. 

Thus the area of the quadrilateral whose vertices, taken m order, 
arc (x,, y,), {x... )’.>), (x^, yfi, (x^ou) 


= i [(-Tjyj-XjyO + CXara-.Xayj) 

i (X:,yi- x^ya) i-(x,y,-Xjy^). ] 


i ^lyJl 

: J.V2 

,-V3xJ’a 
-v,^y4 
X, ^ V. 


( Sec Misc. Exs. 18, 19, Chap. I, ) 

Cor. The area of the triangle whose vertices arc 

the points (x,, yj), (Xj, yj) is i(x,y 2 —x^y,). 

For, by the Rule, 

[0-0 + x,y2-X2y,-f0-0 ]-\ [x^yj-.v^yi ]. 


the origin and 




0 

X 


X 


0 


x-^’* 

A. y }'■> 
0 ^0 


**Note 2. Complete area formula. 

in the given order of the vertices, the area 
(instead of being on the left hand, as in 
the Fig. of Art. 9) is on the right hand, as 
in the adjoining Fig., it may be proved, 
by proceeding as in Art. 9, that 
f A = - I ) + (■^2>'3", 

+ (x3y,-x,y3) 1 

combining this with the area 
formula of Art. 9, 


If, in going round the triangle 



A=iU(*.y2->‘.y.)+(x.yj-*,y,)+(*3y.-*,y3)]. 
that sign being taken on the R. H. S. which gives a +ve result for A- 
••Note 3. Interpretation of the positive and negative results 
the area formula. 


in 
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In any numerical example, 

{»■) if the area formula 

gives a positive result, it means that (see Fig. of Art. 9) plotting the 
vertices of the triangle and going round the triangle in the given order ol 

the vertices, the area is on the left hand ; but u ♦ / 

(//) if the area formula gives a negative result, it means that (see 
Fie. of Note 2, Art. 9) plotting the vertices of the triangle and going 
round the triangle in the given order of the vertices, the area is on the 

right hand and we must change the sign to get the area m magnitude. 

^ {Note this step) 

For, from Art. 9. 
and from Note 2, Art. 9. 

(//) —.X2.V,)-!-(.V2.V3--.V3>’2)-}-(x-3.Vi— 

**Note 4. When to use the complete area formula. The complete 
area formula is used when the area of the triangle is given. [ See Misc. 
E.\. 16. Chap. 1. ) 

Example. Find the area of the triangle whose vertices are 
{/) 12, 9). (- 2. 1) and {6. 3) : (») {3. 8), (7. 2) and {-I, 1). [Pesh. U.\ 
(/■) The area of the triangle is 


2 -{_i8 ) 6- 6 r54-6 ] 

U56] 28. 

(/;) The area of the triangle is 

: .',[6 56-t-7-(-2)-8-3 1 
-?.l -521 --26. 




2.,9 
1 

6 '.3 
2 ■ 9 


r;2 

'x' 

3^8 


• « 


changing the sign, 
the area of the triangle in magnitude = 26. 

**Interprctation of the positive and negative results. 
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Plotting the vert js of the triangle and going round the triangle ir» 
the g/ve/J order of the \criiccs. 

in (i) the area is on the hft hand (Fig. I) ; and 
in (n) the area is on the righ: hand (Fig. II). 


4 
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AREA OF A TRIANGLE 
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EXAMPLES r 

1. (a) Express the area of a triangle in terms of the co-ordinates 

of its angular points. [ 1 

{b) Find the area of the triangle whose angular points are 

( 7 ^ 2). (-2. 3) and {-3.-4) ; (»7) {c. a), (c+a, a) and {c-a,-a). 

2. (a) Find the area of thfe triangle whose vertices are (x,, y,), 

(X., y,), (X 3 , y,). [ P- ^953 S j 

'' ’ {b) Find the area of the triangle the co-ordinates of whose 

angular points are 

(/) {a cos a, b sin a), (a cos b sin and (a cos y, b sin y) ; 

(//) (ati2, 2ati), (atoS 2 at 2 ) and (at^^, 2 at 3 ). 

[**Short-cut. The area of the triangle is 

[Area formula (Second form) (Art. 9)]) 

=^\lai^^{2at.-lah)=^ant^^{h-h) 

^‘-a‘^{t^-t^){t.-t:i){h-h) [From Algebra] 

[•; la\b—c)= — {a—b){b—c){c—a)] 

changing the sign, 

ihe area of the triangle in magnitude=a^{ti~ti){l 2 —t 3 ){t:i—ti).] 

**3. Find the Jirea of the triangle the co-ordinates of whose angular 


points are 

P 4. The co-ordinates of A, B, C are (6, 3), (—3, 5). (4, —2) rcs- 
I peclively and P is the point (x, y) ; show that 

APBC ^X-^y-2 ry ^ fj ypjfyj 

AABC 7 • ^ 


10. Condition of collinearity of three points. To find the condi¬ 
tion that the three points (x^, y^), (Xj, y 2 ) and (xj, yj) may lie in a 
straight line.* 

If the three pts. lie in a st. line, the area of the triangle formed by 
them is zero-t 

A[x,y2-X2yi4 Xjya-Xay^-hXayj-Xiyal^O b 

.^2 X ^’2 

or Xiy^-x^yi+x^y^ - x^y^ -Xjyg:= 0, Xj y^ 

xi yi 

which is the required condition. 

[Caution. Do not commit to memory the above condition of colli¬ 
nearity of three points. In every case use the following 

Rule to prove that three given points are collinear : 

* (/) Find A> the area of the triangle formed by the points, 

and («) show that A=0- ] 

*[P{P). V. 1948] _ 

tFor. let the three pis. A, B. C lie BlXo, y.2) C{X3, y-j) 

in a St. line. Then 

£. ADC«*JBC. (i from A onBC)=lBCxO=»0. 
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Example. Show that the three points (1, 4), (3, -2) and (-3, 16) 

arc collinear. \ 1 

The area of the triangle formed by the three pts. is . 1 ^ . 

I J V ■ 

i 1^ 41 


A=K-2-12+48-6-12-16]=0 
the pts. are collinear. 


EXAMPLES 6 

1. Prove that the points (-5,1). (5,5) and (10, 7) He on a 
straight line. 

2. Show that the points (a, b+c), (b, c + a), (c, a+b) are on a 

straight line. ^ 

5 / 3 If (x y) be any point in the straight line which passes 


through (a, 0 ) and ( 0 , b), prove that 


+ f = l. 

a b 


[ Pesh. U. 


MISCELLANEOUS EXAMPLES ON CHAPTER I 

1. Lay down in a figure the positions of the points (—1,3) and 

(2 — 1 ), and prove that the distance between them is 5. ^ 

[Hint. “Lay down in a Fig. the position of the point” means plot 

the point.”] ^ it a\ 

2. An equilateral triangle has one vertex at the point (3, ana 

another at the point (—2, 3). Find the co-ordinates of the ^*^*79^9] 

[Hint. Let A(3, 4), B(-2, 3) be the two vertices and (f, .v) the 

required co-ordinates of the third vertex C. Then BC—CA=AB._ 

V(A--P2)H"(y-3?"=\/(:r-3)*-h(:i'-'4l^=v£^3)M-(3-4)* 

=\/(-5)H(-l)* =V25+1 = V'26. 

or, squaring, ^ 

.\2 -I- 4.Y -f- 4 - 6 )' -j- 9 = .Y- - 6a-!- 9 8;>-!- 16=26 

x=-i-;’-+4A-6y-hl3=.Y=+/-6.Y-8v-|-25=26. 

From the first and second members, \0x+2y—\2—^ 
or 5a-!- y— 6=0 ...(1) 

From the second and third members, 

A® -f- V*—6.Y—— 1 = 0 ... (2) 

[To solve (1) and (2) for a and ;’.) Substitute the value of ^(=6 —5.y) 
from ( 1 ) in (2), and solve the resulting quadratic in a. Substitute these 
values of A one by one in >-=6 —5.y, and find the corresponding values 

1 

° 3. Two points (0, 0), (3, V3) form with another point (a, y) an 

equilateral triangle. Find that point. [P- V. 1951\ 

4. Find the point which is equidistant from (0, 0), (3, 1) and' 

( 6 , 0 ). 

5. Find the co-ordinates of the points of trisection of the line 
joining (3, —8) and (9, 4). 

6 . The line joining the points (—2, 4) and (4, —2) is divided into 
four equal parts ; find the co-ordinates of the points of section. 


MISCELLANEOUS EXAMPLES ON CHAPTER I 
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Art. 10 ] MlbCtLLAINtUU^ . 

7. Prove that the lines joining the middle o/ opposite 

sides of a quadrilateral and the line joining the 
diagonals meet in a point and bisect one another. [P{r). i ■ 

[Sol. Let A(.v„ y,), B(.r,. y,), Q.v^, >- 3 ), D(x„ yj be the vertices of 


the quadrilateral. Then the rnid-pt. of AB is 
^■’^ 1+^2 ^ jhe mid-pt. of CD is 

•_ the co-ordinates of G, 

the mid-pt. of the join of these mid-pts., are 
Xi-fXa , -Xa+i^- 

2 2 Ar,-4-A:2+.X3 + X4 

- 2 ' ”4 


0(X4.K4) 





A(xi,y^) 


B(^a»y2) 


x= 


>'l+.V2 I .V3+>'i_ 

2 2 yi-\-y2+y3-^y* 

y= - 2 -4 ■■ * 

The 5 V»imc/r>'of these results shows that the co-ordinates of the 
mid-pt. of the join of the mid-pts. of AD and BC, and the co-ordinates 
of the mid-pt. of the join of the mid-pts. of AC and BD are the same as 
those of G. the joins of the mid-pts. of AB and CD, AD and BC, 
AC and BD meet in G. and bisect one another.] . ^ 

8, Length ofa median. If( —1,3), (1, —1) and (5,1) are the 
vertices of a triangle, find the length of the median through the first 
Vertex 

9 . ' ..The vertices of a triangle are (2, 1), (5, 2), (3, 4). Find 

ordinates of its centroid and the circumccntre. \ A. Li. lvJ4 \ 

TOp Show that the centroid of a triangle coincides with that of the 

triangle formed by joining the mid-points of its sides. 

11. Converse problem. In what ratio does the point (2, 4) divide 

the join of (7, 9) and ( — 1, 1) ? 

f Hint, Let the required ratio be A: : I. .r--—TX'I ^ 

The pt. which divides the join of (7, 9) 
and ( — 1,1) in the ratio A: : 1 is 




[ 


k (-l)-hl (7) k (I)+l (9) 


A:+l 


k+\ 


7 


.(3), 


k + 9 
k+\ 


= 4 


(4) 


f-k-\-l Ar-h9x 

( Ar-t-1 ’ k^\) ■" ^ ^ 

*.• this is the same as (2,4) ...(2) 

—k-\-l 

comparing (1) and (2), 

Find the value of k from (3) or (4). ] , - , 

12. The mid-point of a line is (—4, —2), and one end of the 

line is (—6, 4). What are the co-ordinates of the other end ? 

13. P, Q and R are three collinear points. P and Q are (3, 4) and 

(7 7) respectively, and PR is equal to 10 units ; find the co-ordinates 
of R. [ 1 






0 
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Q is 


[Hint. It will be found that PQ—5, .. QR 5 

the mid-pt. of PR. 1 ■ / i si n and ( 5 , 7) respectively. 

D, ir:\he middir^oUs^lV 3 

15. Find the area of the triangle the co-ordinates of whose angular 

points are respectively (ali. ) ■ ( “''i' ,, , ij ) ' 

16. A,B are the two Points <3, 4) and (5,-2) ; find the point P 

P^roveMaTthe^ three points (3a, 0), (0.3b) and «e 

collinear. . , /. quadrilateral 

**18. Area of a quadrilateral. /O 51 (2 -1) and (3,-2). 

whose vertices taken in order are - (,),(.). ^ ^ ^ ^ j 

4 i 

r Short-cut. The area of the quadrilateral i n 5 ■ 

^ [15—0 f 0-l0-4-( —3)+12-(-o) 

" ^ [ Rule (Note 1, Art. 9) 

= ?, [221 = 11 . ,, 

Or thus ; Hint. Let A(3, 4), B(0, 5), C(2, 1), 

D(3, -2) be the vertices of the quadrilateral. Draw 
the 'cimomi AC {to divide the quadrilateral into 
triangles). 

Then quad. ABCD = .^^ ABC-i-A ACD. ] 

.*19. The co-ordinates of the angidar points_of a qua^iW«a>. 

taken in order, are (1, 1). (3, 4), (5, 2) an ( , ) • ^ ^ ^ 


413... 

'Ox 

. 2^-1 ' 
! 3^-2 
■ 3^ 4 


D(3»-2) 



CHAPTER II 

LOCUS AND ITS EQUATION 
SECTION 1 

EQUATION OF A LOCUS 

11. (a) Locus. Def. The/ ocm 5 of a point moving 

condition is the path traced out by the point. 

Illustration. The locus (path) of a point P, which 
moves so that its distance from a fixed point O is equal 
to I inch, is a circle. 

Thus the locus of a point moving under a given 
condition is a definite curve. 

Note. ‘CMrvc means ‘a line or crooked.’ 

ib) Equation of a locus. Def. equation* of a locus (curve) 

is the equation in x and y which is satisfied by the co-ordmates of any 
point on the locus (curve), and by the co-ordinates of no other point. 

Cor. Important. If a point lies on a locus (curve), its co-ordi¬ 
nates satisfy the equation of the locus (curve) and conversely— 

If the co-ordinates of a point satisfy the equation of a locus 
(curve), it lies on the locus (curve). 

[Rule to find whether a given point lies on a given locus (curve): 

* In the equation of the locu^ (curve) substitute the co-ordinates of the 

point for x, y. If the equation is satisfied, the point lies on the locus 
(curve), otherwise not. ] 

An important abbreviation. It is customary to shorten the e.K- 
pression ^'substitute the co-ordinates of the point for x. y" into the ex¬ 
pression '^substitute the co-ordinates of the point.'* 

EXAMPLES 

1. Does the point (1, —1) lie on the locus whose equation is 

3x —2y=5 ? the point (2, —3) ? 

f Sol. The equation of the locus is 3x—2y=5 ... (1) 

(/) In (1), substituting the co-ordinates of the pt. (1, —1), 
we get 3(l)-2(-l) = 5 or 5 = 5. which is true. 

(1,-1) lies on the locus. 

(ii) In (I), substituting the co-ordinates of the pt. (2, —3), 
we get 3(2)-2{ —3) = 5 or 12 = 5, which is nor true. 

(2, —3) docs not lie on the locusj 

^ 2. Which of the points (2, 3), (3, (—4, —3) lie on the locus 

whose equation is x*+y^=25 ? 

*Or, more fully, the Carteeian equation. 


under a given 
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12. 3-step Rule to find the equation of the locus of a point which 

moves under a given condition : 

(/) Let {x. v) be any point on the locus. 

resu,.. 

7!:!Z e,.aaon of 0 .e ,ocus of a PC,, .o.es 

so lha, its Ltance from the origin is alnays constant and equal to a. 

(/) Let (.Y, y) be ony pt. on the locus. 

(if) Then distance of (.Y,y) from the origin (0, 0)-fl. 

\vhich is the required equation. 

•'n,: Z:><Zof\ oats must 

puners olx and V are integral (i.e..vtho\e numbers, not fractions). 

'‘"""■''^Lmp;e2 ^ point moves so that its distance fiom ^axis 

exceed^ its distance from the y-a.vis hy 3. Find the equatton of tts 

locus. 

(/■) Let (.Y, y) be any pi. on the locus. 

1 /7) Then distance of (.v. y) from the .Y-axis 

twice distance of t.v, .r) from the y-axis -r-- 

1 ■■ distance of (y, ,r) from the .v-axis —.i, 
and disuinee from the y-axis opposite side of rectangle 

- -Y 1 

nr "V V ■i 0. which is the required equation. 

Note Important. Distance of (x, y) from the x-axis y, 

^ and distance of (x, y) from the y-axis x. 

EXAMPLES 

1 1-md the equation of the locus of a point which moves so that 
the bquaie of it', distance from (0. 2) is equal to 4. 

2 Find the equation of the locus of a point which moves so that 

it is always equidistant from the points (1, -Z) and ( a, ‘t;. 

r A point moves so that its distance f^om ‘he Point ( , 0) is 

always twice its distance from the point (0, 2). Find the equ 

^^rVind the equation of the locus of a point which moves so thaMts 
distance from the point u/A. 0) is A times its distance trom the point 

^ z • O • 

^*5. A point moNcs .o that the Mim of its distances from (ue, 0) and 

{-ae 0) is 2u ; prove iliai Us locus is 
V ’ V y- 

//- tril c*) 

1 Sol (i) Let (.V, ,1 ^ be any pi. on the locus. 

(//) Then disi.tnee ot < v. v) from (/ze, 0) m —7/7 

^ ' disumce of (.V, v) from f.-ae, 0)=2a- 



- 1 . 


[P. U. 1944 ] 
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{Hi) V(x-ae)^-}-y^ +V{x-\-ae)^-\-y^=2a ...(1) 

Now identically \{x—ae)^-\-y^]-[{x-\-ae)-+y^] = —Aaex ...(2) 
Dividing (2) by (1), 

\/{x—ae)^-\-y^ -~'\/{x+ae)^+y^= -j- =—-..(3) 


Adding (1) and (3), 2y/[x—ae)-+y^=2a—2ex 


or 


or 


Squaring, 


\/(x—ae)^+y-=a—ex. 

x^-2aex+a^e^-{-y^^a~-2aex-\-e~x^ 

xHl-e^)-\-y^=aH\~e^) 


or, dividing by ani-e“), = 

(equation of the) locus.] 

6 . A point moves so that the difference of the squares 
distances from the two fixed points (a, 0) and ( — a, 0) is 
Find the equation of its locus. 

[Hint. (/) Let {x, y) be any pt. on the locus. 

(I'O Then square of distance of {x, >») from (£r, 0) 

—square of distance of (x, y) from (—a, 0)=2A: ...(1) 

or square of distance of from (-n, 0) . ^,2 

—square of distance of (x, y) from (a, 0)—2 a •••U) 
{Hi) It will be found from (1) that the equation of the locus 
is 2ax=—k^ •••(3), and from (2), the equation is 2ax=k^ •••(4), 
combining (3) and (4), the equation of the locus is 2ax=±k'.] 

[Note. "Difference of A and B" means *'(1) A—B or (2) B —A. ’] 

7. Find the equation of the locus of a point which moves so 
that its distance from the x-axis is m times its distance from the 


y-axis. 

8 . A point moves so that its distance from the axis of x is half 
its distance from the origin ; find the equation of its locus. 

9. Find the equation of the locus of a point which moves so that 
its distance from the point {a, 0) is equal to its distance from the >'-axis. 

10. A(l, 1), B(-2, 3) arc two fixed points ; find the equation to the 
locus of a point P which moves so that the area of the triangle PAB=2. 


SECTION II 

LOCUS OF AN EQUATION 


13. Locus of an equation. Def. The locus of an equation is 
/ the curve which passes through all the points whose co-ordinates satisfy 
the equation, and through no other points. 

**14. Rule to trace the locus of an equation : 

(/) Solve the equation for y in terms of x [or for x in terms of y, 
whichever is simpler]. 
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{ii) Table of values. Find the values of y corresponding to low 
values of x (such as 0, 1,2, 3, ...» —1, —2, —3, ...) ; form a table {of 
real corresponding values of x and y). 

(m) Choose a scale. 

(iv) Plot the points given by the above table^ and draw a smooth 
curve through them. This is the required locus. 

Example. Trace the locus of the equation y=x*. 

(i) y~x^. [Already solved fory in terms of jc] 

{ii) Table of values. 


1 

i 

1 

•_1 

y{=x^)\ 

___ _ \ 

i > 

1 

♦ 

1 ! 

, 1 

0 

1 

0 

1 

^ . 

2 

4 1 

: -2 , 4 

3 

9 

-3 19 ' 

' 4 

' etc. 

etc. 

etc. etc. i 

\ 

« ^ ♦ 

J 

i 1 


(/») Scale. 1 small division=l. 
(iv) Hence the locus shown above. 
This curve is called a parabola. 





CHAPTER III 
THE STRAIGHT LINE 
SECTION I 


Pix,y) , 


EQUATION OF A STRAIGHT LINE IN DIFFERENT FORMS 

Three particular standard forms 
1. A line parallel to the x-axis. 

15. To find the equation of a straight line parallel to the x-axis ami 
at a distance b from it. 

Let AB be the line* [1 to the x-axis, meet- V 
ing the >'-axis in N so that ON = 6. 

(i) Let P (X, y) be any pi. on the line. 

From P draw PM J_ on the x-axis. b 

(i7) Then MP=ON = /). 

(/, 7 ) y=b, which is the required equation. 

N.B. If the line is above the x-axis (as in the Fig.), b is positive, 

and if it is below, b is negative. 

Cor. The equation of the x-axis is y —0. 

For, if the line coincides with the x-axis. then o=U. ,i,rntjuhoui 
•Note. Important. The word ‘line' as used here and throughout 

the remainder of the book stands for ‘straight line . 

II. A line parallel to the y-axis. 

16. To find the equation of a straight line parallel to the y-axis and 

at a distance a from it. 



x-axis in M so that OM=«. 

(0 Let P{x, y) be any pt. on the line. 

(«) Then OM=a. 

(Hi) .'. x=a, which is the required equation. 


the Y‘ 

1 

6 



p(Xfy) 


1 

M _ ^ 

“0 

a 

i 

X 


N.B. If the line is to the rig/j/ of the y-axis {as in the Fig.), a is 
positive, and if it is to the left, a is negative. 

Cor. The equation of the y-axis is 

For, if the line coincides with the y-axis, then a=0. 

[Aid to memory. The equation of a line II to the x-axis docs not contain the 
^ x-co-ordinatc 80 that its equation is y-h. and the equation of a line B to the y-axis 

dees not contain the y-co-ordinatc so that its equation is x=a. 

(Note further that x is associated with a and y with b.) 

Similarly the equation of the x-axis is y=0 and that ofthey-axis is x-O.J 
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Note. Arts. 15 and 16 show that the equation of a curve does not 
necessarily contain both x and y though generally it does. 

EXAMPLES 

1. Find the equation of a straight line parallel to the x-axis and 
at a distance (i) 1 unit above it; (ii) 2 units below it. 

[Sol. (i) Here 6=1, the equation of the line is 

>-=1 [y=b] 

or y—1=0. . c i. f • 

(ii) Here 6=—2, the equation of the line is 

y=-2 [>>=*] 

2. Find the Equation of a straight line parallel to the y-axis and 
at a distance (/) 3 units to the right; (») 4 units to the left. 

3. Find the equation of a straight line parallel to the x-axis and 

passing through the point {5, —6). ... t /i\ 

[Sol. (/) Let the required equation of the line be y=b -U) 

[Art* ivj 

(i7) V it passes thro’ (5, -6), these co-ordinatesT satisfy (1) 

—6=6 or 6=—6. 

{Hi) Substituting this value of 6 in (1), y=—6 or y+6—0, 
which is the required equation.] 

4. Find the equation of a straight line parallel to the y-axis and 
passing through the point (—2, 3). 

17 Slope of a line. Def. The slope {or gradient) of a line is 
thetangentoftheangle which the part of the line above the x-axis 
makes with the positive direction of the x-axis. 

[Explanation. "The angle which the part of the 
line above the x-nxis makes with the positive direction 
of the x-axis" means “the angle measured positively 
{i.e., in the counter-clockwise direction) from the 
positive direction of the .v-axis to the part of the 
line above the .x-axis.” More fully, it means “the 
angle through which a revolving line starting from 
OX and revolving in the positive {i.e., counter¬ 
clockwise) direction, would have to revolve in order 
to coincide with the part of the given line above the 

AT-axis.] 

{ii) 

Thus if AP is the pan of the line above the .x-axis and Z.XAP=^, 

the slope of the line=tan 6. 

Notation. The slope of a line is always denoted by m. 

Thus nri—tan d. 

Note, e is measured positively from 0“ to 180®. 

ni. A line through the origin. 

18 To find the equation of a straight line passing through the origin 
am! making a given angle 9 with the positive' direction of the x-axis. 
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Let OA be the line, so that /_XOA—6. 

(/) Let ?{x, y) be any pt. on the line. From P 

draw PM J_ on the x-axis. 

(.7) Then =tan 8 

MP=OM tan 6. 

/jji) • y=x tan 0, 

or. putting tan y=mx, which is the required equation. 

♦An important abbreviation. The expression ''with the positive 
direction of the x-axis" is shortened into the expression "with the x-axis . 

Example. Find the equation of the straight line passing through the 
origin and inclined at to the x-axis. 


Here m = tan 30"' = ^^. 


1 




the equation of the line is _v —x 
or .t—\/3 ;’=0. 

EXAMPLES 

1. Find the equation of the straight line passing through^^he origin 

and making with the jr-axis an angle of (/) 60’ ; (//) 90° ; {»//) ^ 6 ' 

2. Find the equations of the straight lines which pass through the 
origin and bisect the angles between the axes. 


19. {a) Intercepts. Def. Let a straight line 

AB meet the x-axis in A and the j-axis in B. Then 
(<) OA is called the intercept of the line on the 

X-axis, .L 

(//) OB is called the intercept of the line on the 

y-axis, and 

(Hi) the two together OA and OB {in this particular order) arc called 
the intercepts of the line on the axes. 

(b) Rule for signs of intercepts. (/) The intercept on the x-a.\is 
is positive if it is measured to the right of the origin {as in the Fig. of 
Art. 19. (a)), and negative if measured to the left. 

Hi) The intercept on the y-axis is positive if it is measured above the 
origin {as in the fig. of Art. 19, (a) ). and negative if measured below. 

Three general standard forms 

I. Slope form or Tangent form. 

20 To find the equation of a straight line v/hich cut-off * given 
intercept c on the y-axis and is inclined* at a given aefle 8 to the 

x-axU. __ 

• Note. " Is inclined at a given angle 0 to the x-axis “ means "makes a given 
angit 0 with the positive direction of th^ x^axIs 
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Let AB be the line meeting the a.\es in A, B, 
so that OB=c. Z.XAB=e. 

(/■) Let P(.v, }■) be any pt. on the line. From 
P draw PM j_ on the A--axis and thro’ O draw OQ 
lo AB to meet MP in Q. 

Then ZMOQ=zlXAB (Corresponding ^s] 

= 0 . 

(/V) Now MP = MQ-QP. 

I But oj^=tan 0, 

MQ = OM tan 0, and QP=OBJ 
=OM tan 



Un) .*. y==x tan 6 ^ c, 

or. putting tan 0=:m, y = mx-‘-c, which is the required equation. 

N. B. If B is above O (as in the Fig.), c is positive, and if it is 
below, c is negative (Art. 19. (/>), Rule for signs of intercepts). 

Note 1. Slope form or Tangent form. Since in the equation 
i - nix-^c, m is the slope and c the intercept of the line on the v-a.xls. 
(his form of the equation of a line is called the slope-intercept form or 
simply the slope form. 

Again, since m is the tangent of the angle which the part of the 
line above the .v-a.xis makes with the positive direction of the .v-axis, it 
is also called the tangent form. 


**Note 1. Two particular cases of the equation y=mx f-c. 

Case I. If the line is' to the .v-axis, then/» = lan 0°=0, and the 
equation becomes y =0..v-!-c or y c. [ Cf. Art. 15. ] 

Case II. If the line passes thro' the origin, then c=0, and the 

equation becomes y=/«.Y-0 or y—mx. \ Cf. Art. 18. ] 

•'•‘Cor. The equation of any .straight line is of the first degree in x 

and V. 

♦ 

Case 1. If the line meets the v-axis, its equation is v=m.v4-c 
(Art. 20). 

Case II. If the line is to the v-axis, its equation is .v=a (Art. 16). 
In either case the equation of the line is of the first degree in .v 
and y. 

The Converse of this Cor. is important and is proved in Art. 24. 
Example. Find the equation of a straight line making an angle of 
/i5® with the x-axis and cutting the y-axis at a distance 2 below the origin. 
Here m=tan 135'’ :ian (I80°“45°)=—tan 45® = —1, c=-2, 

the equation of the line is >■=( —l).v-f(—2) [ y = w.v^c ] 

or .V—y—2 -0. 

EXAMPLES 


1. (^Obtain the equation of a straight line in the form 

^ ‘ y mx -c. [ Pesh. U. 1951 ] 

Sind the eq laiion of a straight line (/) cutting off an inter¬ 
cept 2 from fie positive direction of the axis of y and inclined at 45^ to 
the Y-axis. # [ D. U. 1951 ] 
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(/7) culling off an intercept 3 from the negative direction of the y-axis 
and inclined at 45"- to OX. {C. U. 1939] 

2. Find the equation lo the straight line cutting off an intercept 
— 2 from the axis of y and inclined at an angle lan“^ to the axis of .v. 

3. If a line is equally inclined to the axes, its slope m = ±l. 

I Sol. Let AB be the line meeting the 
axes in A, B, so that ZOAB = Z.OBA, 
each=45^ 

Now in Fig. (/), 

m = tan XAB = tan 45°=1 ... (I) 
and in Fig. (//), 

m = tan XAB = tan 135'* = tan (180*— 

= -tan45°=-l ... (2) 
combining (1) and (2), m=3t-l‘ 1 

^4. Find the equation of a straight line cutting off an intercept —3 
from the y-axis and being equally inclined to the axes. 

II. Intercept form. 

21. To find the equation of a straight line which cuts off given 
intercepts a and b from the axes.* 

Let AB be the line meeting the axes in A, B, 
so that OA = fl, OB=/>. 

(0 Let P(.v, y) be any pt. on the line. From P 
draw PM J_ on the jr-axis. 

(ii) Then from the similar As PMA, BOA, 

MP ^ MA ^ OA-OM 
OB OA OA 


P(x,y) 



m 


or 


b a a 

X V 

—I- f = 1, which is the required equation, 

a b 


[ Aid CO memory* 


_ . ^ s 1 1 

intercept on x-axis intercept on ^'-axis ’ ^ 


X V 

Note 1. Important. The line whose equation is ^ 

a D 

meets the axes in the points (a, 0) and (0, b). 

For, (see Fig. of Art. 21) OA=o, A is (a, 0) ; 
and OB=f>, B is (0, b). 


= 1 


• X V 

Note 2. Intercept form. Since in the equation ^ ^ =l,aand 

b are the intercept^ of the line on the axes, this form of the equation of 
a line is called the intercept form. 

X V 

•♦Note 3. Two particular cases of the equation ~+ 


•[ Pesh. U. 1954 ] 
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Case I. If the line is || to the x-axis, then 0 = 00 *, 

XV y * 

and the equation becomes^=1 or OH —~ = \ or y=b. 

[ Cf. Art. 15. ] 

Case II. If the line is [| to the >'-axis, then 6=00 f, 

and the equation becomes —-hi- =I or --+ 0=1 or .x=fl. 
^ a a 

[ Cf. Art. 16. ] 



Example 1. Find the equation of the straight line cutting off inter¬ 
cepts —2 and 3 from the axes. „ [C. U. 1944 J 

Here < 7 =—2, Z)=3, the equation of the line is 



or -^+ y = * or —3 jc+ 2>’=6 or 3x—2>'+6=0. 

Example 2. Find the equation of a line which makes equal 
intercepts on the axes and passes through the point (2, 3). [P.U. 1948\ 

Let the intercepts be a, a. 

{/) Then the equation of the line is 

- + ^- = 1 orx+>’=£7 ...(1) 
a a 

(//) V it passes thro* (2.3), these co-ordinates satisfy (1) 

2H-3=n' or a—5. 

{Hi) Substituting this value of o in (1), x-\-y=5 or x+>»—5=0, which 
is the required equation. 




EXAMPLES 


1. ( 47 ) Obtain the equation of a straight line in the form 

^ + -^-= 1 . [D. u.ms} 

a b 

1. {a) (Alternative form.) Find the equation of a straight line 

in terms of the intercepts which it makes on the axes. [ P. U. ] 

{b) Find the equation of the straight line cutting off intercepts 4 and 
3 from the axes. [C.U.] 

2. (/) Find the equation of the straight line cutting off intercepts 

_and c from the axes. 

m 

{ii) Prove that the line whose intercepts on the axes of x and y 
are respectively —2 and 3 passes through the point (2, 6). 

3. Find the equation of the line through the point (3, 4) which 
makes equal intercepts on the axes. 

4. Find the equation of the straight line which passes through 

the point (5, 6) and has intercepts on the axes equal in magnitude but 
opposite in sign. [ C.U. 1934 1 


•Strictly speaking, a-^00 (read “a tends to infinity” ) 
tStrictly speaking, 6 -^co. 
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5. Find the lines through {2. —7) which cut the axes so that the 
intercepts are equal in magnitude. 

6. A straight line passes through {2, 3) and the portion of the line 
intercepted between the axes is bisected at this point ; find its equation. 

[P.U.\ 

V V 

[Sol. (/) Let the required equation of the line ^ ^ ~ ^ 

(ii) Then it meets the axes in the pts. {a, 0) and (0, h). 

[ Art. 21, Note 1 ) 

The pt. which bisects the join of (a, 0) and (0, b) is - 

i.e., (“2 , - 2 " ) (2). 

This is the same as (2, 3) ... (3) 

comparing (2) and (3), ^ =2, ^ =3, or u=4, b = 6. 

X . V 


{Hi) Substituting these values of a, h in (1), 


■*.= 1 


or 3.Y-r2j’=l2 or 3x-f2>’ —12=0, which is the required equation. ) 

7. Prove that the equation to the straight line which passes 
through the given point (x^ y,) and is such that the- given point 

X y 

bisects the part intercepted between the axes is = 1 * 

1 D. U. 1949 1 

8 . Find the equation to the straight line which passes through the 
point {—4, 1) and is such that the portion of it between the axes is divided 
by the point in the ratio 1:2. 

ni. Perpendicular «wrm. 

22. To find the equation of a straight line in terms of the length 
of the perpendicular p from the origin upon it and the angle a which 
this perpendicular makes with the x-axis. * 

Let AB be the line meeting the axes in 
A, B, and OL the ±, from O upon it, so 
that OL=p, Z,XOL=a. 

(i) Let P(jr, y) be any pt. on the line. 

From P draw PM J_ on the ;c-axis. 

{ii) Then ^ MPA=90‘’ ~ Z PAM 

[ From the rt. Z_d A PMA ] 

= Z.AOL 

[ From the rt. /_d A OLA ] 

=a. 

Now = cos ct [ From the A OLA ] 

OL=OA cos a=(OM+MA) cos a=OM cos a+MA cos a 

r MA 1 

I But MA = MPtana 

OL=OM cos a+MP tan a cos a 



PiXtY) 


•[ P {P). U. 1956 S ] 
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sin a 


=OM COS a-f-MP 


COS at. 


[Art. 23 
[ Cancel cos a ] 


cos a 

{Hi) p=x cos a+;’ sin a 

or X cos a + y sin a —p, which is the required equation. 

Note 1. Perpendicular form. Since in the equation 
A* COS a+y sin a=py p is the length of the perpendicular from the origin 
upon the line, this form of the equation of a line is called the perpen¬ 
dicular form. 

Note 2. Important, p is always positive, and a is measured 
positively from 0“ to 360''. 

EXAMPLES 

1. Obtain the equation of a straight line in the form 

X cos a^y sin a=p. [ D. U. 1955 ] 

2. The length of the perpendicular from the origin on a straight line 
is 3 and the perpendicular is inclined to the x-axis at 120’'. Find the 
equation. 

[Sol. Here p=3. a-=l20*, the equation of the line is 

.Y COS 120’-ry sin 120®=3 [ x cos a-fy sin a=p ] 

[ But cos 120"=cos(180°-60")=-cos 60*=-^, 

sin 120°= sin (I80°-60°)= sin 60° 


.V (- '2 ) + = 3 or .v-V3f+6=0. ] 

3. Find the equation to the straight line on which the perpendi¬ 
cular from the origin is of length 2 and the inclination of this perpendi¬ 
cular to the .Y-axis is (0 150° ; 

4. State the geometrical meanings of the constants in 


or 


.... 5n 
(») 2- ■ 


(/) y=mx-t-c, (//) 


=1, and (///) X cos a-j-y sina=p. 


[ Pesh. U. 1955 ] 


23. Note on the Rule of cross-multiplication to 
equations aj,x-l-biy-rCj 2 = 0 , 


solve the 


and 


a 2 X-i-b 2 y-i-Ca 2 =® simultaneously. 

The equations are t7iA*-r6jy-r'Ci2=0 ... (1) 

a^x^biy-rCiZ^O ... ( 2 ) 

solving (1) and (2) by cross-multiplication, 


.Y 


V 


0^ Co 0<f» Ui 


... (3) 


or 


.Y 

b\Cn bnCy 


2 

y 


...(4) 


c^a2 CoUj Oybft a^b^ 

[ Explanation. Omit the coefficients of x from the given equations 
{!) and { 2 ), and write in two rows the coefficients of y, z and x in order, 
repealing at the end the column at the head and draw diagonals thus getting: 

•This is not a proof of the Rule, but only a quick method of writing down 
the answer. 
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line 


0 ^ ^2 ^2 

In the first row connect each coefficient with the next by a horizontal 
—I, and write x,y, z above these lines thus getting : 

X y z 
I-If-II-1 

...(3) 

0 ^ ^2 

Simplification. To obtain the denominator of x, take the products 
of the columns below x in (3) crossways* putting the minus sign between 

them, thus getting : x^^=/»iC2~^2t’:- Similarly for the denominators 

of y and z. Thus getting : 

X 

-b^Ct 


- y - 


b.c, 




afiz-a^b^ 


...(4)1 


^^24. To prove that any equation of the first degree in x and y 
represents a straight line.f 

[Method of area.] Let the equation of the first degree in x and 
y be Ax^•By^-C=0^ ...(1) 

Let (aTi. yi), (^ 2 , yj), (jfg, y^) be any three pts. on the locus of the 
equation (1). Then the co-ordinates of these pts. satisfy (1) 

AA:i-|-Byi-l-C=0 ...(2) 

Axg-|-By2+C=0 ■ ...(3) 

Ax3-|-By3+C==0 ...(4) 

Solving (2) and (3) for A, B, C by cross-multiplication, 

ABC 


• • 


A_ 

yi-yt 



I—'I—)i—I 

3'*xlx^*x>’* 
>’2 * ^2 >'2 


_C_ 

Xiy-i-x^y^ 


=k (say) 


(Art. 23, Rule] 


• • A k{yi y^), B— k{x^ X|), C— ^{Xiy^—Xjyi). 

Substituting these values of A, B, C in (4), 

M3'i-3'2)-^3+^(^8-Jfi)y3+A:(x,y2-X2>',)=0 [Cancel k] 

..... . -^8+^2 yz-Xi ya-j-Xj yj-Xj y,=0 

or, dividing by 2, 

\[xi y2-x2 yi+Xg ya-Xa yj+Xa yj—x, y3]=0, 

i.e., the area of the triangle formed by the three pts. is zero, 
the three pts. lie in a st. line. 

But these are any three pts. on the locus, 
the locus is a st. line. 

Note 1. Important. General form. Since the equation 
Ax-1-By+C=0 can, by a proper choice of A. B, C, be made to represent 
any straight line, this form of the equation of a line is called the general 
form. Notice its 


•Hcncc the name “the Rule of crojj-multiplication.” f[A U. 1956] 

fCalled the genera/equation of the first degree, because it contains a// possible 
terms in x and y of the first and lower degree. 
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Characteristic. R. H. S. is zero. 

Note 2. The eqxiation of a straight line contains two constants. 

For, we have the following v(generai) standard forms ; 

Name Equation Constants 


Slope form or"| 
Tangent formj 


yz=:nix + c. 


m and c. 
n and b. 


Intercept form a ^ ^ 

Perpendicular form .x cos x:\-y sin 7=p: P and 

The general form AA:-f-By-f C=0, of the equation of a straight line 
apparently contains three, constants A, B, Ci but in reality it contains 

onlv two. ^ T, * /- 

For, solving the equation for y, B>'=-A.v— 

or v- - g -v- ; or, putting - ^ =m, - g m.Y+c, which 

contains only two constants m and c. 

**Note 3. A straight line is determined by two conditions. For, the 
equation of a straight line contains two constants which are determined 
from the two equations obtained by using the two given conditions. 

Example. In what ratio is the line joining (1, 3) and (2,7) 
divided by 3x+y=9? _ [P. U. 1942] 

Let the required ratio be Ar : 1. The -^ 

pt. which divides the join of (I, 3) and (2,7) in ( 1 , 3 ) k • 1 (2 .7) 

the ratio A: : 1 is - ' 

rA:(2)+l(l) A:(7) + l(3)-l /2*_+l Tk±}\ 

l-^T ’ T+r J’'- "U+r k+\j 

^ ,/2Ar FlN I /1h-‘r3\ _ ^ 

this pt. lies on 3x-\-y=9y \ 

or 6^ + 3-h7A:+3=9A:+9 or 4A:=3 or A:=|, the required ratio is 3 : 4. 

EXAMPLES 

1. Prove that the equation /A:+/n>’—1=0 always represents a 
straight line. 

2. Prove that the middle point of the join of (3, 4) and (5, 1) is on 

the line .v—2>’4-1=0. [^- 

3. A point moves so that the sum of its distances from two perpendi¬ 
cular lines is constant {=a). Show that the locus is a straight line. 

4. Show that the locus of a point which is equidistant from two 

points is a straight line. ^ 

5. Determine the ratio of the segments in which the straight 

line joining (2, 3) to (-1, 4) is cut by the straight line x4-y+l=0. 

[P. U. J932Sj 

6 . Find in what ratios the join of (—2, 2) and (4, 5) is cut by the 

axes of co-ordinates. [•^(^)* 

[Hint. (/) The equation of the .x-axis is y=0 ; (//) the equation of 

the y-axis is .x=0;]’ , 

7. Prove that the line y~x~\-2=0 bisects the join of {2,1) ana 
{-2. -5). 
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**[Short-cut. The pt. which bisects the join of (2. 1) and (—2, —5) is 

2-r(-2) l*^(-5)-| 

2 ’ ”'2 


[ 


, i.e., (0, -2). 


Substituting these co-ordinates in the equation of the line >•—x-r2=0, 
we get - 2-0-^2=0 or 0 = 0, which is true 

/. (0, —2) lies oh the line. ] 

8 . Prove that the line y—x-\-2--=0 cuts the line joining {2.—1) and 
{8. 9) in the ratio 2:3. [ D. U. 1946 j 


Reduction of the general equation to standard forms 
I. Reduction to the tangent form. 

25. To reduce the equation Ax+By-^r-C^O to the form y=mx^c. 
[In the required form >'=m.r + c, (/) only y occurs on the L.H.S. 

and (»7) its coefficient = l. ] 

The equation is A.y+B>'-[-C=0. 

(/) Transposing, B>-=-Ax-C [ Only v-term on L.H.S. ] 

(/7) Dividing thro' out by B, >•=— ^ v-^ , 

which is the required form. 

Note. Comparing this with>’=mx+c, 

A C ^ 

m=— g ,c=— g, />., slope = — g . 

( Rule to reduce the general equation (of a straight line) to the 

tangent form : . , 

(/) Keep only the y-term on the L. H. S.. and transpose all others to 

the R. H. S.. and {ii) divide throughout by the coefficient of y. 

In short : Solve the given equation for y in terms of x. ] 

Cor. Important. Rule to write down the slope of a line whose 
equation is given : 

slope = _ coefficient of X l.H. S. of the equation 

^ coefficient of y 

(R. H. S. being zero). [ See Art. 25, Note. 1 

EXAMPLES 


1 (/) Reduce the equation 2x—3y-\-6=0 to the tangent form. 

{ii) Write the equation x-\-2y—3=0 in the form y=mxf-c. 

2 What is the inclination to the .r-axis, of the line v^3x—>-+2=0 ? 

IS.., [- Zil,; 

=v^3 

tan (?=V3 = tan 60", 0=60", which is the required angle. 1 

3* (a) Find the slope of the line x cos a+y sin a=/7. [DM. 1955] 
(b) Find the inclination to the x-axis, of the lines 
(,•) x+y=l ; Hi) x-l-V3y-2\/3=0 ; {Hi) x-2y-f-l=0. 

4. Find the slope of a line which cuts off from the axes (/) equal 
intercepts ; («7) intercepts equal in magnitude but opposite in sign. 
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n. Reduction to the intercept form. 

26 To reduce the equation Ax+By+C=0 to the form 

y-=i • 

b 

[ In the required form-^-=1, (i) the constant term occurs 

i, R H S andis=l. and («) the coefficients of and y occur as 
ate. 

(i) Trarsposing, Ax+B>-=-C. [Constant term on R. H. S. ] 
Dividing thro’out by-C. 4: * + ^ ^ ^ 


(») or 


iL + =1, [Coeffs. of X and y as their denoms. ] 

C C 

A~ B 

which is of the required form. 

X y 1 ^ L __ ^ 

Note. Comparing this with --+ “A"’ B* 

,-.e., intercept on the x-axis = - x ’ = ~ ^' 

[ Rule to reduce the general equation ( of a straight line ) to the 

intercept form ^ <Ae constant term to the R H. S.. and divide through- 
nut bv t andm »’rite the coefficients of x and y as them denominators.] 

^Cor. Important. Rule to End the intercepts of a line on the 

'in the equation of the line, put y^O, and find the value of x ; this 
is the intercept on the x-axis. Again in the equation of the line, put x=0, 
Ld find the value of y ; this is the intercept on the y-axis. 

Proof Puthng >.=0 in A.v+By+C=0 ... (1), Ax+C=0. 

. V __, which is the intercept on the x-axis. 

^ C 

Again putting x=0 in (l),By+C=0, y=-^, which is the 

intercept on the >’-axis. ] 

[ Aid to memory. To find the intercept of a line on the x-axis, use the equation 
of {he x-axis, i.e., >-*0. Similarly to find the intercept on the y-axis. ] 

EXAMPLES 

1. Reduce the equation 3x—4^+5=0 to the intercept form. 

2. Find the intercepts on the axes made by the line 

(/) 4x=5y—20 ; {ii) x cos a+y sin x=sin 2a. 


[ D. U. 1951 ] 
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III. Reduction to the perpendicular form. 

27. To reduce the equation Ax-f-By+C=0 to the form 

X cos a+y sin a=p. 

[ In the required form ;rcos a+y sin a=/>, 

(0 (coeff. of A:)*+(coeff. of >’)*=cos“a+sin*a= 1, and (/7) the cons¬ 
tant term occurs on the R. H. S. and is positive. ] 

The equation is AA^+By+C=0. 

Multiplying thro’out by Ar, kAxkBy-\-kC=0 ...(1) 

(/) Putting {A:A)2+(A:B)2= 1, [(coeff. of;r)®+{coeff. of y)^=\ ] 

[ Taking +ve sign with the square root ] 
Substituting this value of k in (1), 

. ^ ® .yH- ^ -=0. 

\/A2 + B2 \/A2+B2 VAHB* 

(//) Transposing, 

;c+ -- ® - y=- ^ - (2) 

\/AHB2 V/A2+B2 ^ VA2+B2 ■'* ^ 

[ Constant term on R. H. S. ] 
Case I. If C is +ve, the R. H. S. of (2) is -ve, 
changing the signs thro* out, 

[ To make constant term on R. H. S. +ve ] 

_ A _ B ^ C 

V A2 + B2 ^ V A2+B3 V A2 + B- * 

which is of the required form. 

Note. Comparing this with x cos a+y sin a.=p, 

A B 

, sina —~ , - • 

VA^+B*^ %/A2+B" 


cos a= — 


c 

VA2+B3 


Case II. If C is —ve, the R. H. S. of (2) is +vc, 

(2) is of the required form. 

Note. Comparing (2) with x cos a+y sin a=p, 

A . B C 

cos a— , , sin a= , . P=— . ~ - 

•S/AM-B2 \/A2+B* VA2 + B‘^ 

I Rule to reduce the general equation of a straight line 
(Ax + By + C--0) to the perpendicular form; 

(i) Divide thro' out by 

y/. i.e,, by y/{coejf. of x)^-\-{coejf. of y)^, and 

(ii) transpose the constant term to the R. H. S., and make it positive 
{by changing the signs throughout, if necessary). ] 

Example. Reduce the equation 

(a) -y/Sx —y + 2- 0 ; (b) 3x+4y —15=0 to the perpendicular form. 

(a) The equation is \/3x—y+2=0. 

(/) Dividing thro’out by V (V3)®+( —J)’* 

[ \/(coefr. of x)^+(coeir. of y)- ] 
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i.e., by 2, 


^_^x-iy+i=0. 


2 
V3 


(,7) Transposing, Y ‘ [Constant term on R.H.S. ] 

or, changing the signs thro’ out, [To make constant term on R.H.S. +ve] 

— ••• ( 1 )* 

which is of the required form. 

Note. Comparing this with x cos a+y sin a=/7, 

\/3 . 1 1 

cosa=— 2 “ » sma=*, p—1. 

^Consider the values of a between O'* and 360 . 

cos «=- '^^^- = -cos aO^^cos (180“-30'’) or cos (180N 30°) 

=cos 150° or cos 210° 

•. 01-150° or 210° ...{2) . 

sin a=A=sin 30° or sin (180°-30°)=sin 30° or sin 150 

a=30° or 150° ... (3) 

From (2) and (3), the common value isa=150°. 

/. equation (1) may further be written as 
.vcos 150°+;’sin 150°=I -..(4), 
which is of the required form. 

Important. When the value of a can be found with the help of the 
i-niiios of standard angles {0\30\45\60\ 90°) above, the required 
equation (/) should further be written as (4). 

ib) The equation is 3 .y+ 4>’— 15= 0. _ —r' 

(0 Dividing thro’aut by \/(3)*+(4)® LVCcoeff. of x)*+(coeff. ot ;+J 

4 


i.e., by 5, 




5 5 


{ii) Transposing, 

^ _Y+ ^ y==3, [Constant term on R. H. S. which becomes +ve] 

which is of the required form. 

Note. Comparing this with a: cos a +y sin <t—py 
cos a==f, sin a= 5 , p=3. 

EXAMPLES 


1. Reduce the following equations to the perpendicular^form 

(i) x+V'3y+4=0. {it) 5x-12y-13=0. 

(/7/) a:+1=0. (iv) 2v-3=0. 

2. Reduce the equation x+y+5—0 to the form 

X cos a+y sin oc—p and find the values of p and a. [ P. U. 1943 S ] 

• Compare this with steps (/) and (ii) in the Rule in the author's 14ew 
Intermediate Plane Trigonometry (6th Edition), Art. 80. 
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♦ 

IS 


3 The equation of a straight line may be put in the form 

.cos.Vysinaip; "-^5-alues of« and p ^oyhe^^hne 

4. Reduce the standard forms iy=mx-\-c and to the 

form X cos <x-Vy sin ^.-p^O and indicate the length of the perpendicular 
from the origin upon each line. 

Three point-forms of the equation of a line 

I, Point-slope form. 

28. To find the equation of a straight line dra^vn thrirng^i gn-^^^ 
point (Xp>-,)/na given direction, i.e., maktng a given angle h ^xah the 

^ The slope of the line ^ tan 0—m (say). 

(/) The equation of any line whose slope is m, 

y = MJX + r ••• (1) ^ ' 

(/•/) If it passes thro’ (x„ y,). then 

yi=/«Xi+c ... (2) 

{Hi) Subtracting (2) from (I), 
which is iTie required equation. 

Note 1. Point-slope form. Since in the equation y~-yi-m{x x,), 

(r. y.) is the point through which the line passes and m the -./o/>e ot me 
lin/lhi^orm of the equation of a line is called the po.nt-slope form. 
*-^Note 2. A particular case of the equation y-y,-m(x x,). 

If the line passes through the origin, then 

equation becomes y-0 = m(x-0) or y=mx^ f a eiven 

Cor. Important. The equation of any Ime through a g 
point (Xp y,) is y-y, = m(x-x,). 

Note. The constant m is determined from the second condition 

satisfied by the line. 

EXAMPLES 

1. Find the equation of the line through the point (/. -2) 

on anale of 135° with the x-axis. ■ c .u l i tw 

fsol. Here m= tan 135^=-!, .-. the equation of the line thro 
„,_2)is y-(-2) = -l(x-l) |>'-y.=m(.v-.v.)l 

or y-l-2=-x-|-l 

® X ry^-1 --0. j 

. 2. FimI the equation of the line through (1,2) which makes an 

finale tan~^ 3 with the axis of x. . . 

^ 3 Find the equation of a straight line which makes an angle of 

90“V«' with the axis of x, and which passes through the ^pomt 

( p cos a, straight line which makes an angle tan"' 2 with 

ihe*x-a'xis. and which cuts the y-axis in the point (0, -2), passes through 

Another method. Hint. Here 0=tan"* 2, m=tan 0=2, c'= —2, 
Use the slope form (y=/Mx4-c).] 
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n. Two-point form. 

29. To find the equation of a straight line passing through two 

given points (Xj, y^) and (x^, y^)*. 

{/) The equation of any line passing thro* (aTj, yi) is 

M * A ^ « 


(//) If it passes thro* (jCg, y^, then 

yi~yi=m{Xi-Xi) 


[Art. 28, Cor.] 


• • 






...( 2 ) 


{Hi) Substituting this value of m in (1), 

y-yi (*-*.), 

which is the required equation. 

Cor. Important. Rule to write down the slope of the line 
passing thro’ the two points (Xj, y,) and (Xo, ya) : 


slope=^^—” . 


X 2 -X 1 


Note. Two-point form. Since in the equation ^ -^i)* 

(-Vi. >’i) and (Xj. y..) are the /»vo points through which the line passes, this 
form of the equation of a line is called the two-point form. 

[Aid to memory. The slope of the line passing thro’ (art, y,) and (ar„ y,), 

_y,-yi 

Xt-Xi 

the equation of the Hoe passing thro’ (x, yj and having slope is 

Xt —Jfi 

{ar-ATi). [ y~yi=w(x-.«,)] 

Xi — .V| 

Example 1. Find the equation of the line joining the points 

(1, 1), (2, 3). [B.U.] 

( 1 ) ( 2 ) 

The equation of the line is (1, 1) {2, 3) 

•’ “^"=2-1 ('V-Xi)] 

=2(.y-1)=2.y-2 
or 2.Y—y—1=0. 

[Check. This equation is satisfied by the co-ordinates of the two 
given pts. (1, I), (2, 3), thus 2-I-l=0 or 0=0, 2(2)-3-l=0 or 0=0.] 

Example 2. Show that the three points (1,4), (3, —2) dnd 

( — 3, 16) are collinear. [F. U.) 

[Another method.] 

(/) The equation of the line passing thro’ (1) (2) 

(1,4) and (3, -2) is (1,4) (3, ^2) 


[Bar. U. 1954) 
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= (r-l) 

3—1 

= -3(r-l)=-3r4-3 
or 3x-i->’—7=0. 

(/7) Substituting in this equation the co-ordinates of ( — 3, 16), we get 

3( —3)-|-16 —7 = 0 or 0=0, which is true, 
the third pt. lies on the line passing thro’ the first two, i.e., the 
three pts. are collinear. 

For another method see Art. 10, solved Ex. 

Note. The above method enables us not only to prove that the 
three points are collinear, but also to find the equation of the line on 
which they lie. 

[ Another method to prove that three given points are collinear : 

(/) Find the equation of the line passing through two points, (it) Substitute 
in this equation the co-ordinates of the third pointy and show that it is satis¬ 
fied by them. ] 

EXAMPLES 

1. (a) Find the equation of a straight line which passes through 

two given points. [ 1 

(b) Find the equations to the sides of the triangle the co-ordinates 
of whose angular points are (/, 4), [2, —i), and ( — 1, —2). [P. V. 1944S\ 

2. Find the equation of the line 
(/) joining the origin to the point (x^, y,) ; 

(ii) passing through the points (a, b) and (b, a) ; 

and ^ 

3. Equation of the median. (/) Given the Jriangle A{10,4), B{~4,9). 
C( — 2, —1). find the equation of the median through A. [ D. U. 1942 ] 

(//) The vertices of a triangle are (/•, (1), (0. /) and (2, 3). Show that 
the median through the first vertex is given by x^l—0. [ B.U. 1946 ] 

4. Show that the points (a, 0), (0, b), (3a,—2b) are on a straight 

line. Find its equation. [P. V. 1936 ] 

5. Show that the points whose co-ordinates are (5, 1), (1,-1) and 
(11,4) lie on a straight line, and find its intercepts on the axes.* 

[ D. V. 1953 ] 

6 . Find the slope of the line joining (3,0) and (2, \/3)- What is 
its inclination to the x-axis ? 

7. In what ratio is the line joining (2, 1) and (5, 2) divided by 

the line joining (3, 2) and (5, 0 ) ? [ P. U. 1943 ] 

[ Hint. Find the equation of the line passing thro’ the second pair 
of pts. and proceed as in solved Ex., Art. 24. ] 

8 . Prove that the line joining (1, -1) and (0, 1) bisects the line 
joining (1, 2) and ( — 3, 4). 

9. ) Find the equation of the straight line passing through the 

points (3, 3) and (7, 6). What is the length of the portion of the line 
intercepted between the axes of co-ordinates ? [ P. U. 1950 ] 


(Hi) passing through the points ^ ) 
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m. Distance form. 

30. To obtain the equation of a straight line (drawn through a 
given point (Xj, y^) and making a given angle 6 with the x-axis) in the 


form 


y~yj. =r 

cos 6 sin 6 * 


where r is the distance of the point (x, y) from (Xj, y,). 

Let A be the pt. (jTi, Vi) and KA the line 
meeting the ;r-axis in K, so that ZXKA=e. 

(/) Let P(jc, y) be any pt. on the line, so 
that AP=r. From A, P draw AL, PM ±,s on the 
v-axis and AQ J_ on PM. 

Then zlQAP= 2 lXKA [Corresponding jls] 

= e. ^ ' 


Pyr 

A-diqQ 

I 


0 L 


(/■/) From the rt. /_d A AQP, 


cos 0=^S,sin 


... ( 1 ) 


But 


AP’""‘ AP 

AQ=LM=OM-OL=.y-a:,, 

AP=r 

QP=MP_MQ = MP-LA-.v-Vx, 
from (I), 

cos 9= , sin 0 = 


[ Note this step ] 


... ( 2 ). 


or * y y* — !• (2) 

cosfl sind ••• 

which is the required equation, t 

N. B, Sign of r. If P is A (as in the Fig ), r is positive, 
and if it is below, r is negative. 

Cor. 1. To express the co-ordinates of any point on the line 

y—yi 

cos t) ~ sinO terms of one variable ( called llie parameter ). 


cos e sin e 



.'. from the first and third members of (1), 
x-Xj=r cos 0, .Y=.Y,4-r cos 0. 

Again from the second and third members of (1), 
y-yi=r sin 6, /. y-y^+r sin 6 
x^x^i-r cos 0, y=y^j-r sin 

which are the required co-ordinates.J: 

Cor. 2. Any point on the line. Any point on the line 

c'oTV = ^9='' 


•[P. U. 1957] 

tStricUy speaking, the equation of the line consists of the first two members, 
the third member being another variable, njime\y, the distance of (x.y) from(x,,y,1. 
Jin terms of one variable r. 
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[Rule to find any point on a line (equation in the distance form): 
In theKquation of ihe^ ifne put each member=r and find the ^alues of x 
and y. These are the co-ordinates of the required point. \ 


Note 1. Distance form. Since in the equation 




r, r IS 


__ cos 0 sin ft 

the distance of the point (x, ;■) from (x.. this form of the equat.on of 

a line may be called the distance form. 

Note 2. From the hrst two members of 2). Art 3U, 

^*'^ThTuseof'"th^^^^^^^ (x..t-rco.t*,iVi;sint^) is that they 

enable is to find the length of a straight line 

a given direction to meet a given curve. (See the follo%ving solved t .) 

^ Example. Find the equation of the tine through 
leaking an Ingle of 45^ ^vith the axis oj x and ^ 

cepted on it between the point P and the Une .v + r + /-«. ^ 

(/) Here 9=45% the equation of the line thro’ (2, 3), in the 

' ' _V 1 /— v. 

X--2 _ >'-3 


distance form, ^os 45^"sin 45 


=r 


rx-x,^y-y,^^ 1 

|_cos 0 sin ft J 


-3 


or 




3 or .x-y+l = 0.* 


( 


(Values of .v. >’) 


.v-2^ 

1 *"1 

V2 V2 

ar, from the first two members, x-2=y~ 

(/;) From (1), any pt. on the line is 

^ + \/2 ’ ^ + v / 2 )^' 

If it lies on x+j't 1=0, then 

changing the sign, distance or length/>i magm/wr/e 3\"2. 

EXAMPLES 

1. Obtain the equation of a straight line in the form 
*“*i=:y“yi=:r, clearly stating the significance of (x,, y,), ft and r. 

““ " " IP. U. 1957] 

•Or, at once, m*=tan 45'^»=I, the equation of Ihc line is 

_y_3=l (x-2). [>'->', = »' U— 

♦Or, at once, (2+r cos 45% 3+r sin 45®) [jf,+r cos 0. >-H-r sin >'1 


C. 
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2 A straight line is drawn through the point P{ly y/3) at an angle of 
60° to the x-axis. Find the length of the line measured from P to the point 
where it meets the line x-{-'\/3y—8. 

[Hint. The equation of the line, in the distance form, is 

x—\ _ y-~V3 
cos 60® sin 60® ^ 


or 


x—l_y~V^ 

2 


=r. 


any pt. on the line is ^ l-j-If it lies on 
x+\/3y=Sy find the value of r] 

3. Find the distance of the line 3x—>>=0 from the point (4,1) 

along a line making an angle of 135® with the x-axis. [M. U. 1941] 

4. A line is drawn through the point P(i, 4) inclined to the x^axis at 
an angle of 3 jt' 4. Find its eguatioHy and find also the co-ordinates of the 
two points on it on opposite sides of P at a distance \/2 fro?n it. [P. U.] 

**5. Find the direction in which a straight line must be drawn 
through the point (1, 2), so that its point of intersection with the line 
•v-f v=4 may be at a distance from this point. [P. U. 1943] 

[Hint. Let 6 be the required inclination of the line to the x-axis. 
Then the equation of the line, in the distance form, is 

x—[ y—2 „ , 

cos ^ sm p 

(l-haV^ cos d, 2+J-\/6 sin 6) lies on x4-y==4, 

I-Tsv^ cos sin 6=4 or (sin 6-l-cos 6)=1 

or sin 6- cos 0~ Dividing thro’ out by 

\'0 

bv \ 2, sin (0+45°)= . =‘^=sin 60° or sin (180°-60°) 

V 12 2v 3 2 

=sin 60® or sin 120®. 6+45®=60® or 120®.] 


Identical lines 

31. Comparing coefficients. If the equations 

Ax+By-]-C==0 
and .4‘x-\-B'y+C'~0 

represent the same straight line, then 

1 ^ P ^ C 
A' B'~ C" 

[In words : If two equations represent the same line, 
ratio of coefficients of x= ratio of coefficients of y 

—ratio of constant terms.] 

♦♦Proof. The equations are 

A.v-rBy+C=0 ,..(1) 

•See the author’s New Intermediate Plane Trigonometry (6th Edition) Art. 81,(d). 


Rule. 
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A'r+B>+C=0 ...(2) 

Writing the equations in the form }>=mx-i-c, 

A C 

from (I), B>'=—Ax—C, >'=““g 

A' C' 

and from (2), B'>'= — A'x—C', y=~ g, x— g, •••(4) 

Now the equations (3) and (4) represent the same st. line [ Given ] 
the slope is the same, 

i.e., g - g- or - B' ■■•(5) 

Also the intercept on the v-axis is the same 

C _ C' B _ C . 

B “ B' B' C' 

From (5) and (6), ^,-== g, = • 

This is called comparing coefficients. 

It will be found extremely useful in later chapters. 

EXAMPLE 

If Ax4-B>'=C and x cos a+y sin a=/> represent the same line, find 
o in terms of A, B, C. [ P. £/. 1 

A B C 

f Hint. Comparing coefficients, = -= , 

A B 

.'. cos a=-^ sin a= ^ p. Square and add. Use cos-x+sin’^ a = 1.) 


...( 6 ) 


Tracing a line 

32. To trace the straight line Ax-\rBy+C=0. 

The equation of the line is Ax+B>'+C=0 ... (I) 

(0 Putting >»=0 in {!), Ax+C=0 or x=- ^ , 

which is the intercept on the x-axis. 

C 

Again putting x=0 in (1), B;'+C=0 or y= — , 

t> 

which is the intercept on the ^'-axis. 

C* 

( 11 ) Measure OP along the x-axis and = — . , 


[ Art, 26, Cor. ] 


measure OQ along the ^^-axis and =— g- , observing the 

Rule for signs of intercepts [ Art. 19, (i) ]. \ 

Join PQ, and produce it both ways. This is the ' Q 

required line. 

Exceptional cases. 

Case I. No constant term. If the equation contains no constant 
term, it becomes Ax-f-B>'=0 ... (1) 

•In drawing the Figs. A, B, C have all been taken to be positive. 
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(/) Putting y=0 in (1). .v=0, (0, 0), i.e., the origin is one pt. on 

the line. 

Again from (1), r — i Putting x = B (to avoid fracUons), 
(B, —A) is another pt. on the line. 

(//) Plot the pt. R(B, —A). 

Join OR, and produce it both ways. This is the 
required line. 

Case II. No term in x. If the equation contains no term in x, 

it becomes By+C^O ... (1) 

(i) Frora(l), > = - g . the line is || to the x-axis at a 


Yi 

'N 

, 

4 

0 

\! i 


distance — o from it ( Art. 15 ). 


Yt 


C 0 

(//) Measure OS along the >’-ax!S and =- g-. Thro' S 


draw a st. line ;i to the .v-axis. This is the required line. ^ 

Case HI. No term in y. If the equation contains no term in }\ 
it becomes A.y^-C=0 ... (1) 

(/) From (I), .v=- the line is I1 to the y-axis and at a ■ 

distance — ^ from it ( Art. 16 ). | Y* 


(//) Measure OT along the .v-axis and — 


A • 


X 


Thro’ T draw a st. line i! to the >'-axis. This is the j 

required line. 

Example. Trace the following straight lines : 

(1) 2x~3y-l-6=0, (2) x-2y = 0, (3) x-l-5=0, (4) y+3=0. 

(H The equation of the line is 2x—3y-l-6=0 ...(1) 

(0 Putting y=0 in (1), 2x-r6=0 or x=-3. which is the intercept 

Again putting x^O in (1), —3y-r6=0 or y=2, which is the 

intercept on the y-axis. 

(//) [ Scale. 1 small division =1. J 

Measure OA along the .v-axis to the left of O 
and =3 in magnitude, measure OB along they-axis 

aboye O and =2. 

Join AB, and produce it both ways. This is 

the required line marked (1) in the Fig. 

(2) The equation of the line is x—2y=0 ...(1) 

(j) Putting y=0 in (1). .v=0, (0,0), />., 

the origin is one pt. on the line. 

Again from (1), y= Putting x=2, y=l. 
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(2, 1) is another pt. on the line. 

(//) Plot the pt. C(2, 1). Join OC, and produce it both ways. 
This is the required line marked (2) in the Fig. 

(3) The equation of the line isA:+5=0 ... (1) 

(/) From (I), x~- 5. .'. the line is || to the >^-axis at a distance 

— 5 from it. 

(//) Measure OD along the Ar-axis to the left of O and =5 in 
magnitude. Thro’ D draw a st. line t| to the >'-axis. This is the re¬ 
quired line marked (3) in the Fig. 

(4) The equation of the line is >’-1-3=0 ... (1) 

(/) From (1). >’= — 3. .-. the line is H to the x-axis at a distance 

— 3 from it. 

(//) Measure OE along the ,v-axis below O and =3 in magnitude. 
Thro' E draw a st. line li to the .t-axis. This is the required line marked 
(4) in the Fig. • 

EXAMPLE 

Draw the following lines : 

(/) 5y=3x and (//) y = 3x-|-12. 

(m) y-f-2=0; (/v) x-2=0. [Ag. U. 1932] 

SECTION II 

ANGLE BETWEEN TWO STRAIGHT LINES 


33-1. Angle formula I. Slope forms. To find (he angle between 
the two straight lines 


y —m,x-fc, and y = m2X-|-C2*. 

Let BA, CA be the lines y~niiXA-c^, 
meeting the x-axis in B, C. Let /_XBA = 0^. /_XCA—6^ 
so that tan 0^=my, tan 

Let B be the required angle CAB between the 

lines. 


Then from the Fig., 

e=:0^-es 

tan 0=tan (^j —^ 2 )= 


tan 01 —tan B.^ 
1 -ftan 01 tan 02 



or tan0=^ '"S 

l-l-mima l-j-miWa 

Note 1. See the Fig. 0 is the angle between the lines, measured 
positively from y=m 2 X-\-C 2 to y=m^x+Ci, ^>cs between 0® and 180*. 
Note 2. Acute and obtuse angles between two lines. 

In any numerical example 


(/) if the angle formula tan 0=,^‘ gives a positive result, it 

is the tangent of the acute angle between the lines ; but 

(//■) if the angle formula gives a negative 
result, it is the tangent of the obtuse angle 
between the lines. In this case, if 0 is the acute 
angle between them, then 0=7r—0 

.-. tan 0=tan(7i—0) = -tan 0=-,'”»‘''”2 

l-j-miw,’ 

*[J. & K. u. J9J6\ 
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i.e.i we must change the sign in the value of tan & (“ 

A « ^ 




get 


tan the tangent of the acute angle between the lines. {Note this step) 

(See Ex. 3 following.) ^ ^ ^ 

Note 3, Complete angle formula. If 9 (instead of being the 

required z^CAB between the lines as in the Fig. of Art. 33-1) is the 
required ^DAC between the lines as in the adjoin- 

tan (tt— 0 )=tan (^1—^2) 

tan ^ 1 —t an ^2 _ 

1 +tan dx tan "^2 1 

nti-nii 

tan a=— . . —* 

combining this with the angle formula of 
Art. 33-1, 


or 


or 



tan 0=± 


ini —nij 


j 


l + miinj 

(Aid to memox 7 . For the complete angle formula (like the complete area 

formula) take the double sigh (±) with the ordinary angle formula.) 

Note 4. When to use the complete angle formula. The complete 

anale formula is used when the angle between the lines is given. 

* (See Art. 38.) 

33-11. Angle formula II. General forms. To find the angle 

between the two straight lines 

a^x-f b,y+Cj=0 and a2X-!-b2y4-C2=0.* 

The equations of the lines are aiX+biy-^Ci=0, aiX-\-b2y-\~C2—0. 


Here 


m, — - 


a 


nu=- — 


^2 
62 




4 • 


if 0 is the angle between the lines, then 

, V biJK bJ 


tan Q 


f "I 


O 2 

b. 


a 


1 + 


^^1 _^sbf— 


/ 


OiOz 


0 =tan 


a^by ^1^2 
a^Oo b^b^ 

**[Note. When to use this angle formula II. In numerical 
examples, the slopes of the two lines should first be found and then the 
angle formula I : ___ 

•[/. & K. u. 1951] 
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should be used, except when m, or m^^oo, 

'iL'liZ f" equation of one of the lines is of the form x=a, in which case 
the angle formula I fads and the angle formula II : 

*“ (See Misc. Ex. 10, Chap, III.) 

Example. Find the angle between the lines 
y—x\/3-{-l and x—^3y-\-2=0. 

The equations of the lines are ^3x— x—^3y-^2=0. 

[ R. H. S/s zero {Note this step) ] 


Here 


m,= 


-I . > 

=\/3, 

I _ J 
-VB V3 ’ 

if 0 is the angle between the lines, then 

V3-J 


r coelf. of jf , . ^ *1 

L coeff. of;^ ^M 


/«,= - 


tan B~ 


V3 


r m,—" 

L 1 H- WiWj 



2 

^'3 1 

~ "2“= = tan 30“ 

examples 

?n the straight lines : 

(0 >'V3—a:+ 1=0 and x-\-y\/ 3 ^i=Q . 

and {a-i-b)X‘-(a~~b)y=0 • 

{ill) x-^2y=3 and 2x:=>'—3 • * 

(iv) x~2y=3 and 2x-\-3y=4. 

whose-i„|j^,l^nr“xes°'a;e'’; Tt, 

that tan fl=-3 /n 

(1) [ A?,.'3M. NmettndT”''''’''""’ "’*= ^ 

tan 0=3, 0=tan-*3.] 

,+2yt9ia‘‘ 3a+y-7=0 and 

5. Find,he angle between the lines x-2,=3 and4x~y=6.' ^ 

definitenest'‘t^^^anglebetw«n'?wo'S.]'’*’‘’ 

6- Find Ihe angle between the lines 3y=Sx+4 and 4x+y^5. 
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33 _III^ Perpendicular forms. To find the angle between the 
straight lines x cos aj+y sin ai=p, and x cos sin a 2 =p 2 . 

The equations of the lines are x cos oti-f-y sin a^—pi=0, 

.Y cos 7 - 2 +T sin X2-P2=0. [ R. H. S.’s zero {Note this step) ] 


cos ai 


Here m,= — -7-- 


• • 


sin 

= — cot a,, 

COS a« 

^ ^-- cot 7-2, 

Sin *2 

if 6 is the angle between the lines, then 

tan fl- (--cot Cti)-(-COt « ;) _ 

! cot ai)(—cot aj) 

1 




r ~[ 

I \ -f-Wima J 


I 


cot «2“CJt Ui _ 

~ 1 -fcot cot a* 


tan a 


tan ai 


1-^ 


1 


1 


tan ai * tan 


l9 = a|—a2. 



tan o,—tan a-* * / \ 

— - ——1 ■ = tan (ai-ao), 

l-f tan jcj tan a. 

Another method (Geometrically). Let AL, 

AM be the lines .y cos a^+y sin a,=/7„ 

X cos ao-l-y sin and OL, OM the Is from the 

origin 6 upon them, so that /lXOL=aj, /.XOM=« 2 - 
Let 6 be the required angle MAL between the lines. 

Then 6= Z.MAL=/.MOL (in the same segment) 

[ ■/ O, L, M, A lie on a circle, since ./OLA=/.OMA, each being 

= I rt. Z. ] 

= ZXOL-ZXOM=aj-a2. 

Parallel lines 

34-1. Condition of parallelism. Slope forms. To find the 
condition that the two straight lines y=miX+Ci and y=m 2 X-|-C 2 may 
be parallel. 

If the lines are 0, the angle between them, =0® 

tan 0=tan 0®=0, 

'"1-”'“= 0 [ Art. 33-1 ] 


J.e., 


l+mima 

/«!—W 2=0 or mi=m 2 , which is the required condition. 

[ In words : If two lines are parallel, their slopes are equal. ] 
Note. The Converse is also seen to be true by working the algebra 
backwards. 


34-11. Condition of parallelism. General forms. To find the 
condition that the two straight lines aiX-}-bjy-l-Ci=0 and 
a 2 X-|-b,>y+C 2=0 may be parallel. 

The equations of the lines arc ai.Y+6iy-l-Cj=0, OgY-f-iJiV-i-Cs—O. 


Art. 35 1 
Here 


ANGLE BETWEEN TWO STRAIGHT LINES 
Oi 


51 


_ ^ 

b. ’ 


[- SS «"■ ' ] 


if the lines are ih — ~ ~t 


[ mj=ni 2 (Art. 34-1 ) ] 
[ Cancel ( —1) ] 


or 


^ , which is the required condition. 


r In words : If two lines (equations in the general form) are 
parallel) ratio of the coefficients of x=ratio of the coefficients of y.J 

EXAMPLES 

1. Show that the lines y-2x=3 and are 

2. Prove that the straight line joining the middle P^mts of ‘ ® 
side's of a triangle is parallel toahe third side and equal to half its length. 

35. Any line parallel to a given line. . , r—n 5c 

The equation of any line parallel to the line Ax-}-By + C-0 is 

Ax-l-By-l-k=0. 

Proof.* The equations of the lines are 

Ax-1-B>' + C=0 ...(1) 

Ax+By-\-k =0 ...(2) 

From (1), «U=- 

A 

from (2), ^ 2 = — g » 

mi=m 2 , .•. the lines arc 1|. [Art. 34-1] 

[Rule to write down the equation of any line parallel to a given 

« only t/ie con.mn. /crm to n 
new value of k is found from the second condition satisfied 

by the equation of a line parallel to 3 x-l- 4 y = 12 and 

passing through the point (4, 3).^ n , i _i_au O-'fl is 

^ Method I. (0 The equation of line 1| to 3x+4y-12~-0 is 

2x-\-4y+k=0 ..Jl) [Ai^35, Kul^TJ 

•Or tli^r~fhc equations of ihc lines arc 
Ax+By+C-0, Ax+By+Ar-0. 

Ratio of the coelTs, of x=» ^ *=1. 
ratio of the coeffs. of;'* g-»l- 

ratio of the coeffs. of JC=ratio of thecoeffs. of > 34-11] 

tE»pu!l*tU^ "in the equation of the given line 3x+4r-12*0, change only 
the constant term (—12) to a new constant {+k), thus getting 

3r+4>-+A:=0. 
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[ Art. 35 


(ii) If it passes thro* (4, 3), then 

3(4)+4(3)-f;t==0 or 24-l-A:=0, k=-24. 

(lii) Substituting this value of k in (1), 

3;^_|-4_y_24=0, which is the required equation. 

Method n. (i) The equation of any line thro’ (4, 3) is 
3>-3=m(x-4) ...(1) 

{ii) If it is II to 3x-\-4y- 12=0 (slope=-|), then 

m=-|. [r»i=fni] 

(Hi) Substituting this value of m in (1), 

3=—|(x—4) or 4>>—12=—3x4*12 
or 3x-1-4;'—24=0, which is the required equation. ^ 

[Two important methocb to find the equation of the line parallel 
to a given line and passing through a given point. 

Method I. (0 Write down the equation of any line [i to the given 
line. [Art. 35, Rule] 

{ii) Make it pass thro" the given pt., and find the value of k. 

(«'/) Substitute this value ofk in the equation of step (i). The result 
is the required equation. 

Method n. (/) Write down the equation of any line passing thro 

the given pt. t;'— 

{ii) Make it || to the given line^ and find the value of m. 

{Hi) Substitute this value of m in the equation of step (/). The result 
is the required equation.] 

EXAMPLES 


1. The equation of the line parallel to Ax4'By4‘C=0 and pass¬ 
ing through (Xj, yi) is Ax-l-By=Axi-i-Byi. [B. C/.] 

[♦*Rule to write down the equation of the line passing through a 
given point and parallel to a given line (equation in the general form): 

(0 In the L. H. S. of the equation of the given line {R. H. S. being 
zero), delete the constant term. This is the l.H.S. of the required equation. 

{ii) In the L.H.S. obtained above, substitute the co-ordinates of the 
given pt. This is the R.H.S. of the required equation.] ^ . 

2. Find the equation of the line par^lel to 3x-l-4y—12=0 and 
passing through (4, 3). 

[♦♦Shortest method. 

The equation of the line |i to 3x-}-4y-12=0 and passing thro’ (4,3) 
is 3x-l-4>'=3(4)-f 4(3) [Ex. 1, Rule*] 

or 3x-l-4>'=24 or 3x-l-4y—24=0.] 

3. Find the equation of the line through (2, 3) parallel to 

3x—4y-f5=0. [^’ ^*1 

4. Find the equation of a straight line through (4, 5) parallel to 

2x~3y-S=0. [i>- U. 1947] 

"Explanation. (/) In the L.H S. of the equation of the given line 3x+47—12=0, 
delete the constant tem (-12), thus getting 3jf+4>’. This is the L.H.S. of the 
required equation. 

{it) In the L.H.S. obtained above, U., 3x+4;', substitute the co-ordinates of 
the given pt. (4, 3) thus getting 3(4)+ 4(3). This is the R.H.S. of the required 
equation. 


« 


\ 
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5. Find the equation of the line through {1, -1) parallel to the line 
joining (/, 3) and (2, -/). 

[ * * Short-cut. Hint. 

The slope of the line passing thro’( 1 , 3) and (2 — 1 ) 

= p = -4. 

Lse Method II of solved Ex., Art. 35. ] 

6. Find the equation of the line through (—1,1) parallel to the 
line joining (1, —2) and (—2, —3). 

Perpendicular lines 

36-1. Condition of perpendicularity. Slope forms. To find the 
condition that the two straight lines y=mjX-^Ci and y=m.x-f-c, may 
be perpendicular, - a / 

If the lines are _L, 

S, the angle between them, =90* 

tan ^=tan 90‘*=oo, 


/. e.. 


• « 


or 

or 


m|_ _ 

l+ZMiWa ~ 

the denominator* 

raim2= —1 

“ 2 =—zr which is the required condition. 


[ In words : If two lines are perpendicular, the product of their 
slopes = —1, or the slope of one line is the negative reciprocal of the 
slope of the other. ] 

Note. The Converse is also seen to be true by working the algebra 
backwards. 

^Important. If a fraction=oo, its denominator=0. 

36-n. Condition of perpendicularity. General forms. To find 
the condition that the two straight lines aiX+b.y-bc,=0 and 
agX-f bgy^-C 2=0 may be perpendicular. 


Here 


m,= — 




r coeff. of ^ 

L coeff. “of y M 


” h. 


if the lines are 


(- S)(- -i^) — 


_ ,, [w,m 2 =-l (Art. 36-1) ] 

or ... . , or aja 2 +b,b,= 0 , 

which IS the required condition. 

[ In words : If two lines (equations in the general form) are 
perpendiciUari ' 

product of the coefficients of x+product of the coefficients of y=0 1 

backw^rdr *^onverse is also seen to be true by working the algebra 
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EXAMPLES 


1. (a) Find the angle between the lines 

ax-fby+c—0 and a'x-fb'y+c'=0. [B.H.V, 1947^ 

Deduce the conditions that the lines may be (1) parallel, 
(2) perpendicular to one another. [ B.H. U. 1947 ] 

[Sol. {b) (1) If the lines are |[. 

0, the angle between them, =0® 
tan 0=tan 

i.e., =0 [ From part (a) ] 

aa +00 

a'b—ab'=0 or a‘b=ab' or , 

a o 

which is the required condition. 

(2) If the lines are J., 

the angle between them, =90* 
tan d=tan 90®=oo. 


/.e., ^ 

aa +00 - 

\\\t denominator aa'-rbb'—Q, which is the required condition.] 

2. Show that the lines 3x+4y+7=0 and 28x—21y+50=0 are 

perpendicular to each other. [ P. C/. ] 

3. Prove that the line joining (1, 2) and (2, —2) is perpendicular 
to the line joining (8, 2) and (4, 1). 


37. Any line perpendicular to a given line. 

The equation of any line perpendicular to the line 


Ax+By+C=0 is Bx—Ay+k=0. 
Proof.* The equations of the lines are - 




A.v+Bv+D 

=0 . 

.. (1) 




B.v-Av+A = 

=0 

.. (2) 


From 

(1). 

A 


[- 

coelf. of.V /A . 

■ coeff. of v J 

from 

(2), 

il 

1 

1 , 

>.03 

II 

B 
" A 

} 


• 

• • 


A 

mj;H2=- -g . 

B 

A"“ 

-I, 

the lines are +. [Art. 36-1] 


[ Rule to write down the equation of any line perpendicular to a 
given line (equation in the general form) : 

(/) In the equation of the given line, interchange the coefficients of x 
and y. (iV) change the sign of one of them, and {Hi) change the constant 
term to a new constant k. 

*Orthnsi The equations of the lines are 

Ajt+B>’+C*0, Rx-—A>’+A:=0. 

Product of the coefFs. of x+product of ihecocfTs. of>’=A(BJ+B(—A)=0, ^ 

the lines are i. [ Art. 36-11 ] 
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Note, The value of k is found from the second condition satisfied 
by the line.] 

Example. Find the equation of a straight line through the point 
(4, 5) perpendicular to the line 3x —2y+5=0. * [ P.U. 1942 ] 

Method 1. (i) The equation of any line X to 3r—2>’+5=0 is 

2x-\-^y-\~k=0 •••(!) [ Art. 37, Rule* ] 

(») If it passes thro’ (4, 5), then 

2(4) + 3(5)+A:=0 or 23+A'=0, A: = -23. 

{Hi) Substituting this value of A: in (I), 

2x + 3y—23 = 0, which is the required equation. 
Method II. {/) The equation of any line thro’ (4, 5) is 

y~5=ni{x-4) ...(I) [.v-ri=m{.v-.Vi) j 

(/V) If it is 1 to 3x-2rX5=0 ( slope-— ^ )■ 



m=-i. 

{Hi) Substituting this value of m in (1), 

y-5=--^(r-4) or 3r-l5=-2.v+8 
or 2x+3>'—23=0, which is the required equation. 

EXAMPLES 

1. The equation of the line perpendicular to Ax-fByXC=0 and 

passing through (x,, yj is Bx- Ay = Bxi-Ay,. [ B.U. ] 

f **Rule to write down the equation of the line passing through 
a given point and perpendicular to a given line (equation in the 
general form) : 

(/) In the L.H.S, of the equation of the given line {R H.S. being zero), 
delete the constant term, interchange the coefficients of x and v, and 
change the sign of one of them. This is the L.H.S. of the required equation. 

(//) !n the L.H.S. obtained above, substitute the co-ordinates of the 
given pt. This is the R.H.S. of the required equation. ] 

2. Find the equation of a line going through the origin and 

perpendicular to 5x + 12y + 13=0. [ p.c/, i 

f ‘‘Shortest method. 

The equation of the line X to 5Ar+12;’t-I3 = 0 and passine thro’ 
(0. 0) is ^ ' 

12x-5y=l2(0)-5(0) [ Ex. 1. Rulet ] 

or 12a--5^=0. 1 

*ExpUnation. (/) In ihccquauon of ihe given line 3x-2>'+5=0. inierchangc 
the coefficients 3 and -2 of x and y, thus getting -2 jc+ 3>'+5=0, (/») change the 
sign of one of them (-2). thus getting 2r+3>'+5^0, and (Hi) change the constant 
term (+5) to a new constant thus getting 2jr+3>'+A'=0. 

tE&planailon. (/; In the L.H.S. of the equation of the given line 
5x+12>'+l3=0. delete the constant term (+13). thus getting 5jr+12>', interchange 
the coefficients 5 and 12 of x and y, thus getting ]2x+ 5y, and change the sign of one 
of them (+5), thus getting I2x-Sy. This is the L.H.S. of the required equation. 

(W) In the L.H.S- obtained above, i.e., i2x~Sy, substitute the co-ordinates of 
the given pt. (0.0), thus getting 12(0)-5(0). This is the R.H.S. of the required 
equation. 
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3. Find the equation of the straight line (i) through the point 

(3, 4} and perpendicular to the line 3y—2x=l. [ B.H.U. ] 

(//) through the point {x', y') and perpendicular to x'y+xy'=a®. 

4. Obtain the equation of a line (i) which passes through (h, h) 

and which is perpendicular to Ix+my—1=0. [ P.U, 1945 ] 

((7) which passes through the point (a, b) and is at right angles 
to the line px—qy—r=0. [ P.V. 1945S ] 

[ Hint. (/') The equation of a^line X to lx-\-my—\~0 is 

mx~ly-\-p=0 ...(1) 

Note. Why to use p (and not k). In order to avoid confusion 
with the given k in (h, k) we have taken the equation of any line X to 
/x+my—1=0 as mx—/y+p=0 (and not mx—ly-{-k=0). ] 

5. Given the triangle A(W, 4), B{~4,9), C( —2, —1), find the 

equation of the altitude through B. [ D.U. 1942 ] 

6. Write down the equation of the perpendicular bisector of 

the line joining the points (X l)> {2, 3). [ B.U. ] 


38. Lines through a given point inclined at a given angle to a 
given line. 

Example 1. Find the equations of the two straight lines through 
the point (2, —1) making an angle of 45° with the line 6x+5y —1=0. 

[ P.U. 1933S] 

(/) The equation of any line thro’ (2, —1) is 

v+l=m{A:-2) ...(1) [ ] 

(n) If it makes an angle of 45° with 6.r-r5>'—1=0 (slope=-^ ), 


then tan 45°=X 

i+.(-X) 



mi—m3 
l+mjmg 


(Art. 33-1, Note 



1 = ± 


5m - 1-6 


5 — 6 m 

(1) Taking the +ve sign in (2), 


...( 2 ) 


5— 6 m = 5m+6 or —llm=I 


or 



11 * 


(11) Taking the — ve sign in (2), 

5—dm= —5m —6 .or —m= —11 or m=ll. 

{Hi) Substituting these values of m in (1), 

(i) ,-fl= - (.i:- 2 ) or 117 + 11 =-.v +2 or ^*+ 117 + 9 = 0 ; 


(11) 7 XI = 11(.y- 2) =Il.v-22or lU-7-23=0. 

.v+ll 7 + 9 = 0 , ll.v— 7 —23=0, which are the required equations. 

Note. To find the equations of the two lines passing thro' a given 
point and making a given angle with a given fine use the complete angle 
formula. 
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Arts. 39-40'l. 

**ExampIe 2. Find the equations of the straight lines through 
the point (h, k) making a given angle a with the straight line 

y=mx4-c. [ J. & K. V. 1951 ] 

(i) The equation of any line thro’ {h, k) is A:=M*(;r—/i) ...(1) 

(//) If it makes an angle a with y=mx-\-c, then 


tan a— ± 


M—m 


•••( 2 ) 


r + "hr::'"-- 1 
L 1 J 


1-rMm 

(I) Taking the -f-ve sign in (2), 

tan a-f Mm tan a=M —m or M(w tan a—1) = —m—tan a 
—m —tana_ m-|-tan a 
m tan a— 1 I —m tan a* 

(II) Taking the —ve sign in [2), 
tan a + M m tan a= —M+m 


M = 


or 


M{1+m tan «)=m—tan a, M = , - 

I +m tan a 

(m) Substituting these values of M in (1), 

(I) “ (,_A) 1 


1 —m tan a 
m—tan a 


(II) y-k = . , , - {x-h) , 

l+m tan a J 


which are the required equations 


EXAMPLES 


1. Find the equations of the two lines through the point (4, 5) 
which make an acute angle of 45° with the line 2x—y+7=0. 

^ . [Pesh. U. 1953] 

2. Find the equations to the straight lines passing through the 
point (3, -2) and inclined at 60° to the straignt line xv/3 + y=l. 

[P. V. 1944] 

3* Show that the equation of the line through the origin mak- 

ing an angle 0 with the line y = mx 4-c is ^ ^ C/. 1951 ] 

X 1 — m tan 0 ^ 


SECTION III 

INTERSECTION OF STRAIGHT LINES 

39. An important fact. The co-ordinates of the points of inter- 
section of two curves satisfy the equations of both curves. 

,, ['•’ a pt. of intersection lies on both curves] 

Hence the 

Rule to find the points of intersection of two curves whose 
equations are given : 

Solve the equations of the two curves simultaneously as in Algebra, 
i he corresponding values of x and y are the required co-ordinates of the 
pis. of intersection. 

40. Point of intersection of two lines. To find the co-ordinates 
to u»e M (and not m). In order to avoid confusion with the given m 

inwe have taken the equation ofline thro’ {h.k) as y~k^M{x~h) 
not y~k^m{x—h) ]. 
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of the point of intersection of the straight lines 

aiX-{-bjy-i-Ci=0 

and a2X-|~b2y-f-C2=0. 

The equations of the lines are 

Cj=0 ...(1) 

aaX-f-A2y-l-c2=0 ...(2) 

Solving (1) and (2) by cross-multiplication, 

X y 1 
( ti u-1 


[Art. 39, Rule] 


^2 ^2 
y _ 


[Art. 23, Rule] 


" biC^—bzCi Cja2“^^2^i 0162—0361 

_ 61 C 2 — 62 C 1 y 

a-^b^—a^bi 

which are the required co-ordinates of the pt. of intersection. 

I Rule to find the point of intersection of two lines whose 
equations are given : 

Solve the equations of the two lines simultaneously as in Algebra. 
The values of x and y are the required co-ordinates of the pt. of 
intersection. ] 

EXAMPLES 

1. Find the point of intersection of the lines 

x—y=l and 2x -Sy-\-I=0. 
f Sol, The equations of the lines are 


A'— V— 1=0 ...(1) 
2.v-3y+l=0 ...(2) 

X y 1 

I- 11 -1-■ 

-3^ 1^2^-3 


Solving (1) and (2) by cross-multipli¬ 
cation, [ Art. 39, Rule ] 


[ Art. 23, Rule ] 


.Y 


_ y 


1 


or 


• v= ^=4 v=--=3 


- 1-3 - 2-1 _3-(-2) 

X _ V _ 1 
-4 -3 -r 
the pt. of intersection is (4, 3). 

[ Check. The co-ordinates of the pi. of intersection {4, 3) satisfy 
both the equations x—y—1=0 and 2a— 3>’-|-l=0, thus4—3 —1=0 or 
0=0, and 2(4)-3(3)-l-l=0 or 0=0. ] 

2. Find the co-ordinates of the points of intersection of the 
straight lines 

(j) 2x —3y —10=0 and 3x-r7y4-8 = 0. 

^ I y = 1 and - y 


ill) 


= 1 . 


[ CM. ] 


a b ■ b a 

3. Foot of the perpendicular. Find the co-ordinates of the foot 
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of the perpendicular from the point (2, 3) on the line y—3x + 4. 

^ ^ [A.U. 1946 1 

4. Find the equation of the line joining the feet of the 
perpendiculars from the origin to the lines x-f-5y = l3 and 5x-i-y = 13. 

^ ^ [D. U. 1940 ] 

5. Orthocentre. Find the co-ordinates of the orthocentre of the 

triangle whose angular points are (1, 0), (2, —4) and ( —5, —2). 

[P.U.194JS] 

[ Rule to find the area of a triangle the equations of whose sides 
are given : 

{») Take the equations two at a time, solve them simultaneously as in 
Algebra, and find the co-ordinates of the vertices, and then (//) use the area 
formula {Art. 9). ] 

6. Find the area of the triangle formed by the lines : 

(/) y—x = 0, and y-rx = 0, x—c 0; \ P. L. 19425 

(/V) y+x=0, y = x-|-6, y — 7x r5. ( P- V- 1941 

7. Show that the area of the triangle formed by the lines whose 

equations are y = miX + c,, y^tum^x i-c^, and x = 0is i ^ . 

[ C. V.\l955 1 

8. Incentre. The line x cos a-|-y sin a--p — 0 forms a triangle 

with the axes ; find the co-ordinates of the centre of the inscribed 
circle of this triangle. [P.L. ) 

9. Find the centre of the inscribed circle of the triangle the 
equations of whose sides are y —15 = 0, 12y fSx-O and 4y '3x=0, 

^ [P. U.] 

Concurrency of lines 

41. Condition of concurrency of three lines. To find the 
condition that three straight lines may meet in a point.* 

Let the equations of the lines be 

<tiX+biy-\-Ci=0 ...(1) 

O2X+/>2y+C2=0 ...(2) 

OiXA-b^yA-Cs—O ...(3) 

[If the three lines meet in a pt. the pt. of intersection of two ol the 
lines lies on the third.] 

[Method of intersection.] 

(/) Solving (1) and (2) by cross-multiplication, [Art. 39, Rule] 

X y I 






• ■ 


X 


a. 

« * 

y 


[Art. 23, Rule] 


1 


btCn^^bnC, 1*1 . ■■ , 

.. X— ' ^ , y= ' * , which are the co-ordinates of the 

( 2 ^ 0 ^ “* I \ 

pt. of intersection of (1) and (2). 

(/7) Substituting these co-ordinates in (3), 


•[ J. & K. U. 1957] 
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{^pzir) +*= 


or fl3(6iC5-68^^l)+^3{^l«2'-^2«l)+^8(«l*2—fl2^l)=0, 

which is the required condition. 

[Rule to prove that three given lines meet in a point: 

(/) Solve the equations of two of the lines simultaneously as in Algebra, 
and find the co-ordinates of their pt. of intersection. 

(//) Substitute these co-ordinates in the equation of the third line, and 
show that it is satisfied by them.] 

Example. Prove that the lines x—y=6, 4y 
6x'f5y+8=0 are concurrent. 

The equations of the lines are a:— y—6=0* ...(1) 

3;c-4y-22=0 ...(2) 

6.r-i-5y+ 8=0 ...(3) 

[Method of intersection.] 

(/) Solving (1) and (2) by cross-multiplication, 

.V y I 


3x-}-22=0 and 
[P. U. 1935S] 


[Art. 39, Rule] 


r 


^ r i 

x^x-^ 

- 4 ^~ 22 ^ 3^-4 


[Art. 23, Rule] 




J _ X ^y^^ l 

22-24 -18+22 -4+3 -2 4 -I 

—2 4 

.y=_j= 2 ; y=_;_i = —4, which are the co-ordinates of the pt. 


of intersection of (I) and (2). 

(//) Substituting these co-ordinates in (3), we get 6(2)+5{—4)+8=0, 
or 0=0, which is true. the lines are concurrent. 

Note. The above method enables us not only to prove that the 
three lines meet in a point, but also to find the co-ordinates of the point 
where ihcv meet. 

EXAMPLES 

1. Show that the three lines (/) 5x+3y=7, 3x—4y=10, and 
x + 2y=0 meet in a point. [C. U.] 


XV XV 

(//) ‘ "i- L =1, » ‘ =1, and v=AT meet in a point, 

[J. & K. U. 1952] 

2. For what value of k are the three lines x—2y+l—0, 

2x —5y + 3=0, and 5x —9y + k=0 concurrent ? [P. U. 1947] 

3. What must be the value of a in order that the three lines 
3x- y —2=0, 5x+ay—3=0, and 2x+y—3=0, may meet in a point ? 

4. Find the condition that the straight lines y=mi.T+Ci, y—WaX+Cj, 
and y=wi 3 .Y+C 3 may meet in a point. 


42. Test for concurrency of three lines in special cases. 

If the equations of three straight lines are ai Y+h|y+Ci=Q» 

'Important. Before soh ini; two egiisiions by cross-multiplication, first put them 
in the form Ax+By+C=0. 
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a^x-\-b2y-\-C2=0. a:iX-\-b^y-^c^= 0 , and if three constants I, m, n can be 
found such that l{a^x-\-biy-\-cfj-\~m{a2X^b.,y-{-Ci)-\-n{a:iX-\-b^y-\-c^)~() 
identically {i.e., =0 for all values of x and y)y then the three straight lines 
meet in a point. 

The equations of the lines are 

-{ 1 ) 

O3-x-+A3y4-^^3=0 ...(3) 

•/ l{aiX-\‘biy+Ci)-^mia2X-\-biy+Ci)-^n{a:iX-\-b3y-\-C3)=^0 

for all values of x and y [Given] 
in particular, 

/(a,x+6Ly+c,)4-w(fl2:<+Aiy-l-C2)-r«(<i3^-H6i-v+C3)=0 ...(4) 
for values of x &ndy which satisfy both (1) and (2). 

substituting from (I) and (2) in (4), 

/(0)+m(0)+n(J3^+V+<^a)=0 

or a3X+A3y+C3=0 

the co-ordinates of the pt. which satisfy both (1) and (2), also 
satisfy (3), the pt. of intersection of the lines (1) and (2) lies on (3), 
the three lines meet in a pt. 

Cor. Important. If the equations of three straight lines are 
aiX-\-biy-{-Ci= 0 , a2X-\-bty-\-Ct=0, a 3 X-\-b 3 y-j-C 3=0 and 
iaiX+biy-\-c,)-\-{a2X-^b2y+C2)-\-{a3X-^b3y-\-C3)=0 identically, the three 
straight lines meet in a point. 

For, here l—\, m=\. /i=l. 

[ In words : Method of addition. If adding the L.H.S.’s of the 
equations of three lines (R.H.S.*s being zero) we get zero, the three 
lines meet in a point. ] 

Example. Prove analytically that the three perpendiculars drawn 
from the vertices of a triangle upon the opposite sides meet in a point. 

[ Bar. U. 1954 \ 

Let A{jc„ y,), B(xs, y^), CUa, ya) be the 
vertices of the triangle. 

[To find the equation of the ±, from A 
on BC. ] 

The equation of any line thro’ A(Xi, y,) 
is y-yi=m(x-x,) ... (1) 

If it is _L to BC Tslope — then — 

\ X3 Xj/ ^Xg-Xj/ 

y9-yt ya-ya 

Substituting this value ofmjn(l), the equation of the X from A 
on BCis y-yi=--*—® (x-xj) 

or y(yi-y*)-yi(y2-y8)=“Jc(jfi-^3)+->fi(x3-x3) 

or *{x,-x*)-|-y(y*-y8)~Xi(x3-X8)-yi(y3-yg)=0 ... (2) 


A(Jfl»y,) 



B (*2»y3) DC(X3>y3> 
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Similarly* the equations of the j_s from B on CA and from C on 
AB are x{;c 3 -Xj)+;^(y 8 -Ji)-J: 2 (-V 3 -^i)->’ 2 (>' 3 -J’i )=0 ••• P) 

and ;c(;ci—;c 2 )+>'(;'i—^ 2 )—>’ 2)=0 ... (4) 

Adding the L. H. S.’s of (2), (3), (4) verticaUy, we get 

x(0)-l-y(0)~0-0=0, the ±s meet m a pt. [Art. 42, Cor.J 
'[ Orthocentre. Def. The point of concurrence of the altitudes 
of a triangle is called the orthocentre of the triangle. ] 

EXAMPLES 

1. Prove that the lines 

{b—c)x-^{c-a)y-\-{a—b)=0, 

{c—a)x-\-{a—b)y-\’{b—c)=0, 

{a-b)x+(b-c)y+{c-‘>)=0. 

are concurrent. .. . 1 

2. Prove that the right bisectors of the sides of a triangle meet 

3° The three straight lines joining the angular points of a 
triangle to the middle points of the opposite sides meet m 

43. Any line through the intersection of two given lines. 

To Jind the equation of any straight line through the point of inter¬ 
section of the two straight lines 

aiX-\'b^y-\-Ci=0 and a 2 X-{-b 2 y-rC 2 —u. 

Method I. [ K-method.t ] 

The equations of the lines are 

n,.v+h|>'+Ci=0 ... (1) 

a 2 X-\-biy-\-C 2=0 ••• ( 2 ) , ^ \_n 

Consider the equation aiX-\-biy-\-Ci-\'k{a 2 X-\-b 2 y+C 2 } u \ i 
(/■) It is an equation of the first degree in x and y 

(iV) TIi^e^o-ordLates of the pt. wh^ both ( 1 ) and ( 2 ), also 

satisfy ( 3 ) [ substituting from (l^nd ^ 3 

the pt. of intersection of the lines ( 1 ) and ( 2 ) lies 
( 3 ) is the equation of a St. line passing thro the pt. ot inter¬ 
section of the lines ( 1 ) -and ( 2 ). 

[ Aid to memory. The equation of any line thro’ the pt. of mtersectio J 

olvpniines is one line+k fother line)=o, /» ir e 

where "one line" stands for "lheL.H.S.of the equation of one line (if. H. . 
being zero) ” and so for the " other line ] 

Method II. [ Method of intersection. ] 

The equations of the lines are 

ai-T+h,3‘+^’i=0 m 

02^'h^23’“l"C2—0 ... (2) 


•How .0 writ. AiB step. In equation (21 ‘^tangoje. x.. and 

cyclicolly.l.e..atoniex,tox,.x. to x,.x. tox. andp. to top,.;-, top., and 

wc get (3). Similarly from (3) we get (4). 
t[F. U. 195fl^ 
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(/) Solving (1) and (2) by cross-multiplication, 

X y 1 
I -II-II-1 


[ Art. 39, Rule | 


^2 ^2 ^2 

_^ 

^1^2 ~^2^l 


X _ 

AjCj —ibaCj 

<21 ^2 ^2^1 ^ 1^2 ^^ 2 ^ I 


1 


[ Art. 23, Rule ] 


(J 1 ^ 2 ^^ ^ 2^1 


which are the co-ordinates of the pt. of intersection. 

(//) The equation of any line thro’ this pt. is 

(Art. 28. Cor.) ] 

which is the required equation. 

Note. The value of k in method I or m in method II is found 
from the second condition satisfied by the line. 

Example 1. What is the equation of the straight line joining 
the origin to the point of intersection of 4x-l-3y=8 and x-l-y=l ? 

[P. U.] 

Method I. [ K«method. ] The equations of the lines are 

4a;-|-3>’-8 = 0 ... (1) 

■^+>'—1=0 ... (2) [ R. H. S.’s zero {Note this step) ] 

(!) The equation of any line thro’ the pt. of intersection of the 
lines (1) and (2) is 

4x+3y--8-|-A:(x-l->'—1)=0 ... (3) [ one line+A:(olher line) = 0 1 

(//) If it passes thro’ (0, 0), then 

4(0)-f3(0)-8+^(0-l-0-l)=0 or -8-^=0, /t = -8. 

{Hi) Substituting this value of k in (3), 

4Ar+3y-8-8(x+>'-l) = 0 

— 4Air —5^=0 or 4x+5>'=0, which is the required equation. 
Method II. [Method of intersection.] The equations of the lines 

4;c+3>'-8=0 ... (1) 
x-)-y~l=0 ...( 2 ) 

(i) Solving (I) and (2) by cross-multiplication, [ Art. 39, Rule ] 

X y I 

r 


[ Art. 23, Rule 1 


or 


are 




• • 


A—= - y-== - J- or ~ y - * 

x=S, y——4, which are the co-ordinates of the pt. of intersection. 
(//) The equation of the line passing thro’ (0, 0) and (5 -4) is 

( 1 ) ( 2 ) 

_4-0 - 

(x-O) 


«= 5-0 

4 

-- 5 "^ 
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or 5y——4x or 4x+5>'=0, which is the required equation. 

Example 2. Find the equation of the line through the inter¬ 
section of x—v=l and 2x—3y-fl=0, and parallel to 3x-f4y=12. 

[ Fesh. U. 1955 1 

Method I. [ K-method. ] The equations of the lines are 

.X—1=0 ... (I) 

2.x—3>'+l=0 ... (2) [ R. H. S.’s zero {Note this step) ] 

(j) The equation of any line thro’ the pt. of intersection of the lines- 
(I) and (2) is 

x-y-\^k{2x-3y-\-^)=0 ... (3) [one lme+A(other line)=01 
(l-f-2A)x—(H-3A:)y—1+A:=0. |~Slope =— 


or 


L 


{») If it is 11 to 3A:-f4y-12=0 (slope=-|), then 

l+3;t “ * 


or 


or 

or 

are 


( m,=m2 ]: 

4-j-8^ = —3—9A: or 17A:——7, k =— 

(Hi) Substituting this value of k in (3), 

;^_._l_.55(2;c-3>'+l)=0 or 17(x-y-l)~7(2x-3>'+l)=0 

17a:-17>>-17-14a:+ 2I>>-7=0 
3_;^_l-4_y_24=0, which is the required equation. 

Method II. [ Method of intersection. ] The equations of the lines. 

x^y—\=Q ... ( 1 ) 

2x-3y-|-l=0 ...(2) 

(/) Solving (I) and (2) by cross-raultiphcalion, [ Art. 39, Rule ] 

X y I 


_3X iX2^-3 


- y - 


1 


[ Art. 23, Rule ] 
1 


» • 


-1-3 -2-1 -3-1-2 


or 


-3 -1 


[ Art. 35. Rule ] 


—4 —3 

x= —j=4, y= ^ ^3, which are the co-ordinates of the pt. 
of intersection. 

(ii) The equation of any line ll to 3x-l-4y—12=0 is 

3.x-|-4>’-l-A'=0 ... (3) 

If it passes thro’ (4, 3), then 

3(4)+4(3)4.^=0 or 24-l-A=0. k=-24. 

Substituting this value of k in (3), 

3x+4>’—24=0, which is the required equation. 

Example 3. Find the equation of the line through the intersec¬ 
tion of y-t-x=9 and 2x—3y-l-7=0, and perpendicular to the line 

2y-3x-5=0. [ B.HM. ] 


•Or thus s 


or 


1+^ zlLiJA) 

3 “ 4 ' 

[ ratio of the cocffs. of ratio of the coeffs. of y (Art. 34-11) ] 

7 


4+8Ar=-3-9* or \lk=-l. 




17 • 
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Method I. [ K-method. ] The equations of the lines are 

9=0 ... (1) 

2x—3>'+7=0 ... (2) [ R.H.S.’s zero (Note this step) ] 

(0 The equation of any line thro’ the pt. of intersection of the lines 
(1) and (2) is x+y—9+k(lx—'iy-\-l)^0 ...(3) [one Iine+A:(olher line)=0] 

or (l+2^)x+(l-3A:)>'-9 + 7A=0. 

(ii) If it is X to 2>’—3x—5=0, i.e., X to 3x'—2>’+5=0 





then 


or 


3+6^ = 2-6A: or 12Ar = -l, 
(Hi) Substituting this value of k in (3), 


[w,m2=-l J 


[ Cancel ( —1) ] 
1 


k =- 


12 ' 


1 

12 


x-f->—9- (2x-3>'+7)=0 or 12 (a:+>'-9)-(2.x—3>-+7)=0 


or 12jr+12>^-108-2jc+3>'-7=0 

or 10x+15>'-115=0 or, dividing by 5, 2x+3>'-23=0, which 

IS the required equation. 

Method II. [ Method of intersection.] The equations of (he lines 
are x+>'—9=0 ... (1) 

2jr-3>'+7=0 ... (2) 

(/) Solving (1) and (2) by cross-multiplication, [ Art. 39, Rule ] 

X y I 
I -11-II-1 

_ 3 X 7 X 2 X _3 [ Art. 23, Rule] 

= >'_ = L or ^ = y - ^ 

'• l-n -18-7 -3-2 ° -20 -25 “ -5 


« • 




which are the co-ordinates of the 


pt. of intersection. 

(ii) The equation of any line X to 2>'-3x-5=0, i.e., \ to 
3;c-2>'+5 = 0 is 2x-\-3y-i-k=0 ...(3) [ Art. 37, Rule) 

If it passes thro (4, 5), then 

2(4)+3(5)+A=0 or 23-fA:=0, /. A: = -23. 

Substituting this value of k in (3), 

2x-\-3y—23=0, which is the required equation. 

*Ortliast (l-|-2jt)3+(I—3ife){-2)-.0 

[product of the cocfTs. of x+product ofthecoeffs. of>-—0 (Art. 36-11)] 

3+6Ar-2-f6Ar-0 or l + 12;^-0. .-. 


or 
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EXAMPLES 

1. Show that for different values of X, 
ax-4-by+c-hX(a'x+b'y+c')=0 represents a straight line passing 
through the point of intersection of ax4-by-rC=0 and a x+b y+c =0. 

® [ Bar. U. 1953 ] 

Find the equation of the line joining the point (2, 3) to the 
intersection of 2x-^3y+l = 0 and 3x-4y-5. [ DM. 1938 ] 

**2. Find the line joining the intersection of axT-by'fc=0 and 
a'x + b'y+c' = 0 

{/) to the point (x',y') ; [ C. U. 1943 \ 

{/() to the origin. [ ^ 

3. Find the equation of the line through the intersection of 

3xw 2v=r-8 and 5x-ny+l=0, and parallel to 6x413y=25. 

' [PM.1937S] 

4. Find the equation of the line perpendicular to the line 

3x-5v<-ll 0 and passing through the intersection of the lines 

5x—6y=l, 3x4-2y+5=0.. [ DM. 1941 } 


SECTION IV 

LENGTH OF THE PERPENDICULAR FROM A GIVEN POINT ON 

A GIVEN LINE 

44-1. Perpendicular distance formula. Perpendicular form. 
To find the perpendicular distance of the point (Xj, y^) from the line 

X cos a+y sin a = p.* 

Let AB be the line x cos a4-y sin a=p, 
and OL the 1 from O upon it, so that 
OL=/^ and .iXOL=3f. 

Let P be the pt. (.Vi, Vj) and PN _L on 
\B. 

Let (1 be the required _L distance NP. 

Thro’ P draw A'B' || to AB to meet 
OL produced in L'. 

Then OL' —OL'-r'LL'=OL4'NP=/J-f-f/, and /,XOL —at. 

(/) the equation of A'B' is 

.Y cos a-r V sin iy.=p+cl. [ ± form (Art. 22) ] 

(//) it passes thro’ P(jc„ ;'i) 

-Y, cos a-rVi sin a.=p-\-d. ^ 

(Hi) d-x, cos a+yi sin a-p. 

**Note. Complete perpendicular distance formula. Perpendicular - 
form. 



• [P.U. 1955] 
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Art. 44-11] LENGTH OF PERPENDICULAR FROM A POINT ON A LINE 

If P(^i.7i) and the origin (instead of lying Yi. 
on opposite sides of the line AB as in 
the Fig. of Art. 44-1) lie on the same side of 
AB, as in the adjoining Fig., it may be proved, 
by proceeding as in Art. 44-1, that 

—(-^1 cos a-hyi sin <x.—p) 
combining this with the formula of 

Art. 44-1, 

d=±(xi cos a-f-y, sin a—p). 

[ Rule to find the perpendicular distance of a given point from 
a given Ime (equation in the perpendicular form) : 

In the L.H.S. of the equation of the line {R.H.S. being zero), substi- 
fute the co-ordinaies of the pt. The result gives the J_ distance, ] 

EXAMPLE 

Find the length of the perpendicular from the point {//,*) on the 
line .X cob a-Hy sin a-p=0. [ />(/>). a. 1950S ] 

44-n. Perpendicular distance formula. General form. To find 

the perpendicular distance of the point (x^ yj from the line 

ax-|-by+c=0*. 

The equation of the line is 

ax+by+c=0. [ To reduce it to form ] 

(/) Dividing thro’ out by V a'-\-b^\ 

a b c 

y/ a--\-b~ Va~-\-b- 

(iV) Transposing, ^ xi- ^ y= —- ^ 

, Va^-\~b^ Va- + b^- Va--\-b-^ ’ 

which IS of the X form [ if c is —ve, so that the R. H. S. is +ve 1 

^ xA- ^ v-^ ^ 

the X distance of (at,, >'j) is 
a . b c 


i-e., .-2 y+ , : .. =0 ... (1) [ R. H. S. zero ] 


[ Art. 44-1, Rule! ] 


_ axi + by,-i-c 

A/a^ + b^ 

Note. Complete perpendicular distance formula. General form. 
From (1), using the complete perpendicular distance formula 

^ . ( X form) (Art. 44-1, Note) 

the X distance of(Ar,,y,) is ' 

•[ A t/. 79i6i’] ■' - 

tExpUnation. In ihc L. H. S. , “ xo- ^ - v4- - 

* 

substitute the co-ordinaics of the pt. (x,,y,), thus getting 

a ,b c 

y/a- + b'i '^^/a-+b* ‘ 


f K 
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^ Va^+b* 

Independent method. Let AB be the line y 
ax-{-by+c=0 meeting the axes in A, B, and let 
P be the pt. (Xj, ^'j). 

From P draw PN J_ on AB. Let be the B 
required X distance NP. Join PA, PB. \. 

The line ox+^>>’+c—0 ...(I) 

meets the x-axis where, putting y^O in (1). ^ 

flA;-l-c=0 




/a (- 3 *®) 


-=-T’ ••• Ais(—^.o). 

Again it meets the j-axis where, putting ;ic=0 in (1), by-\-c—0 


\y--S. 


••• r)- 


Now A PABs=iAB.i/, 


^ _ 2A PAB 

d -... ( 2 ) 


and 


But A PAB=| 0+-^+-^- -0-1-0+ 

= [ a^i+i^i+c ]. 


CXi 

b 


1 V 


cja^O 

o^-c!b 

xiyi 


( 1 ) 


( 2 ) 


(-f- oX^'-t) 


from (2), d= 


d= 


«i±byi±5. 


Va'+b* 

Note. Complete perpendicular distance formula. Using the 
complete area formula for the A PAB, [ Art. 9, Note 2 j 

ax^+b yi+c ^ 
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[ Aid to memory. For the complete perpendicular distance formula (like the 

complete area formula or the complete angle formula) take the double sign ( ± ) 
with the ordinary perpendicular distance formula. ] 

[ Rule to find the perpendicular distance of a given point from 

a given line : 

(/) In the L, H. S. of the equation of the line (R.H.S. being zero), 
substitute the co-ordinates of the point, and {ii) divide the result by 
y/ff^effTofxY^coeff. ofy)^. The result gives the perpendicular distance. 

Note. This Rule also gives the result of Art. 44-1 and, therefore, 
covers the Rule of that Art. ] 

Cor. The perpendicular distance of the origin from the line 

c 


ox-bby+c=0 is 

. a{0)'bb{0)±c 

For, d— 


[ Art. 44-11, Rule* ] 


— « 


Va^-^b* 

Note. When to use the complete perpendicular distance formula. 
The complete perpendicular distance formula is used when the 
length of the perpendicular from the point on the line is given. (See 
Misc. Exs. 37—40, Chap. III. ) 

Example. Find the distance of the point (—2, 3) from the line 

X— y=5. [ Z). C/. ] 

The equation of the line is x—y—5=0. [ R.H.S. zero 5/ep) ] 

the length of the X from (-2, 3) = 

[ Art. 44-11. Rulet ] 

_-l0_^ 

:. changing the sign, X distance in magnitude=^5y/l. 

EXAMPLES 


1. (a) Find the length of the perpendicular from the point (a,^) 

on the line ax+by-|-c=0. [4. V. 1945 ] 

{b) Find the length of the perpendicular drawn from 

'Explanation. In the L.H.S. ax-\-by+c, subsliluie the co-ordinates of the p^. 
(0,0), thus getting o(0j-J-f>(0)-|-c, and divide the result by 

[ of of>-)a] 


thus getting 


tExplanation. 
pt. (-2,3), thus 


V (!)*+(-D* 


<i(0)+6(0)-i-c 

In the L.H.S. x—y—S, substitute the co-ordinates of the 
getting (—2)—3—5, and divide the result by 

[ V (coeff. of of ] 


thus getting 


(- 2 ) ^ 3-5 

Va)a+(-l)»* 
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(0 the point (2, ~1) upon the straight line 3x—4y—5. 

X y 

(/i) the point {b, a) upon the straight line 

2. (a) How far is the line h{x-\-h)-\-k{y-\~k)=0 from the origin ? 

[ C. £7. ] 

{b) If p is the perpendicular distance of the origin from a line 
whose intercepts on the axes are a and 6, show that 




,a 


6 * 


[J.&K. U. 1952 ] 

3. If p and p' be the perpendiculars from the origin upon the 
straight lines whose equations are z sec d+y cosec 6—^ and 

X cos 6 —y sin 0=a cos 26, prove that 4p®4-p'®=a*. [^4. B, 1951] 

4. Find the length of the perpendicular from (b, a) on the line 

a(x—a)=b(b—y). [ P. U. ] 

5. Find the length of the perpendicular and the co-ordinates of 
foot of the perpendicular from the point (3, 4) to the straight line 

8Ar-f-I5y+l=0. [P. U, 1946 S] 

6. Lengths of altitudes. Find ^e lengths of the perpendiculars 

from the vertices on the opposite sides of the triangle whose vertices 
are the points (0, 0), (1, -1), (3, 2). [ P.U. 1939 ] 

7. Distance between two parallel lines. Find the perpendicular 
distance between the lines 9x+40y—20=0 and 9x+40y-|-21=0. 

[D. a,] 

[ Sol. [ (_L ) distance between two (| lines 
=length of J_ from any pt. on the first line upon the second line. ] 

(i) In the equation 9A:+40y—20=0, put x=0, then 40y—20=0 
ory=i. 


(0, t) is a pt. on the first line. 

(«) Length of the _L from (0,1) on the second line (9A:+40y+2l=0), 


= 9(0)+40(D + 2I ^ = which is the required X 

>/{ 9 ) 3 +( 40)2 41 

distance. ] 

8. Find the perpendicular distance between the lines : 


(i) 3x+4y+lS=0 and 3x-|-4y—9=0. 

(i7) 3x-l-4y—5=0 and 6x-f8y—45=0. 

9. Determine the distance between the lines 
(/) 3A;-l-4y+5=0 and 3.>r+4y4-17=0. 

(«) y=2A:—4 and y=2x+3. ^ 

10. Find the distance between the parallel lines : 
(i) ax+by-f-c=0 and ax-|-by+c'=0. 

(//) y=mx-t-c and y=mX'f d. 


[ F. £/. ] 
[P. U, 1947] 

[ D. U. 1945 ] 
[P.U.] 

i P-u, J 

[ P. U. 1944 


♦♦SECTION V 
A LINE AND A POINT 
Two sides of a line 

*♦45. Test for a point to lie on one side or the other of a line. 

To show that the quantity ax-^-\-by^-^c is positive or negative according as 
the point (jci, yi) is on one side or the other of the line ax-\-by-]rc—0. 
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The equation of the line is 
ax-^by-\-c=^. 

Let P be the pt. (x,, >^ 1 ). 

From P draw PN X on the x-axis to 

meet the line in Q >»'). 

V Q lies on the line 

axi+6/ + c=0 ... (1) 

Now + + 0 

[ Substitute for 0 from (1) 1 




PC*iiy) 


N 




A^X 


=flXi+6>'i+c—(aXi+/>/ + c)=6(>'x—/)=6(NI^NQ) ... (2) 

(j) If P is on one side of the line as in Fig. I, NP>NQ 

from (2)*, (3X,4 ^>'i+c is +ve. [ If is rve ] 

(//) If P is on the other side as in Fig. II, NP :NQ 


from (2), axi+byx + c is —vc. 

[♦•Rule to find whether two given points are on the same or on 
opposite sides of a line : 

!n the L.H.S. of the equation of the line {R.H.S. being zero), 
substitute in succession the co-ordinates of the two points ; if the results 
are of the same sign, the points are on the same side of the line ; if the 
results are of opposite signs, the points are on opposite sides. \ 


••EXAMPLES 


••1 Show that (2, —1) and (1, 1) are on opposite sides of 

3x + 4y=6. I D. V. 1937 ] 

[ Sol. The equation of the line is 3x-i-4>'—6=^0 ...(1) 

[ R.H.S. zero {Note this step) ] 

In the L.H.S. of (1), substituting the co-ordinates of (2, --1). we get 

3(2) + 4(-l)-6= -4. 

and substituting the co-ordinates of (1, 1). we get 

3(l)44(l)-6= -f 1 ; 
the results are of opposite signs, 
the pts. arc on opposite sides of the line. ] 

••2. Are the points ( — 1, 1) and (1, —1) on the same or on 
opposite sides of the line x —y=l ? 

••3. (a) The point {Xj, y,) and the origin are (/) on the same 

side of the line Ax f By-C=0, if Axj-l-Byi-f C and C have the same 
sign and (//) on opposite sides of the line, if Ax^-t-Byi-f-C and C have 
opposite signs. 

(b) Show that the point (—3,4) is on the origin side o( the line 

2x—3>'=1. 

•• 4 . The sides of a triangle are given by the equations 
3x4-4y—10, 4x—3y=5, and 7x fy410=0, show that the origin lies 
within the triangle. [ B.U. ] 

SECTION VI 

BISECTORS OF ANGLES BETWEEN TWO STRAIGHT LINES 

46. To find the equations of the bisectors of the angles between 
the straight lines a|X4-b,y+Cj=0 and agX-|-b 2 y + C 2 = 0 .t 


R.H.S. is-fve, .-. L.H.S. is also+ve. 


t[y. & A. U. 1957\ 
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The equations of the lines are aiX+biy~\-c^=0 ...(1) 

. . OtX+biy\-c^^0 ...( 2 ) 

(i) Let (:r, v) be any pt. on either of the bisectors. 

(«) Then length of the X from (x, y) on the line (1) 

=length of the X from {x, y) on the line (2). 

q^+biy-\-Ci* . a^x+bty-^-Ci ...4 tt xi f i 

, [ Art. 44-11, Note J 


m 




= X 


To find 



Vfl**+V 

which arc the required equations of the bisectors. 

Note 1 . To find the equations of the bisectors of the angles between 
/wo giw/i /w« /Ae complete perpendicular distance formula. 

Note 2. To distinguish between the two bisectors 
the equation of the bisector of the angle in which the origin lies. 

Writing the equations 
of the lines so that the con¬ 
stant terms are both +ve, 
let the equations be 

a^x+b^y-\-c^=^0 ...{!) 

azX+b^~\-Ci=0 ...( 2 ) 

f Cl, Cj being both Xve ] 

Let (.t, y) be any pt. 
on the bisector of the angle 

between the lines (1) and (2), in which the origin lies. 

Then (.r, y) and (0. 0) are on the same side of (1) 

a,A:+ijV+Ci and [ ai(0)+^>,(0)+Cx, i.c., ] Ci are of the 
sign (Art. 45). But Cj is +ve, a^x-\-b^y^c^ is also +ve. 

length of the X from {x, y) on the line (l)=-H4^+|!Z^i, 

V V+V 

Similarly length of the X from {x, y) on the line (2)= 

qi-v+^ij+C) which is the equation of the 

V ai--\-by~ V 0-*+^ 

bisector of the angle in which the origin lies. 

Similarly the equation of the bisector of the angle m which the 
origin does not lie, is 

0\X+ biy-\-Ci _ _ qgX+^ fcy+Cg 

v' V 03 *-hV 


same 


EXAMPLES 

1. (a) Find the equations of the bisectors of the angles between the 

straight lines aA:-|-6>'-l-c=0 and OiJC+ftiJ'+Ci—0. 

**State how you will distinguish between them. [ B.U. 1945 J 

{b) Find the equations of the bisectors of the angles between the 
lines 4x—3y-!-l=0 and 12x—5y-|-7=0. [ J. & K. C/. ] 

•Note. It is superfluous to take X sign with both sides of the equation; for, 
if XA«=iB, then either (0 A = X B or (ii) —A — i B, .*. A«» T B, i^e., 

A= XB, which is the same as (/)• 


Art, 46] BISECTORS OF ANGLES BETWEEN TWO STRAIGHT LINES 


73 


r Sol (M The equations of the lines are 4jf—3y+1=0 ...(1) 

^ ' 12jc-5>'+7=0 ...(2) 

Let (x, y) be any pt. on either of the bisectors. 

Then length of the ± from (x, y) on line (1) .. .. 

=length of the X from (x, y) on the line (2) 


• • 


4x—3;'+l_ 12x—5>'+7 

5 " * 13 


...(3) 


(/) Taking the '-f ve sign in (3), 

52x-39>'-}- 13 = 60x-25>'+35 
or 8x+14>’+22=0 or 4x+7y+ll=0. 

(/7) Taking the —ve sign in (3), 

52x-39>-+13 = -60x+25>'-35 
or ll2x-64;' + 48 = 0 or 7x-4y+3=0 

4x+7>’+ 11=0 and 7x—4y+3=0, 
which are the required equations of the bisectors. 

[ Check. The bisectors arc X to each other. 

(V m,m2= — 


= - 1 ) ] 


••Note. To distinguish between the two bisectors. 

the constant terms +l and +7 in (l)and (2) are both +ve, 
taking the +ve sign in (3), 

4x+7>'+ll=0, which is the equation of the bisector of the 
angle in which the origin lies, and the equation of the bisector of the 
angle in which the origin does not lie. is 7x—4>'+3=0. 

2. Perpendicular forms. Find the equations of the bisectors of 

the angles between the lines x cos a.+y sin a—p and x cos ^-^-y sin ^=p , 
and show that the two bisectors are perpendicular to each other. 

^ ^• 1 2 j 

( Hint. (//) It will be found that the equations of the bisectors are 

X cos a+y sin ix—p= ±(x cos ^-{-y sin ^—p ) 
i.e.. X (cos a— cos /3)+>'{sin a— sin ^) — {p—p')=0 ...(1) 

and X (cos a+cos ^)X>'(sin a+sin ^) — { p+p’)=0 ...(2) 

... cos a—cos ^ r _ coeff. of X /a. \~1 

•From(l). = coeff.of>- (Art. 25, Cor.)J 

- cos a-fcos $ 

from (2). m.= - 

cos^a-cos^/S ^(1—sin2a)-(l —sin®^) 
sin®a—sin®^ sin*a—sin®'jS 

_ —(sin®a —sin^) the bisectors are X-] 

sin®a —sin®p 

••3. Find the equations of the bisectors of the angles between 
43£+3 v— 4=0 and 12x-f 5y —3 = 0. Show that these bisectors are at right 
angles to each other. _ [^(^) - ^954] 

*Or thus : From (I) and (2), 
product of the coefTs. of jc+product of the coeffs. of y 

-efcos «—cos P)(cos a 4-COS &)4-(sin a~sin P)(sin a-t-sin P) 

—cos*a-co8*P4'Sin*a—sin*p- (cos*a4-sin^a) —fcos2p+sin»P) 

= 1 — 1.0, the bisectors are i (Art. 36-11). 
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4. Find the locus of a point which moves so that the perpendi> 
culars drawn from it to the two straight lines 3x+4y=5, 12x—5y=13 
are equal. [P. U.'\ 


•*5. Find the equations to the bisectors of the angles between the 
straight lines 3x— 4>'4-10=0 and 5x— 12>'—10=0, pointing out the 
bisector of the angle in which the origin lies. [7. & K. V.\ 

**6. Bisector of acute angle. Find the bisector of the acute angle 
between the lines 3x-t-4y=n and 12x—Sy=2. [F, U. 1931\ 

[Hint. The equations of the lines are 3x+4y—11=0 ...(1) 

{2x-5y~ 2=0 ...(2) 

It will be found that the equations of the bisectors are 
3x+4y-n_ 12x-5y-2 
5 ^13 


(/) Taking the +ve sign in (3), 

39x-|-52y-143=60x-25>'-10 

or 21x-77;'+133=0 or, dividing by 7, 3x-lly+19=0 ...(4) 

(//) Taking the —ve sign in (3), 

39x+52y-l43=-60xf25>'-hl0 

or 99.v-f27y —153=0 or, dividing by 9, llx-i-3y—17=0 ...(5) 

The angle between the lines being flCM/e (<90*), the angle between 
one of the lines and the bisector of the acute angle is <i.90'’, i.e., <45®. 

Let 0 be the angle between one of the 
lines (1) (say) and one of the bisectors (4) 

(say). 

whiclt is'numerically >1. angle >45®. 

(4) is not the bisector of the acute 
angle but the other bisector (5). 
i.e., 1 l.v }-3.v—17—0 is the bisector of the acute angle.] 



**7, Find the bisector of the acute angle between the lines 

5x=12y-l 24 and 12x-5y-(-10. [P. U.] 

**8. Internal bisector. triangle is formed by the lines whose 
equations are 3.v4-4y—6=0. 12 a- 5.v- 3=0 and 4.y— 3y4-12=0. Find the 
internal bisector of the vertical angle opposite to the side 

3.y^4,. - 6=0. ( P. L\ 1933 ] 


[ Sol. Let the three lines be BC, CA, AB. 
The bisectors of the vertical angle opposite to 
3 _y-}-4>’—6 =0, i.e., the angle between the lines 
12.Y—5.V—3 = 0 and 4a-— 3y-r 12=0, are 


12.Y-5y-3 4 a:-3>-12 

13 5 

i.e., 8A:+14y~171=0 ...(1) ’ 

and 112.Y—64y4-141=0 ...{2) 





I_1_^ 

8 3x+4y-6=0 C 
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Solving 4x-3>'+12=0 and 2x-^4y-6=0, thept. ^ is( - ^ 

Solving 6=0 and 12 ^—5^—3=0, the pt. C is (|, 1). 

The pts, B and C are on opposite sides of the internal bisector 

(shown dotted in the Fig.). » 

In the L.H.S. of the bisector ( 1 ), substituting the co-ordinates of 

(- 5 , ^5 5 5 ^ j-171=-147, 

455 

and substituting the co-ordinates of ( 5 , I), 8 ( 3 ) +14(1) —171= — 2 ’ 

the results are of the same sign, 

/. B, C are on the j-ame side of (1). 

( 1 ) is not the internal bisector, but the other bisector ( 2 ), 

i.e., ll2x—64>'-}-141=0 is the internal bisector. ] 

••9. A triangle is formed by joining the points (2, —2), ( 8 , —2), 
( 8 , 6 ) ; find the equation of the internal bisector of the angle at the 
vertex ( 8 , 6 ). I 1 

MISCELLANEOUS EXAMPLES ON CHAPTER III 

1. A straight line moves so that the sum of the reciprocals of its 
intercepts on a pair of intersecting {perpendicular) straight lines is constant 
show that it passes through a fixed point. [C.V. 1945\ 

\ Sol. Let the intercepts be a and h. Then the equation of the line 

is ^ -h 1' =1 ...(1) Also * -I 1 constant (Given) = * (say), 
a b an ^ 


c 

a 


+ h ='■ 


( 1 ) passes thro’ the fixed pi. (c, c). ] 


2. OA and OB are two perpendicular straight lines. The straight 
line AB is drawn in such a manner that OA l-OB= 8. Find the locus of 

the middle point of AB. [ ] 

3. A line is drawn through a fixed point {h, k) cutting the axes in P 

and O respectively, and the rectangle OPRQ is completed. Find the et/uaiion 
of the locus of R. I PdJ- I 

4. Prove that the straight line ax ; by ! c 0 divides the join of 

(x„ yj and (x^, y^) in the ratio - 3 **|by.*-l-c' ^ ^ 

5. Reduce the equation y^3x— y=2 to the tangent form, x —2y =3 
to the intercept form and x —V3y=4 to the perpendicular form and 
explain each result geometrically. 

6 (/) Deduce the form y^-mxA-c from the form x cos a-fy sin a=/;. 

[PM.\ 

(ii) Deduce the form ^ ^ 

X cos a-t-y sin a=p. [ P.U. I944S ] 

{Hi) Deduce the form x cos a-fy sin ai=pfrom the form 

^ -I- { =1. [ P.V. 1943S ] 

a 0 
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[Hints. Take the Fig. of Art. 22. ZOBL= 90 "j/-LOB=Z.AOL-a. 
(/) Reduce x cos a.+y sin a—p to the tangent for®- . ^ ^ 

Then v= —x cot a-\-p cosec a ...(1) Now let 
A OLA, a=0-9O° and from A OLB, p cosec a=OB=c. Substitute in 

(1). tan d=m. . £■ rru 

(i7) Reduce x cos a +7 sin a=p to the intercept form, inen 

-=1 ...(2) 

p sec a p cosec a 

Now from A OLA, p sec a=s=OA=u, 
and from A OLB, p cosec a=OB=6. Substitute in (2). 

{in) a=OA. || But sec a J a^p sec a. Again 6=0B. 

r But ^^=cosecOBL=coseca] b^p cosec a. Substitute these 
values of a and^i in - += 1 , and multiply the resulting equation by 

a 0 

7. Find the equation of the straight line which bisects the distance 
between the points (a, b) and {a\ 6 ') and also bisects the distance be ween 

the points (a,—6 ) and (—a', nv i-v 

8. Prove that the three points (-1,-1), (5,7) and (8, ) 

in a straight line. Find the intercepts which it makes on ™ ^ 

9. Find the length of the straight line drawn through a 

:Vi) in n given direction {i.e., making an angle d with the ■, 

a given line {Ax-\-By-\-C=0). L • * •* 

f Hint. The equation of the line is 

the line is {.rj+r cos d, >’!+/■ sin 0). If it lies on Ax+By+C—0, find the 

^Case of failure of angle formula I. Prove that (1,—2). 
(2 0) (1 6), and (0,4) are the co-ordinates of the angular points of a 

parallelogram, and find the angle between the dia^nals. 

[ Hint, ib) Let A{1. -2), B(2, 0), C(l, 6), D(0. 4) be the pts. Then, 


mi=slope of AC 


(- 2)=1 = 


1-1 


0 


00 


the angle formula : tan B=^^^-Jails, (See Art. 33-11, Note.) 

It will be found that the equation of AC is ^-1=0 . r-n 1 

[ Form AxH-Uy-i-L—u J 

and that of BD is 2x-hy—4=0 •••(2) _i_a /> —0 

Compare (1) with aiX+fciy+Cj=0 and (2) with a^x+f^ay+Cj-O. 

Here ai=l, bi=0 ; t7*=2, i»a—1* 

if 6 is the angle between the diagonals, then 

«o« g-^i bi— aibi 
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_2(0)-l(l)_ , , 

1(2)+0(1) ■* 

**11. Prove that the equation to the straight line which passes 
through the point {a cos® 6, a sin® 0) and is perpendicular to 
X sec e+y cosec e==a is x cos 6-y sin e=a cos 26. 

12. Find the equations to the straight lines which divide, internally 
and externally, the line joining (-1, —3) to (5, 3) in the ratio 1 : 2 and 
which are perpendicular to this line. 

13. Find the equations of the straight lines which pass through the 
point {h, k) and are inclined at an angle tan"^ m to the straight line 

yi=mx-\rC. 

14. (1, 2) and (3, 8) are a pair of opposite vertices of a square. 
Find the equations of the sides and diagonals of the square. 

[ B.U. 1943 ] 

15. Find the point of intersection of the lines : 

(i) y=m^x-\- ^ znd y=miX-\r ° ; 

(j7) X cos sin 6 ^=a and x cos sin 62 = 0 . 

16. Find the point of intersection and the inclination of the two 
straight lines ax — by=a—h and a{X‘{-y)-\-b{x—y) = 2a. 

17. Find the co-ordinates of the point in which the line 2x—3v-f 4=0 
meets the line joining the two points ( — 1, 1) and ( — 3, 0), and determine 
also the angle at which they cut one another. 

18. Find the equations to the diagonals of the rectangle the 

equations of whose sides are x=a, x=a', y=b and y=b'. (C. U. 1951] 

19. (a) If u—lx-{'my-\-n = 0 and v=l'x-\-m'y-\-n'=0, interpret the 

equation m+A:v=0. ( B. (j. 1946 ] 

(6) Find the equation of the straight line passing through the inter¬ 
section of the straight lines 3x~4y-\-1 — 0 and 5x+y—l=0 and cutting off 
equal intercepts from the co-ordinate axes. [ N.U. 1951 J 

[ •*Note. Important. If a line cuts off equal intercepts from the 

axest its equation is ^ ^ —I or x-]-y=a, its slope— —7. ] 

20. Find the equations of the straight lines which pass through the 
origin and trisect the portion of the straight line 2x-\-y=(>, which is 
intercepted between the axes. 

21. Find the equation of the straight line drawn at right angles to 
X y 

the line ^ ^ b through the point where it meets the axis of x. 

[F.C/.1942S] 

/ 22. Find the area of the triangle formed by the straight lines 

y=ax—be, y=bx—ca, y=cx—ab. 

23. Find the locus of the foot of the perpendicular from the origin 
to the line which always passes through a fixed point {h, k). [ P.U. 1935 ] 

[ Hint. The equation of any line thro’ (A, k) is y—k=m{x—h) .,.(1) 
The equation of the line J. to it and passing thro’ the origin is 
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v=_^^-x..(2) To find the locus of (the ft. of the 1, i.e.,) the pi. of 

m 

intersection of (1) and (2), eliminate m from {/) W(2) (by multiplying 
(l)and(2)).] 

[ Rule to find the locus of the point of intersection of two lines 
whose equations involve one variable : 

Eliminate the variable from the equations of the two lines. ] 

24. If three straight lines piX^qiy=^> and P 3 X-!-? 3 y=l 

all pass through one point, show that the three points (pj, (pa* 98) 
and (pa, qs) lie in one straight line. [ ■P(P). U. 1953 ] 

25. Find the equation of the straight line passing through the 
origin and the point of inlersection of the lines 


and 

a b 




26. Orthocentre. A triangle is determined by the lines 

v+x—6 = 0, 3v-x+2=0, 3y=5x+2. Find the co-ordinates of its 
orthocentre. [ P.U. 1955 ] 

27. Obtain the equation of the line through the intersection of 
2x-3y-\-4=0 and 3x+4y-5=0 parallel to the axis of y. [P{P). U. 1955] 

28. Find the equation of the line passing through the intersection of 
1=0 and 3x~3y=5, and the intersection of the lines 3x—4y=ll 

and 4.v+5_v -rd—O. 

29. A straight line is such that the sum of the perpendiculars upon it 
from any number of fixed points is zero^ j/ioh* that it always passes through 
a fixed point. 

[Sol. Let the equation of the line be a: cos a+y sin a-p=0 ...(1) 
and let the fixed pts. be (.Vi, pj), (.Va, yz),---, (-Tn, I'n)* Then from the 

given condition . 

Xi cos a-hVi sin ix—p- x^cos a-fy* sin a—p+.-.+ATn cos a+yn sm a—p—U, 

cos a+(yi+y 2 +...-f-y«) sin a-np=0. 


Dividing thro’ out by n, 

^ ) COS a+ ( -’'1+*!^-'’” ) sin a-p=0, 


/. (1) passes thro’ the fixed pt. 


( 


n 


yi+yg+--+ yftY j 


[ Note. Important. For problems relating to lengths of 
perpendiculars on lines, take the equations of the lines in the perpendi¬ 
cular form. ] 

30 Show that the locus of a point which moves so that the sum of the 
perpendiculars let fall from it upon two given straight lines is fomt^nt is a 
straight line. [M.U.1936 \ 

31. Find the distance of the point of intersection of the two straight 
lines :r+2y-3=0, and 2.v+y=0, from the straight line 3x-4y=4. 

32. Find the equation of the line drawn through the origin perpendi¬ 
cular to the line 3x-4y=5 ; find also the length of the perpendicular. 


Art. 46 ] 


MISCELLANEOUS EXAMPLES ON CHAPTER III 


79 




33. Find the perpendicular distance from the origin of the perpendi¬ 
cular from the point (1, 2) upon the straight line \/3y=x+4. 

[ PM. J943 ) 

34. Lengths of altitudes. The equations of the sides of a triangle 

are 3x-r-y+4=0, 3x - 5y+34--0, 3x- 2y-fl = 0. Find the lengths of 
the altitudes. [ D.U. 1933 ] 

35. Write down the equations of two straight lines through the 

points (1. 1) and (--2, —1) parallel to the line 3x'4-4>’-t-7=0, and find the 
perpendicular distance between them. [ p. U. 1942 ] 


36. Find the centre and radius of the circle which is inscribed 
in the triangle formed by the straight lines 

y — 0, 12x —5y=0, and 3x-|-4y —7=0. 

37. What are the ppints on the .r-axis whose perpendicular distance 

X 1 * 

from the line + =1 is a ? fC. U. I95I\ 

an * 


[ Note. Important. When ihe length of the perpendicular is given, 
use the complete J distance formula. \ 

38. Find the points on the straight line 3x—2y=2 at a distance 

of 3 units from the straight line 3x-r4y=8. [ B.V. 1942 ) 

39. Find the equations of two straight lines which arc parallel to 

the straight line .x-4-7;’+2=-0, and at a unit distance from the point 
(2, -1). [PM. 1942S ] 

40. Find the equations of the two straight lines drawn through the 

point ( 0 , 1 ) on which the perpendiculars dropped from the point ( 2 , 2 ) 
are each of unit length. [ p.i’, \ 

41. Find the equations of the straight lines bisecting the angles 
between the straight lines 4y-t-3x —12=0 and 3y-l-4x—24 = 0 and draw 
the four lines to scale in one diagram on a squared paper. [ MM. ] 

42. Find the equation of a straight line through the origin and 

through the intersection of the straight lines a:—;-— 4=0. 7x--F;’-h20 = 0 , 
and prove that it bisects the angle between them. [ Pesh. U. 1951 J 

[ Hint. (iV) Find the bisectors of the angles between the given lines, 
and show that one of them is the line found in part (/) of the question. ] ’ 

43. Show that the perpendiculars let fall from any point of the 

straight line 7x-|-4y=3 upon the two straight lines 3x-4y - 2 and 
5x—12y = 4 are equal to each other. [y. <5 A'. 4/.] 

[ Hint. Let (Xj, yf) be a pt. the ±& from which on the two lines are 
equal. Then it will be found that 7A:,-f 4>’,—3=0, (a'i, ;■,) lies on the 

line 7A-f 4v —3=0, i.e., on the line 7Ar+4>' = 3. ] 

Show that the origin is within the triangle whose angular 
points arc (1, 2), (—2, 3) and ( — 1, —4). 


/ 
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CHAPTER IV 

[ ^g=*This chapter should be omitted by the li 
students of the Punjab University.] 

PAIR OF STRAIGHT LINES REPRESENTED 
BY A QUADRATIC EQUATION 

SECTION I 

EQUATION OF A PAIR OF STRAIGHT LINES 

47. To find the locus of the equation 

{ax-\-by-{- c){a'x + 6 'y+c')= 0, 

The equation is {ax-\-by-]-c){a'x-\-by+c')=0 

The co-ordinates of the pts. which satisfy (1) 
satisfy either axby-he =0...{2) 

or a'x-hby-hc'=0...{3) « at 

[•.' if AB=0, then either A=0 or B=0] 

the pts. on the locus of (1) lie either on the st. line (2) (An. 24> 
or on the st. line (3), 

i.e., the locus of (1) consists of the two st. lines (2) and (3). 

• ’ (ax-hby-hc){a'x-hby-hc')=0 represents the two st. lines 

ax-\-by-hc=^, and a'x-\-by-\-c*=(i. 

Cor If the separate equations of two straight lines are 
ax-hbvhc=0, and a'x+by-\-c'=0, then their combined equation is 

(ax+by-l-c)(a'x+b'y+c')=0. 

[Rule to find the combined equation of two straight lines whose 
separate equations are given : 

(/) Write the equation of each straight line so that the R. H. S. ie 
zero. (Note this step) 

(ij) Multiply the L. H. S.'s of the two resulting equations, and equate 
the product to zero.] 

Example. What loci are represented by the following equations : 

(/) xy=0, (ii) x^~3x-h2^0 ? 

(/) The equation is ^>'=0, 

which represents the two st. lines x=0, andy=0 (Art. 47), i.e., the y-axis 
(Art, 16, Cor.) and x-axis (Art. 15, Cor.). 

(ii) The equation is x®—3x-|-2=0 ...(1) 

[Method of factors.] 

Factorising, (.r—l)(x—2)—0. 

.*. ( 1 ) represents the two st. lines x—1=0, and x—2=0 (Art. 47),. 
or x=l, and x= 2 , which are 1 | to the y-axis and at distances 1 and 2 
respectively from it (Art. 16). 
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EXAMPLES 

1. What loci are represented by the equations, 

(i) y2--4xy+3x"=:0, (ii) xy —3x—4y-i-12=0 ? 

(j) The equation is y’*—4x>'4*3x*=0 ...(I) 

[Method of factors.] 

Factorising, (y —x)(>’—3x) = 0. 

(1) represents the two st. lines y—x=0, and 3.^=0, 
or y—x...{2), and >’=3x...(3). 

[Comparing (2) with y=mx, here m — \, i.e., tan 0=l = tan 45®, 
.'.6=45®. Again, comparing (3) with >'=wx. here m = 3, /.e., tan 0=3, 

/. 0=tan-i 3.] 

i.e., (1) represents two st. lines passing thro’ the origin and making 
angles of 45® and tan”^ 3 with the x-axis. 

(//) The equation is x>'—3x—4>’4-12=0 ..(1) 

[Method of factors.] 

Factorising. x(>'—3)—4(>’ —3)=0 

or (>’-3)(x~4)=0 

(1) represents the two st. lines y—3=0, and x —4—0. 
or y=3, and x=4, 

1. e., (1) represents two st. lines, one || to the x-axis and at a distance 
3 from it, and the other 1| to the y-axis and at a distance 4 from it. 

Find what loci are represented by the equations (Exs. 2 — 4) : — 

2. (i) x2-y*=0. (//) x-^-xy=0. 

3. (/) y2-n^=0, (/V) xy-dy=0. 

4. (t) (x+y)2-n2=0. (//) (x+ay~y^=0. 

5. The equations to a pair of opposite sides of a parallelogram 
are^x*—7x-f6=0 and y*—14y + 40=0, find the equations to its 

disigonals. 

6. Show that the equation (x-a)(y-6)=0 represents a pair of 

straight lines, and find the angle between them. 

7. Find the equation of the lines which trisect the angle between 

the axes (supposed rectangular). [F. U. B. 1917\ 

48. Homogeneous equation. Def. An equation in every term 
of which the sum of the indices of x and y is the same, is called a 
homogeneous equation. 

Thus the equation flx2+2/?xy+Ay*=0 is a homogeneous equation 
of the second degree ; for in the first terra the index of x=2 ; in the 
second term the sum of the indices of x andy=H-l=2; and in the 
third terra the index of y=2. 

49. To prove that a homogeneous equation of the second 
degree represents two straight lines through the origin.* 

Let the homogeneous equation of the second degree be 

flx*+2//xy+6y*=0 ...(1) 

or 6 y 2 + 2 yjxy+ax 2 = 0 .t 


*[B. H. U. 1947} , . . 

tWhy this step. V the equation of a straight line thro’ the origin is 

y^mx or y—mx—0, .% we write the equation in descending powers of y. 
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Dividing thro’ out by x-, 

(-^)+a=0 ...(2) 

which is a quadratic in 

Let mi, ma be the roots of this quadratic. 

Then ^=mi, or ^=W 2 . 

• ( 1 ) represents the two st. lines .v=m,x, and which pass 

thro Jf in a numerical example, it is required to find 

svhat straight lines are represented by the given (homogeneous) elation, 
(factorise the L.H.S. of the given equation or) solve the given equation as a 

quadratic in X (or y). (See Ex. I, Art. 50.) 

Cor. 1. Two important results. If y—miX, and y^m^x are the 

separate equations of the lines ax^-h2hxy-\-by^=0. then 

2I1 . 3 

mi+in2=—■^* 

(See Art. 49.) (2) is a quadratic in and m^, m^ are the rooU. 

. . 2h 

/. m^-f mj=sum of the roots=— 
and mtma-product of the roots= 

2h a • 

Note. The two results t mi+ma=- andmjmt^-^ are extre- 

mely important. They enable us to solve many problems relating to the 
lines aJ^^\-2hxy^-by^=0 without finding their separate equations which 
involve radicals and are, therefore, cumbersome to deal with. 

**Cor. tv The lines ax^+2hxyA-by*-=0 are real and different, real 
and coincident, or imaginary according as h^-ab is positive, zero, or 

negot/ve.^ ^ (1) are real and different, real and coinci¬ 

dent, or imaginary according as the roots of the quadratic (2) are real 

and different, equal, or imaginary, i.e., 

according as 4/i=-4afc [‘ i*-4ac ] 

is +ve, 0, or —ve 

or. dividing by 4. (which is +ve) 

according as li^—ab is -f-ve, 0, or —ve. .... 

Example. Find the condition that one of the straight lines given 
by the equation ax -|-2hxy+by^=0 may coincide with one of Aose 
given by the equation a'x*-i-2h'xy-fb y*—0, [A, B.195l\ 

The'equation of the first pair of lines is 

ax^-\^2hxy^by‘^=0 ...(1) 

and that of the second pair is ^ 

o'ArH2A'A:>'-K6y=0 ,..(2) 
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and 

or 

and 


[Cancel x^] 


Let the equation of one line of the pair (1) coincident with one line 
of the pair (2) be 

y=nix ...(3) 

Then this value of y satisfies both (1) and (2), 

*. ax^+2hx.mx+bni^x-~0, 

a'x’+lh'x.mx+b'm^x'^O 

6m*H-2/im+<7=0 ..-(4) 
h’m--r2h'm^a'=0 ...(5) 

[To eliminate m from (4) and (5).] 

By cross-multiplication, 

_ m__^_1_ 

2{ha~h'a) ab'-a'b 2{bh‘~b'h) 

*From the first and third members, 

2{ha'-h‘a) _ha'-h'a 


m^= 




2[hh'-b'h) bh'-b'h 
and from the second and third members, 

_ ab' — a’b 

^^~2{bh'-b-h) 

{ab'-a'bY 


m* = 


-....(7) 


4{hh'~b'h)^ 

From (6) and (7), 

ha'—h'a ^ {ob'^pY rcancel bh'—b'h from the denoms.] 

bh'-b'h 4{bh'-b’hY ^ 

or A{ha'-h'a){bh'-b'h)=(ab'—a'b)\ 

which is the required condition. 

EXAMPLES 

1 Find the condition that one of the lines ax2 4-2hxy^+by2=0 
may be perpendicular to one of the lines ®'*'+2b'*y+b y^-0. 

IHint The equation of the first pair of lines is 

^ ax\-^2hxy-\-by^-=0 ...(1) 

and that of the second pair is 

a'x2+2/j'xy-hA>®=0 ...(2) 

Let the equation of one line of the pair (1) be 

y^mx .. (3) , . r. 

Then this value of y satisfies (I). It will be found (as m solved Ex., 

Art. 49) that bm^^2hm-{-a=0 ...{4) 


The equation of the line thro’ the origin J, to (3) is y=- 


m 


X. 


This is a line of the pair (2) ^ . 

■ this value of y satisfies (2). It will be found that 
• " a’m^-2h'm-\-b'=0 ...{5) 

Eliminate m from (4) and (5). (Proceed as in solved Ex., Art. 49.)] 

2. Shew that the equation bx®—2hxy-|-ay^—0 repre^^ts a pair 
•Or tbas: Short-cut. /. product of the extremes {U., extreme denoms.) 

^square of the mean {ie., mean denom.) 

2{ha'^h'a).2{bh'-b'h) - {ab’-a'hY. 
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of straight lines which are at right angles to the 

equation axH2hxy-l-by2=0. . [ ^ i 

[ Hint. The equation of the lines is ax^-VVixy^-by -0 ...(1) 

Let the equation of either line of the pair (1) •• 42 ). ThM 

this value of y satisfies (1). It will be found that a^2hm-\-bm -0 ...(3) 

The equation of the line thro’ the origin X to (2) is >»= - —^ ■■•(4) 
Eliminate m from (3) and (4) [ by substituting its value ( ^ ) 

3 ^^ ^The^dyance of a point 7i) from each of two straight fines 
which pass through the origin of co-ordinates is S; prove hat the two 

lines are given by {x,y-xy,)-^6^{x +y-). [ ■«. B.mo\ 

4. Prove that the product of the perpendiculars let fall from the 

point (x', y') upon the pair of straight lines ax--f 2hxy+by —0 is 

ax'H2hx' y'+^by^^ [ 1951 1 

V (a-b^-Mt® 

[Hint. The equation of the lines is cx2+2/ix>'+hy*=0 ...(1) 

Let the separate equations of the lines be 

y=mijc ...(2)» andy^m*;c ...(3) 

•Then mi-f m 2 = and m^m^= ^ .-(4) (Art. 49, Cor. 1) 

The product of the Is from (x', /) on the fines (2) and (3) 

(y'-mix') {y'-mtx'l _ 

~ V 1 + ^1* ' V V 


y'i-{mi+miW+fthr^ 


...(5) 


V l-|-(mi+ms)®-2mim2+/ni2ma* 

Substitute the values of Wi-f-Wa and mi/Ma from (4) in (5). ] 

5. Shew that the area of the triangle formed by the lines 

ax*-l-2hxy-i-by*=0 and Ix+my-f n=0 is 

^ r p ig44s ] 

am®—2hlm-i-bl® 


SECTION II 

ANGLE FORMULA FOR A PAIR OF STRAIGHT LINES 

THROUGH THE ORIGIN 

50 Angle formula for a pair of lines through the origin. To 
find the* angle between the straight lines given by the equation 

ax®-b2hxy+by®=0t_ 

■--Or thus: Then ax'^-\-VixyJrby^=b{y~m,x) {y-mx) (identically) 

[ Adjusting the coeff. of on the R.H.S. from that on the LH.S.) 

[ y^-{mi+mi)xy+miintx^ ]. 

Equaling coeffs. of Jiy* and x^ on both !id«, ^ 

—6(m,+m,)=2A, or and mim,=. 

t[/. & K. U. B. 1954] 
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The equation of the lines is ax^-\r'2.hxy+by^=0 ...(1) 

Let the separate equations of the lines be 

y=m^x ...(2), and y=m^x ...(3) 

Then mi+ma= ~ , and .--(4) (Art. 49, Cor. 1) 

If 6 is the angle between the lines (2) and (3), then 

m.-m, 33_jj 


tan B= 




= V [Substitute from (4) J 


1+mima 


V 4A* 4a 
6* 




„ 2v/h2-“ab 

or tan B= — 


a+b 


n . 2v' h'-ab 

0=tan * —— r, —• 

a+b 


Cor. 1. Conditions of perpendicularity and coincidence. To 
find the condition that the straight lines ax2 + 2hxy+by3=0 mav be 

(/) perpendicular, (//) coincident.* 

(/) If the lines are X, 

B, the angle between them, =90 

tan 0=lan 90* =oo, 


2^/h^-ab_ 


= 00 


a-\-b 

• the denominator a+b=0, 


(Art. 50) 


which is the required condition. 

r In words * If two lines are perpendicular, 

coefficient of x®-f- coefficient of y*=0. ] 

Note. The Converse is also seen to be true by working the algebra 

bflolcwsrds 

(//) If the lines are coincident, B, the angle between them, =0* 

.*. tan 6=tan 0'’=0 


/.e.. 


2x/ h-^-ab^Q 
a-\-b 


[ Art. 50 ] 


V /j2-a6=0 

Qj. h^—ab = (i, which is the required condition. 

Note. The Converse is also seen to be true by working the algebra 

backwards. . . . 

Cor. 2. To find the conditions that the lines ax*-\-2hxy-\-by^=0 may 

be real and different, real and coincident, or imaginary. 

The lines are real and different, real and coincident, or imaginary 

according as 0, the angle between them, is real, 0, or imaginary._ 


[/?. B. J950] 
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/. e.y according as tan B is real, 0, or imaginary. 


i. e.y 


iVh^ -ab 

a-\-b 


is real, 0, or imaginary, [ Art. 50 ] 


i. e.y according as h-—ab is +ve, 0, or —ve. 

Note. If is negative, the lines are imaginary but they pass 

through a real point, the origin. [ Art. 49 ] a • a 

Example. Shew that the two straight lines y^—2xy sec 0-l-x»=O 

make an angle 6 with one another. 1 

The equation of the lines is y-—2xy sec 0-}-;c-=O, 
or x^—2xy sec 0+>'2=O. [Form ax^-^2hxy+by^—0] 

Comparing this with ax^-\‘2hxy‘{-by^=0y 
here a=\, h=h (-2 sec 0)=-sec By b=l. „ r , i 

[ a=coeff. o(x\ h= \ coeff. of xyy b=coef[. of y* J 

if 0* is the angle betweei^he_lines, then 

tan 0 =[Art. 50] 


a-{-b 


_ 2V se c^B —1.1 ^ 2 tan g _ q 


0 = d. 


1 + 1 


EXAMPLES 

Find what straight lines are represented by the following equa¬ 
tions, and determine the angle between them (Exs. 1—2) : 

1. (/) x”—7xy+12y==0. [ B.H.U. 1951 ] 

(ii) 4x^+24xy+lly-=0. 

2. (/) x®+2xy sec fl+y-=0, [ ^^45 ] 

{//) x^-j-2xy cot 2x—y-=0. 

(Hi) x^—2xy cot B + y-=0. . 

3. Shew that each of the following equations represents a pair ot 

straight lines, and find the angle between each pair: 

(/) x2-5xy+4y2=0. [ P.U.B. 1935 ] («) ;c:*-9y*=0. 

4. Shew that the two straight lines 

A:*(tan® 6-\-cos^B)+2xy tan 0+y^ sin® ^=0 
make with the A:-axis angles such that the difference of their tangents is 2. 

[ Hint. Let the two st. lines make angles 0i, 03 with the x-axis ; 
to prove that tan 0i—tan 02=2, t.e., mj—/?i8=2. From the equation of 
the lines, find mj+mj, and minu (use Art. 49, Cor. 1), and hence find 
mi—Wi. Work in sin 0 and cos B. ] 

SECTION ni 

ANGLE-BISECTORS OF A PAIR OF STRAIGHT LINES 

THROUGH THE ORIGIN 

51. Equation of the bisectors of the angle between two straight 
lines through the origin. To find the equation to the slight lines 
bisecting the angle between the straight lines given by 

ax®+2hxy+by®=0t.__ 


•Why to 086 0 (and not 0). Iti order to avoid confusion with the given 0 
in the equation of the lines: sec 0+x2=0, we use 0 (and nof 0). 

\[J.&K.U.B. 1932} 
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Method I. 



Let OA. OB be the lines ax'^+2hxy~by^=0, making'/.s Pp with 

the x-axis, 

so that tan Pi htan - -r 


and 


tan 0i . tan — 


a 

b 


• • ( 1 ) 

( Art. 49, Cor. 1 ] 


J 


or 


and 


Let OC, OD be the internal and external bisectors of zlAOB. 
Then V ^AOC=^COB 

• / XOC- ^XOA = Z.XOB- .iXOC 

2^XOC =^XOA-!-ZXOB 

ZXOC -H^XOA !-/ XOB)=i(Pi + p2), 

ZXOD 


or 


= ZXOC+ZCOD = i(Pi+P,) + 2 

[ V OC, OD, being the internal and external bisectors of ZAOB, are J_] 
Let P be the angle which eif/ier bisector makes with the x-axis. 

Then P= ZXOC=^ (Pi + P-J, I ** 

e=^XOD^i(0, + ^)+ -; } (Proved above) 

2P = P,+P 2 or 2 P=P,-fP 2 +^ 
tan 2P=tan (P 1 + P 2 ), 
tan 2P=tan {Pi + p 2 +»:) = tan (Pi + Pj) 
in either case, tan 2P=tan (Px + Pj) 

2 tan P_tan P, + tan Pa 

1—tan® 0 


or 


or 


( 2 ) 


1— tanP, tan Pa 

Let P (x, y) be any pt. on either bisector. From P draw PM _L on 

MP^ j' 

OM X 

Substituting from (3) and (1) in (2), 

. y 2/r 


the x-axis. Then tan 0= 


■ (3) 


X* o 


[ Cancel 2 ] 
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xy _ 

X*—V® 


h _ h 
b—a a^b 


. X*—y“_ xy 

a-b h * 

which is the required equation of the bisectors. 

Method U. (Method of separate equations.) 

The equation of the lines is ax^-^-Zhxy-f^by^—O ...(1) 

Let the separate equations of the lines be 

y=miX ...(2), and ...(3) 

Then mi+m 2 = —^ , and m^mi= ^ ...(4) (Art. 49, Cor. 1) 

The equations of the bisectors of the angles between the lines (2) 
and (3) are 


y^ttiiX _ y—m^x 

V V 1 +Wj* 


[ Art. 46 3 


their combined equation is 

y-^ 2 X \/ y-m,x y~m^x \^ ^ Art. 47, Cor. ] 
-v/l+ma-/w 1+/Wi* \/H-/n2V 

nr (y-m i3:)g __ { y-m jX)^ _q 

I+rtli® l+^a* 

or (y2-2m,xy+miV)(I+ma=)-(y*-2m3xy+m3*x3)(l+mi*)=0 

+;cW(l W)-W2"0 

or /77i“)—2;cj[mi+m,ma*—m,— 

Factorising, 

yHnii+m,)im2^m^)—2xy[mi—m2+niimi{mt^mi)] 

-Fx2(mi+m,)(mi-Wj)=0. 

Dividing thro’out by mj—m„ 

y*(m,-fWj)—2:v>'[ — 1)—0 

or (/—Ar 2 )(mi-}-m 2 )- 2 xy(mimt-*l )=0 

[Substitute from (4) ] 

or {y^-x-)[ - ~'’^)-2xy[-Y-l ) =0 [ Cancel 2 ] 


Vl-FWi* V 1+^2* 


[ Cancel 2 ] 




or (x^—y^) h=xy{a—b) 

x^—y^_ xy 
^b' 'h"’ 

which is the required equation of the bisectors. 

[ N*B. The equation of the bisectors of the angles between the 

lines ax*-\-2hxy-\-by^=0, is J 
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EXAMPLES 

1. Find the equation of the straight lines bisecting the angles between 

the straight lines 4x-^i6xy+7y^=0. 

The equation of the lines is 4;c3_i6x>;+7>'*-0. 

Comparing this with ax^-\-2hxy^by^ -0, 

here a~A, h = \( —16)— —8, v* 1 

[ a=coeff. of /i=i coefif. of xy.b=coef(. of >- ] 

/. the equation of the bisectors is 

x-—y^_xy 


or 


or 


4-7 -8 


[S’-’Z- <“■”>] 


2. 


[P.U.B. iP39] 


[ Cancel ( — 1) ] 

-3 -8 

Rsr-—8v*=3xv’, or 8x®—3x>'—8>'*—0. 

Find the equations of the straight lines bisecting the angles 

between the pairs of straight lines : 

(0 33x^-13x;^-6/=0. (n) .r=-2x>' sec d-\-y’=0. 

. 1 SSHSS - 

that pq= —1. 

4. Prove that the pair of lines 

a2x24-2h(a+b)xy+b-y*=0 

is equally inclined to the pair , . 2 a 

^ ^ ax2+2hxy + by*=0. 

The equation of the first pair of lines is 

a-x^-^2h[a+b)xy+b‘y-=0 ...( 1 ) 

and that of the second pair is . i„. 2 _a on 

ax^-]-2hxy-\-by^-0 ...[■i) 

The equation of the bisectors of the angles between the pair (1) is 

x-—y^_ xy [ Cancel a+6 ] 

a^^b^ h{a+by {a+b){a-b) h{a+b) 

x^-y^^xy_ 

a-b '/J ’ . ^ 

which is the same as the equation of the bisectors of the angles between 

the pair ( 2 ). 

Let OA, OB be the lines of the pair (1), 
and OC. OD those of the pair (2). be 

the common bisector of Z.s AOB and COD. 

Then ZAOE=^EOB ...(3) 

and Z.COE=^lEOD .. (4) ^ 

Subtracting (4) from (3), 

^aoc=zdob, 

f.e., OC, OD are equally inclined to OA, OB. 

5. Show that the angle between one of the lines given by 

ax*4-2hxy+by*=0, 
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and one of the lines 

ax*-f2hxy-f by*-f >.(x*+y“)=0, 

is equal to the angle between the other two lines of the system. 

[ P.U.B. I944S ] 

SECTION IV 

GENERAL EQUATION OF THE SECOND DEGREE REPRESENTING 

A PAIR OF STRAIGHT LINES 


52, Condition for the general equation of the second degree to 
represent two straight lines. To find the condition that the general 
equation of the second degree 

ax--f 2h3:y - 1 - by 2 -}-2gx+2fy+c=0 *■ 
may represent two straight lines.f 
The equation is 

ax--{-2hxy-\-by-+2gx+2fy-{-c=0 ...(1) 

Writing it as a quadratic in .v, 

ax^ ‘^2x{hy +g)+ {by^ -h 2/y+c)=0. 


Solving, 


-2(Ay+g)±V 4(/iv+g)"-4g(V+2/yH-c) 

2a 


~{hy-\-g)±\^ (h^—ab)y^ +2(gh-af)y+ {g^—ac) 

a 

... ( 2 ) 

If (1) represents two St. lines, (2) gives two equations of the first 

degree in x and y. 

the expression under the square root in (2), viz., 
{h^-ab)y^+ 2 {gh-af)y-\-{g^-ac) is a perfect square 

4(g/.-a/)=-4(/i“-aiMf*-ac)=0 , J ‘■A*-4ac"=0 ] 

[ Cancel 4 J 

or gZhz~ 2 afgh-\-a-p-{gyi'-ach^-obg^-^a-bc )=^0 

[ Cancel g*h* J 

or —a{abc-\-2fgh—ap~bg^—ch^)=^0. 

Dividing by —a, _ ^ \ 

abc-f 2fgh—af®—bg^—ch*=0, 

which is the required condition. __ 


•Called the general equation of the second degree because it contains possible 

terms in x and y of the second and lower degrees. 

•Why to take these cocfHcients. The general homogeneous equation of the 
second degree in x, y, z in Analytical Solid Geometry is 

flx'+6>'"+«=+2/yr+2fzx+2Axy=0 ...(1) 

in which the coefficients occur in the alphabetical order, the letters d and e being 
omitted because d is reserved for differentiation and e for the base ofNaperian 

logarithms. Putting z=l in (1), we get 

ax*+fe>’*+c-l-2/y+2yx-h2/ixy=0, or ox*+2/ixy+6y®+2gx+2/y+c-0. 

\[J. & K. U. B. 1955] 
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52 ] GENERAL EQUATION Of IMC 

Note 1. Discriminant. Def. The expression 
abc+2fgh-af2-bg2-ch"- is called the discriminant of the general 

equation of the second degree. it ha<i been 

Note 2. In obtaining the above condition (ArL 52) has been 

assumed that a^^O. But the condition still holds (i) if fl-0 but . 

(,,) 'f If but 6^0, thejquation (1) becomes 

2 hxy-\-by^\- 2 gx-\- 2 fy-\-c —0 ..-(S) 

Writing it as a quadratic in y, , . 

fc>-2+2>'(/ix+/)+(2gx+c)=0. 

Solving. 

-2(Ax+/)±V 4(/.x+/ 
y=^ - 2b _ _ 

^ - {hx +/) ±V//-V+2^A/^'>g);V + (/“-if L (4) 

If (3) represents two st, lines, then (4) gives two equations of the 

first degree in x and y. ■ ,a\ ■ 

• the expression under the square root in (4). viz., 

■ ■ P,.Tm-bg)x+(P-bc) is a perfect square 

••• ^ , t * 1 

or -6(2/g/.-fcg^-c/i^)=0. 6^-0] 

Dividing by-6. ^ ^ 

2 fgh—bg^—ch'=o ^ _n 1 

wsV^r^f a=1, *=0, but h ^ 0, the equation (1) 
becomes 2hxy+2gx+2/y+c=0 ...(5) 

Factorising. 2 x[hy+g) + 2 -^^^ (hy+g) - -'f +c=0 

or, transposing, 2{hy-\-g) (^x-\- h 

If (5) represents two st. lines, then (6) gives two equations of the 
first degree in x and y, R H.S. of (6) 0 

_ c=0, or 2/g-c/i=0 
h 


i.e.. 


or, 

or 


r • 

multiplying by h, 2/g/i— c/j*=0 
abc+2fgh -aP~ hg^ - c/i*=0. 


[ 0 = 0 , b=0 1 


■" •How w writ. tW, .top. In order to take the common factor hy+g as from 

the first two terms [ 2 hxy+ 2 gx= 2 x{hy-\-g) ]. we write 

f 2/ .. 

2/y-2 y- {hy+g) - g> 


WV wiixv 

Vst 

[Adding and subtracting ^ J 
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Note 3. Ifa=0, b—0, A=0, the equation (1) becomes 
2gx-^2fy-\-c=Qy which is not of the second degree and is, therefore, out 
of question. 

Cor. If the equation ax2-j-2hxy-f-by2-l-2gx-f 2fy-fc=0 represents 
two straight lines, the equation of the lines through the origin parallel 
to them is a 2 c^-|- 2 h^-}-by ^=0 (i.e., second degree term8=:0). 

The equation of the lines is 

ax^-\-2hxy-\-by^-\~2gx+2fy-\-c=0 ... (I) 

Let the separate equations of the lines be 
lx-\-my+n=() ...(2), and l'x+m'y-\-n'=0 ... (3) 

Then ax‘^-^2hxy‘{-by^+2gx-\-2fy-{-c—{lx-\-my+n){l'x-\-m'y-\-n') 

(identically). 

Equating coeffs. of like terms on both sides. 

Equating coeffs. of ] //'=fl, 1 

» » xy] > ... (4) 

It *1 o y^] mm'=by J 

[ » y, X ] nr+n'l=2g, 

[ o >. >■ ] mn+m'n=2fy 

[ „ constant terms ] nn'^c. 

The equations of the lines thro’ the origin || to the lines (2)* ,apd (3) 
are lx-\-fny=0, and rxi-m'y=0. . ' < ' 

their combined equation is {lx'\-my){rx-i-m'y)=0 [Art. 47, Cor.] 
or U’x^-\-{lm'-\-rm)xy-\-nim'y^=0 [Substitute from (4) ] 

or ax*-}-2hxy't-by2=0 (i.e., second degree ternis=0). 

Example 1. Prove that the equation 

6x--r5xy—4y-+7x+l3y—3=0 

represents two straight lines, and find the angle between them. 

[ P, U. B. ] 

Method I. [ Method of solving as quadratic. ] 

(fl) The equation is 

6xH5r>>-4y2+7A:-[-13y-3=0 ... (1) 

Writing it as a quadratic in x, [ Note this step ] 

6.v2+j:(5y+7)-(4y*-13y+3)=0, 

Solving, 

-(5y+7)jrx/(57+7)=+2^ 4y^l3y+3) 

- - ’12 


tf 

$% 

IS 

Si 


_ -(5y4-7)4.\/ 25>'«-i-70y-|-49+96y«-312y-h72 


12 


-(5y-l-7)i:v'121y2-242y+121 

■ 12 


-(5>'+7)±ll\//-2y+l_ -(5y+7)±ll\/{y->l)* 
‘12 12 
_ -(5>-+ 7) j :ll(y-l) _ ^-18 -16y+4 


-yzl 

2 


12 

or -^ 3 - 


12 


12 
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(1) represents the two St. lines 
2 ;c—>^+3=0 ... ( 2 ), and 


3a:+4>>-1=0 ...(3) 


{b) Here 


m,= — 


-1 




coeff. of X 
coeff. of 


^ (Art. 25, Cor. )J 


= 2 , 


m«= — > 


if 0 is the angle between the lines (2) and (3), then 


tan 0= 


l+ 2 (-J) 


r "I 


2+i _ iiv,')_li 


...(4) 


if (/) is the acute angle between the lines, then changing the sign 
in (4) [ Art. 33-1, Note 2, end ], 


tan 0 = f 


0 = tan 


-1 


11 


Method II. [ Method of condition for two straight lines, j 
(a) The equation is 

... ( 1 ) 

Comparing this with 

ax^-\-2hxy’\-by^-\~2gx-\-2fy’\-c=Ci, 
here < 2 = 6 , h=\ (5), 6 = —4, g=i(7)i/=i(i3), c= —3, 

[ fl=coeff. of x^, li=i coeff. of xy, 6 =coefr. of y^, 

coeff. of X, f=\ coeff. of y, c=constant term ] 
abc-\-2fgh—af*—bg^—clt^ 

=6,-4),-3).a( - y y -(-3, (^ )* 


=72 


507+45+75^,2 «5-I0.4+75 

2 4 4 


= 121 


T =0. 

4 


1014 

530 

484 

[ Art. 52 ] 


(I) represents two st. lines. 

( 6 ) The angle between the lines (7) 

— the angle between the lines thro' the origin ]i to them. 
Now the equation of the lines thro* the origin || to the lines (1) is 

6x*+5x>'—4^*=0 ...(2) [Second degree terms=0 (An. 52, Cor.) ] 

Comparing this with ax^^2hxy-\-by^—0, 
here < 2 = 6 , 6 =—4 

if Q is the angle between the lines. 


tan 0 = 


2 y/i»-£6 

<2+6 

. 11 


y K'l)_ 


6-4 


11 

"2 
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r Comparison of the two methods. Method I (Writing the equation 
as a Wdratic in X (or >-) and solving it) 

that the given equation represents two straight lines, but also to hnd 
their separate equations from which we can find other things regarthng 
the lines, e.g., the angle between them or their point of intersection etc. 

(See Ex. I following.) ] 

^ Example 2. Find the value of h so that the equation 

12 x2+2hxy4-2y*+llx-5y-l-2=0 

may represent two straight lines. 

The equation is .. ^ ^ 

12x:*+2/i;cy+2y*+1 lx-5y+2=0. 

Comparing this with , « « , . n 

ax^-\- 2 hxy+by^-h 2 gx-\- 2 fy-\-c— 0 y 
here u=12, ^>=2, g=-Kll)./=i(-5), c-2. 

r fl=coeff. of X*, h coeff. of xy, 6=coeff. of y . 
g=i coeff. of x,/=l coeff. of y, c=constant term ] 

[ Art. 52 ] 

12 ( 2 )( 2 )+ 2 (- 2 


)*- 2 A »=0 


or 48— -2 h 


or 


or 


75- *2--2/)*=0 


h-2h^=0 


175_ 55 

2 '2 
4 * 2 + 55 / 1 + 175=0 


121 

-27-^ 

-54-121 


175 


*= 


-S5+V302 5-2800 ^ -55±V225 


8 


8 


__-55±lJ_ 

“ 8 

h=-5. or - 


12. 

8 


or,- 


70 


8 


35 

4 


EXAMPLES 

Shew that the following equations represent two steaight linw ; 
find also their point of intersection and the angle between them 

,._S.y+4yH4x-y-5=0. [A.U.] 

2 <(]i g-gy“-1J-%Uly-18=0. [ P.U.B. 1938 ] 

(,7) xy-2x-3y + 6=0. 

r Hint, (ii) Factorise. ] . . c a 

3 Prove that the equation x®+6xy+9y®+4x+12y 5 0 

represents two parallel lines, and find the distance j 

4 Find the value of k so that the following equations may 
represent pairs of straight lines i 

(/) x 2 +kxy+y>—5x+7y+6=0. 

(«) kxy-4x+3y—12=0. 
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(///) 2x2-xj'->'2 + A:.v-6y-9 = 0. 

5. Find the relations between the coefficients of the equations 

(/) aA-- + ^>’-T-cx+O’=0. 

and (//) ay‘^-\-bxy-\-cy-\-(lx=(i, 

so that each of them may represent a pair of straight lines. 

6. (t 2 ) Find the angle between two straight lines represented 

by the general equation of the second degree. {J. & K. U. 1956] 

(6) For what value of >. does the equation 

12x2 — lOxy-r 2y2 +1 lx — 5y-b X=0 

represent two straight lines ? Show that if the equation represents 
straight lines, the angle between them is tan"^ [ P. U. B. 1948 Em. ] 

7. For what value of X does the equation 

3x2-|-9xy + Xy2-f 3x-(-3y -|-3=0 
represent two straight lines ? 

Are these lines real or imaginary ? 

[ Hint. It will be found that X=7. The lines are real or imaginary 
according as the lines thro’ the origin |1 to them are real or imaginary. 
Now the equation of the lines thro' the origin || to the given lines is 
3x^-{-9xy-^ly-=0. f Second degree terms =0 (Art. 52, Cor.) ] 
Use Art. 50, Cor. 2. J 

8. If the equation ax^-f2hxy + by2-f2gx-l-2fy-f-c=0 represent 
two straight lines, prove that the square of the distance of their point 

of intersection from the origin is 


( Hint. See Art. 52, Cor. It will be found that the pt. of intersection 

I- /-.X J /-iv • (mn'—m'n nl'—n'l \ 

of the lines (2) and (3) is ( Im-fm > 


square of the distance of this pt. from the origin (0, 0) 

Now {mn'—m'nY={mn’ ■\-m'n)^—Amm'nn 

[ Substitute from (4) etc. ] 
=s(2/)2—45c, and so on. 


Substitute these values in (5). ] 

**9. Prove that the general equation 

ax2 4-2h^+by 2+2gx+2fy-f-c=0 
represents two parallel straight lines if 

h2=ab and bg2=an. 

Prove also that the distance between them is 



g2 — ac 
a(a+b) * 


[ Hint. The equation of the lines is 

Let the separate equations of the i| lines be 
/x+/wy+n=0 ...(2), and lx-\-my-\-n'=() ...(3) 

Then ax^-\-2hxy-\-by^+2gx-\-2fy-\-c 

=(/x+m>+/i)(/x+wy+n') 


[ A, B. 1951 ] 


(identically). 
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Cor.) 


Eoudting coeffs. of like tenns on both sides (proceed &s in Art. 52» 
, /2=fl, 2lm=2K m^=b, w/+«7=2^, m«'+wn=2/, nn'^c. 


also ab=l^m\ h^=ab 
also aP= '-"-M, 


bg^^ap. 


It will be found that the distance between the || lines (2) and (3) 
_ n'—71 _^/{n-\r n'Y—Ann’ , 4 , 

v7*+m» 

Now n-\-n'=^-^^^^-,nn'=c,l^=a.m^^b. 

Substitute in (4).] 


53. Equation of the lines joining the origin to the points of 
intersection of a straight line and a curve. To find the equation of the 
two straight lines joining the origin to the points of intersection of the 
straight line lx-\-my=n 
and the curve ax^-^2hxy'\-by’-y2gx-h2fy+c=0. 

The equation of the line is Ix-rmy^n 

or, dividing by n, 1 .. (1) [R.H,S.= 1 rAw j/ep)] 

The equation of the curve is 

ax^-\-2hxy-\-by^-\-2gx-\-2fy-i-c=^0 ..-(2) 

[Let PQ be the line and PQR the curve, and Y' 

P, Q the pts. of intersection of the line and the 
curve. 

To find the equation of OP, OQ.] 

Making (2) homogeneous by means of (1), 

ax^+2hxy-\-by^-\-2gx ~o 

+ ...(3) 

(/) It is a homogeneous equation of the second degree, 

it represents two st. lines thro’ the origin. [Art. 49J 

(n) The co-ordinates of the pts. which satisfy both (1) and (2), also 

satisfy (3) 

[V substituting from (1) in (3), we get ^ 

G;rH2/?xy+A/+2gx-|-2/y-t-c=0, which is true (From (2))] 
the pts. of intersection of the line (1) and the curve (2) lie on (3), 
/* (3) is the equation of the two St. lines joining the origin to the 
pts. of intersection of the line (1) and the curve (2). 

[Rule to find the equation of the two straight lines joinirg the 
origin to the points of intersection of a straight line and a curve 

(whose equation is of the second degree) ; 

(/) Write the equation ofjhe line so that the constant term occurs on 
the R.H.S. and =1, (Note tliis step) 



>- 

X 
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(//) Make the equation of the curve homogeneous by means of the 
equation of the line written as in step (/). The resulting equation is the 
required equation.] 

Example. Find the lines joining the origin to the points of 
intersection of 3x24-4xy — 4x-(-1 = 0 and 2x-|-y—1=0, and shew that 
they are perpendicular. \p. U. B.\ 

The equation of the curve is 

Zx^-\-Axy-Ax+\=^0 ...(1) 
and that of the line is 2A:-f->' —1=0 
or 2x-i->'=l ..-(2) 

(R.H.S. = 1 [Note this step)] 

Making (1) homogeneous by means of (2), 

2x^ + Axy - Ax{2x -|-y) -f 1 {2x+>) *=0 
or 2x--rAxy--%x^—Axy bAx-^Axy-i-y'=0 

or —x--\-Axy-ry- = 0, or x'^ — Axy ~y^—0, 

which is the equation of the lines joining the origin to the pts. of inter¬ 
section of the curve (1) and the line (2) 

Comparing this with ax^A-lhxy ■\-hy^—0, 
here t;=l, h = \{~A) — ~2, b = ~\ 
a-HA=l+(-l)=l-l=0. 
the lines are ± (Art. 50, Cor. 1, (/) ). 

EXAMPLES 

1. Shew that the lines joining the origin to the points common 
to 3x*-f-5xy—3y2-(-2x-f 3y=0 and 3x —2y=l are at right angles. 

[ J.& K. U. B. 1954 I 

2. Find the equation of the pair of lines joining the origin of 
co-ordinates to the points of intersection of the line y = mX'f c with 
the curve x’^-+-y* = a*. Prove that they are perpendicular if 

2c2 = a2(l-f m2). [A. V.] 

3. Prove that the angle between the straight lines joining the 
origin to the intersections of the straight line y=:3x-f 2 with the curve 

x2-|-2xy-f 3y*-f 4x+8y—11=0 is tan"*^^. [C. V. 1945] 

4. Shew that the straight lines joining the origin to the points 
of intersection of the two curves 

ax2 -(- 2hxy by*+2gx = 0, 
and a'x2-{-2h'xy-(-b'y*-(-2g'x=0, 

will be at right angles to one another, if 

g'(a4*b) = g(a' + b'). [A. V. 1945] 

[Hint. The equations of the curves are 

ax^+2hxy^by^-\-2gx=(i ...(1) 
and a'x^-\-2h'xy-\-b'y^-\-2g'x—0 .. (2) 

To make (1) homogeneous by means of (2), eliminate the term in x 
from (1) and (2) (by multiplying (1) by g', (2) by g. and subtracting).] 

5. Condition for two straight lines to make equal angles with 
the x-axis. The condition that the two straight lines y=mj^x-{-Cj and 
y=m 2 x*f Cj* may make equal angles with the x-axis is 

m,= —m^ {i.e., the slope of one line=negative slope of the other). 

*Of cour.'C, DOt paiallel. 
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Let AB, AC be the lines >'=m,x+Ci, 
y=miX-\-C 2 meeting the ^r-axis in B, C, and 
making an angle 6 with it. 

Then mi=tan XBA=tan 0, 

m 2 =tan XCA=tan (tt—Z.ACB) 

“=tan (tt— 0)=—tan d, 

/. nij= 

TAid to memory. The condition, that the lines ^=*WiX+Ci ^ 

and y=m,x+C 2 

may be parallel, is mi—m|. 

But the condition that they may make equal angles with the r-axis is 

m,=-m,.] • * r 

6. Prove that the straight lines joining the origin to the points o,t 

intersection of the straight line >»—1=0 and the curve 

5x’-+l2xy-6y-+ix-2y+2=0 „ 

make equal angles with the axes. 

MISCELLANEOUS EXAMPLES ON CHAPTER IV 

1. Find the area of the triangle bounded by the lines 

y_9j^^+18;c2=0 and [A. U. 1942] 

2. Prove that the equations to the straight lines passing through 

the origin which make an angle a with the straight line are given 

by the equation X‘-\-2xy sec 2x-\-y^—0. ... i 

[Hint. Let the equation of a line thro’ the origin making an angle 

a with x-|->’=0 (slope= —1) bey=mx ...(I) 

, m—(—1) , 1+m 

Then tana=±j-:j:;^^)=±l---(2) 

Eliminating m from (1) and (2) [by substituting its value 
from (1) in (2)], tan 

3. Prove that one of the lines ax^-\'2hxy-\-by^~0 will bisect an 

angle between the co-ordinate axes if (a+6)*=4/j*. 1942] 

[Hint. The equation of the lines is •••(^) 

It will be found that the equation of the bisectors of an angle 
between the axes is ;f2_^a_o ...(2) 

Find the condition that one of the lines (1) may coincide with one 
of the lines (2). (Proceed as in solved Ex., Art. 49.)] ^ 

4. Find the equation of the lines through the origin perpendicular 

to the lines 2 .vH3x>'-1-3;^=0. ^ ^ [A. U. 1948] 

5. Prove that the product of the perpendiculars from (p, q) on 
the straight lines given by ax2-|-2hxy-l-by*=0 is 

[P. U. B. 1951S] 

■v/(a—b)*-f-4h* 

6. Show that the equation 

constant, represents a pair of perpendicular straight lines. [A. U. 19s8] 

7. Show that the pairs of lines y-—4xy—x^=0, x*=0 are 

such that each pair bisects the angles between the other pair. [5. U. 1931] 
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Shew that the pair of Hnes 2 x= + 6 xy+y 2=0 is equally inclin- 
ed to the lines 4x-+18xy+yt=0. [A U J94S] 

r Show that the equation x2-5xy+4y= + 3 x- 4=0 represents a 

pair of straight lines and find the angle between them. [A, U, 1935] 
10. Find the lines represented by the equation 

^ 6x2-5xy-6y2 + 16x4-2y-f8=0 

and determine the angle between them, [/> y /pjpj 

M l f™''!.*'??' y'-‘»*y+4x‘i-5x + 3y+2=0 represents a pair of 
parallel straight lines^ and find their equations. [^4 {J 1947^ 

. ihat «x=+8xy+2yt+26x + I3y + 15=0 represents a pair 

of parallel lines. Find also the perpendicular distance between the 

[A. U. 1948] 

13. For what value of k, does the equation 

2x^-\-3xy+y-—3xA-ky—2=0 

represent a pair of straight lines ? [B. U. 1923] 

14. For what value of k will the equation 

kx2-10xy-f-12y2-f-5x-16y-3=0 

represent a pair of straight lines ? Also find the equations of the 

, [J.&K. U. 1949] 

a .1 lu represents two straight lines, 

find the equations of the lines and the tangent of the angle between 

mem. . , . . ^. [/?. 5. 1948] 

Find also the point of intersection of the two lines. [5. U.] 

16 Find the equation to the pair of straight lines through the origin 
perpendicular to the pair of straight lines given by 

2x2+5xy4-2>-2+l0x-F5y=0. [C U. 1954] 

17. Find the equation of the pair of lines joining the origin of 

co-ordinates to the points of intersection of the line y=x +2 with the 

V. 1947] 

18. Find the equation of the straight lines joining the origin to 
the points of intersection of the straight line x-fy+ 2=0 with the 
curve x»-f-xy+y^+x+3y+l=0. 

19. Show that the straight lines joining the origin to the points 

of intersection of the line x + y=l with the circle ^ 

4x2+4y2+4x-2y-5=0 

are at right angles to each other. q 

20. If the lines joining the origin to the points of intersection of 
y-mx+l with ArHy® = l are perpendicular, find the value of m. 

joining the origin to the intersections 
of the straight line A.y+/iy=2AA: and the curve (x~h)^-]-iy^k)^=a^ are 
perpendicular if [C U 1953 ] 



CHAPTER V 
THE CIRCLE 
SECTION I 

EQUATION OF A CIRCLE IN DIFFERENT FORMS 

54. Circle. Def.* A circle is the locus of a point which movesf 
so that its distance from a fixed point is constant. 

Defs. (i) The fixed point is called the centre, 
and {it) the constant distance is called the radius of the circle. 

fNote. It is assumed that the point moves in a plane in which the 
fixed point lies. 

A particular standard form 
A circle whose centre is the origin. 

55. Standard form. To find the equation of a circle in the form 

x^+y^=a\ 

Let O be the centre and a the radius of the 

circle. 

Take the centre as origin and two X lines 
OX, OY thro* it as the axes. 

{/) Let P(Ar, be any pt. on the circle. 

Join OP. 

{it) Then OP=cr. [Def. (Art. 54)] 

{in) V(x-0)^+{y~W=a, 
or 

or, squaring, xHy*=a2, 

which is the required equation. 

Note. Standard form. Since x^-\-y^=a^ is the simplest form of 
the equation of a circle, it is called the standard form. 

Three general standard forms 
I. Central form. 

56. Central form. To find the equation of a circle whose 
centre and radius are given.f 

Let C(/t, k) be the centre and a the radius of 
the circle. 

(i) Let P(Ar, y) be any pt. on the circle. Join 
CP 

’ (iV) Then C?=a. _ [Def. (Art. 54)] 

{Hi) V{x~h)^+{y-k)^ =a. 
or, squaring, (x—h)“-l-{y—k)==a^ 

which is the required equation. 

Note. Central form. Since in the equation {x—h)*-\-{y-~k)*=a*t 
{h, k) is the centre of the circle, this form of the equation of a circle is 
called the central form. 

*[p7u. }94y\ tiiT* u. 1952] 
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Art. 57] 


Example. Find the equation of the circle whose centre is 
(—3, ^4) and radius is 5. 

The centre is (—3, —4) and radius=5, 

the equation of the circle is ., v, ,i 

[;r-(-3)p+[>’-(-4)]*=5® [{x~hYMy-k)^=a^] 

or (x+ 3 )*+(y+ 4)^=52 or 16=25 

or x®+>'*+ 6 ;c 4 - 8 >'= 0 . 

EXAMPLES 

1. {a) Find the equation of the circle whose centre is at the 

point (a, b) and whose radius is r. [Bar. U. 1954'] 

Obtain the equation of a circle in the form 

x2+y*+2gx+2fy+c=0. [D. U. 1952] 

[Sol. (b) The equation of the circle whose centre is [h, k) and 

radius is a, is (x—^)*=^** 

or x*- 2 /jx 4 -/J*+>'^- 2 Ar>' + A:*=a* 

or x*+y2-2/;x-2A:>'+(/«2+/c^-a-)=0 ' 

or x 2 +/+ 2 gx+ 2 /y-l-c= 0 , 

where g=—h,f= — k,c^h+k—a. 

Note. The Converse of Ex. 1. {b) is important and is proved in 

Art. 57.] ^ , 

2. Find the equation of a circle 

(i) whose centre is (1, —2) and radius is 3. 

(ti\ whose centre is the point (a, b) and whose radius is 

Va-+b.. . ^-1 

3. Find the equation to the circle 

(i) whose centre is (2, 3) and which passes through the point 
(5,7). ' [C.U.1937] 

(//) whose centre is the point (2, 3) and which passes through 

the intersection of the lines 

3x—2y —1=0 and 4x + y—27=0. 

II. General form. 


[C. U. 1947] 


57. General form. To prove that the equation 

x2 + y2+2gx 2fy+c = 0 

represents a circle and to find its centre and radius,* 

The equation is x''4->'*+2gx-|*2y>'-fc=0 ...(I) 

(i) Transposing, (x*4'2gx)+(>'*+2/>') = —c. 

(Constant term on R. H. S.) 

(//) Completing the squares,! 

(x^+2gx+g^)+{y‘+2/y+P)^g^+^-c. 

[Adding g^+/^ to both sides] 

or (x+g)»+(>' 4 -/)’=gH/*-c 

or [x-( -g)Y-\-[y-i-f)V = iV 

Comparing this with the equation of the circle 

{x-h)^-\-{y-kf=a^, ^ [ Art. 56 ] 

here h=-g, k= a=y/g^4p-c. 


•[N. u. i953\ 

to **complete the square** of an expression like x*+2^x: 
Add the square of half the coefficient of x$ he., 
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(1) represents a circle 

whose centre is (—g, — f) [A, it] 

and radius =\/g*+f2—c. [a] 

Note 1. (/) If is positive, the radius of the circle is real 

and /. the circle is real. 

{//) If c=0, the radius of the circle is zero, and the circle 

becomes a point coinciding with the point ( —g, —f) ; it is called a point 
circle. 


(m) If —c is negative, the radius of the circle is imaginary, 

but its centre is real ; it is called an imaginary* circle. 

[ It is better not to say that “the circle does not exist** but to say 
that “the circle is imaginary,** i.c., the circle has a real centre and 
imaginary radius. The equation does not represent a geometrical locus, 
i.e., the locus of the equation cannot be drawn in a Fig. ] 

Note 2. General form. Since the equation x^-\-y^-k-2gx-\-2fy-\-c=^ 
can, by a proper choice of g,/ and c, be made to represent any circle, 
this form of the equation of a circle is called the general form. 

Note 3. A circle is determined by three conditions. For, the general 
equation of a circle contains three constants (g, / and c) which are deter¬ 
mined from the three equations obtained by using the three given 
conditions. 

[ Rule to write down the centre and radius of a circle whose 
equation is given : 

{/) Write the equation of the circle so that the coefficients of x^ and 
y* are each —I on the L.H.S, {R.H.S. being zero), by dividing the equation 
by the coefficient of x^ or y*. if necessary. {Note this step) 

{ii) Compare this with x^-\~y^-\-2gx-\-lfyA-c=0, and write down the 
values of g{ coefficient of x), f{ coefficient of y), 

c( =constant term). 

{Hi) Then the centre is ( —g, —/), 

and the radiu^=Vg^-i-f^—c.) 

Example. Find the co-ordinates of the centre and radius of 
the circle 

(i) x*-fy*—lOx—14y+58=0 ; [P, U, 

(ii) 4(x2-fy2)-l-12ax—6ay—a'=0. [P. U. 

(i) (/) The equation of the circle is :ic*-|-y*—10:iC“14y-f 58=0. 

[ Coeffs. of x"^ and y® already=l ] 
{ii) Comparing this with ;c®H-y®+2gx-}-2/y-f c=0, 
here g=i( -10) [ i coeflf. of x ] 

/=|(-14) [icoeff. ofy] 


c=58. 

(ill) the centre is [ —( —5), —( —7) ] 


[ 


Constant term ] 


[ -g, -/ 


i, e.y (5,7), _ _ 

and the radius=V'( —5)2+( —7)®—58 [ *<>] 

=V16=4. 


*So called because it can not be drawn in a haure. 
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♦♦Independent method. 

The equation of the circle is x*+;'*—10x—14;;+58=0. 

^ [ Coeffs. of already=1 ] 

(0 Transposing, (x*—10x) + (>’^—14y)=—58. p u c i 

' [ Constant term on R.H.S. ] 

(n) Completing the squares, 

,.^-10x+25, + (y-14.+49)^p9-S8^^^ .0 both sides ) 

(m) the centre is (5, 7), ^ a I 

and the radius =4. ^ , . , . ^ ^ 

(ii) The equation of the circle is 

4{x^-\-y~)-h\2ax-6ay-a^=0. ^ 

(i) Dividing thro' out by 4, y— 4 =0. 

( Coeffs. of X* and >-2=1 {Note this step) ] 
(lY) Comparing this with x^i->'2+2gx+2/;'4-c=0 


or 


here 


g=M3a) 
3fl 
2 ‘* 


f h coeff. of X ] 




[ h coeff. of V ] 


3a 

4 




a 

4 


iiii) 


. . r 3a / 3a 

the centre is — 2 ’ \ ~ 4~ ' 


[ Constant terra ] 

[ -g, -/] 


i.e,y 


( 2 ’ 


3a 3a 


)■ 


and the radius = ^4 ) “ (” 'V) ^ ^ 


V 


2 

9a^ 

4 


V 


7a 

4 


EXAMPLES 

1 . (a) Show that the equation x2+y24-2gx + 2fy-i-c=0 represents 

a circle. ^ 

( 6 ) Find the radius and the co-ordinates of the centre of the 

circle x*+y2-8x-16y4-78=0. I D.U. 1931 ] 

2. (a) Obtain the radius and co-ordinates of the centre of the circle 

given by the equation x'*4->'*+2gx4-2/>'+c=0. [D.U. 1953 ] 

(b) Find the centres and the radii of the circles whose 

equations are 

(i) 7 x*+ 7 y*—4x—y=3. [P. U.] {ii) ax*+ay2=bx4-cy. [P. U.] 
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3. (/) Show that the equation a(x^-|-y*)-}-2gx-}-2fy-fc=s0 re¬ 
presents a circle. 

(lY) Find the radius and the co-ordinates of the centre. 

[ Pesh. U, 1955 ] 

[ Hint. (/) Divide the equation by o, and proceed as in Art. 57. ] 

4. Tracing a circle. Draw the circle {i) x^-\-y^=2x. 

(//) {Hi) x^-\-y^~5x-\^7y^0. [P. U. 

[ Hint. Find the centre and the radius. 

Short-cut. Find the centre and plot it. Notice that the circle 
passes thro’ the origin (put Ar=0, y=0 in the equation) 
radius =~join of the centre to the origin. ] 

58. Conditions for a circle. To find the conditions that an equation 
in X and y may represent a circle. 

The equation x--\-y'^-\-2gx-\-2fy-^c=^ represents a circle. [ Art. 57 ] 
Multiplying the equation by A, 

A.Y-+Ay--r2gA.v+2/A>'-rcA=0, also represents a circle, 

.". the conditions for an equation to represent a circle are : 

(/) The equation should he of the second degree in x and y. 

{[i) The coefficients of x~ and y- should be equal. 

(Hi) There should be no term involving the product xy. 

EXAMPLES 

1. A point moves so that the sum of the squares of its distances from 
two fixed points is cunstaat { =2c*). Prove that its locus is a circle. 

[ J. & K. V. 1953 ] 

2. Circle of Apollonius*. Show that the locus of a point such 

that the ratio of its distances from two given points is constant { =k) 
is a circle. [ p. fj. 1930 ] 

59. Circle through three given points. 

Example. Find the equation of the circle which passes through 
the points (1, 1), (2, -1) and (3, -2). [ P. U. 1941 ] 

(i) Let ihe required equation of the circle be 

-Y- fr'+2^:r-t-2/y+t*=0 ...(1) 

(//) *.■ it passes thro’ (1, 1), these co-ordinates satisfy (1) 
l + l+2?T2/+c=0 or 2+2g+2/+c=0 ...(2) 

Again it passes thro’ (2, —1), 

4 + l+4g-2/+c=0 or 5+4g-2/+c=0 ...(3) 

Also it passes thro’ (3, —2), 

9+4-\-6g—Af-]-c—0 or I3-j-6g—4/4-c=0 ...(4) 
^Subtracting (3) from (2), 

-3-2g-f4/=0 or 2g-4/+3=0 ...{5) 
Subtracting (4) from (3), 

-8-2^+2/-0 or .?-/+4=0 ...(6) 

Solving (5) and (6) by cross-multiplication, 


•Sec p. 14, footnote.* 

tWhy this step. To eliminate c and get an equation in g and /only. 
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S - / - 


1 


or 


g 




•• —16+3 3—8 —2+4 -13 —5 

13 f 5 
g= - - 2“’-''“ “ 2' 

Substituting these values of g and / in (2), 

2-13-5 + c=0, c=l6. 

(m) Substituting these values of ^,/and c in (1), 

;f 24 ._y 2 _i 3 x—5>'+16=0, \vhich is the required equation. 

[ Check. This equation is satisfied by the co-ordinates of the three 

given pts. (1, 1), (2, —1), (3, —2). thus , . ^ ^ 

5-f-16=0 or 0=0,4+1—26+5+16—0 or 0—0, 

9+4—39+10+16=0 or 0=0.] 

[ Rule to find the equation of a circle passing through three 

given points : 

U) Let the required equation of the circle be 

x“+y^ + 2gx+2/>'+c=0 ...(1) 

(ii) it passes thro' the three given points. substitute their 
co-ordinates in the above equation in succession, and form three equations 

in g, f and c. and solve them. , , \ 

{Hi) Substitute these values of g.f and c in the equation of step (0- 

The result is the required equation. . , ^ , l 

Note. The Rule to find the equation of a circle determined by some 

other conditions is exactly similar to the above, the only difference being 
lh 2 ii here in step {ii). (instead of .luhstituting the co-ordinates oj the three 
points) we make the circle satisfy the three given conditions. ] 

EXAMPLES 


1. Find the equation of the circle which passes through the 

points : i 

(/) (1, 2), (3, —4) and (5, -6) ; [ J. K. U.] 

(ii) (a, 0), (-a, 0) and (0, b) ; 

(Hi) (0, 0), (a, 0) and (0, b) ; find its centre and radius. 

^ ^ ( P.U. 1945S ] 

2. Find the equation of a circle which passes through the points 

( 4 ), { —2, 0), (1, 5). Also find the co-ordinates of the centre and 

the I’encth of the radius of the circle obtained in the first part of this 

question. . 

3. Circumcircle. Prove that the equation of the circle circum- 

scribine the triangle formed by the lines x+y=6, 2x+y = 4 and 
x4-2y=5 is x^+y*—17x-19y+50=0. [ J. & K. U. 1950 ] 

4. Find the equation of a circle which passes through the points 
(4, 1) and (6, 5) and has its centre on the line 4x+y = 16. [ P.U. 1931 ] 

[ Hint. ( -g. -/) lies on 4x+y = 16. .•. —4g—/=16. ] 

5. Find the equation of a circle which passes through the 
points (0, a), (h» k)» and has its centre on the axis of x. 
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Diameter form. 


60. Diameter form. To find the equation of the circle on the 
join of (Xj, Yj) and (Xj, yj) as diameter.* 

Let A, B be the pts. {x^, yj), (jf*, yj)* 

(/) Let P (x, y) be any pt. on the circle. 

Join AP and BP. 

(//) Then /_APB, in a semicircley= I rt. Z.» 

/.e., API BP ...(1) 

{Hi) Now the slope of AP 


^y-yi 

X—Xi 


' yt-yi ' 





and the slope of BP= 




x—;c« 


from (1),^—^ . •^—-=-1 [ miWa^-l ] 

or (x-Xi) (x-X 2 ) + (y-yi) (y-ya)=0, 

which is the required equation. 

Note. Diameter form. Since in the equation 
(x-Xi)(x-X 2 )+(y-y,)(y-ya)= 0 , (x„ y,) and (Xj, y,) are the extremities 
of a diameter of the circle, this form of the equation of a circle may be 
called the diameter form. 


EXAMPLES ^ 

1. {a) Obtain the equation of a circle when the co-ordinates of 

the extremities of a diameter are given. [ DM. 1951 ] 

{b) The co-ordinates of the extremities of a line are 
(3, 4), (2, —7). Find the equation of the circle which has this line as 

its diameter. [ P{P)M. 1955 ] 

(1) (2> 

[ Sol.f (h) The equation of the circle is (3, 4) (2, ~7) 

(x-3){x-2)+{>--4) [y-{-7)]=0 [{x-xi)(x-x2)+(y-y,)(y-y2)=0 ] 

or (x-3)(x-2)+(y-4){y+7)=0 

or x=-5x+6+y2+3y - 28=0 or x^+y^-5x+3y-22=0. ] 

2. (a) Find the equation of the circle drawn on the line joining 

the points (a, h) and {c. d) as diameter. [ D.U. 1957 ] 

(b) Find the equation of the circle having for diameter the 

line joining the points (0, 1) and (1,1), [ DM. ] 

Find the radius and co-ordinates of the centre of this circle. 

[ D.U. ] 

3. Find the equation to the circle which passes through the 
origin and cuts off intercepts equal to 3 and 4 from the axes. 

[^- Wi] 

• [/. & K. U. 1954 ] 

t Or thus » Hint. The centre of the circle is the mid-pt. of the join of (3,4) 
and (2, —7), and radiu3=half the distance between (3,4) and (2,-7). 
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( Hint. Z. at 0=1 rt. Zl, the circle has.the 
join of (3, 0) and (0, 4) as diameter. 


Or thus : Hint. The circle passes thro’ 

(0, 0). (3, 0). (0, 4). ] 



4. Find the equation to the circle which goes through the origin 
and cuts off intercepts equal to a and b from the positive^p^^ts 

SECTION II 

TANGENTS AND NORMALS 


61. Def. 1. Chord. Let P and Q be two 
points on a curve. Join PQ. Then the segment 
PQ is called a chord. 


Def. 2. Secant. The chord PQ, produced 
both ways, is called a secant. 


Def. 3. Tangent. Let P be a given point 
on a curve and Q any other point on the curve. 
Now let Q move along the curve and come to 
coincide* with P. Then the limiimg position PT 
of the secant PQ is called the ungent to the 

curve at P. 

P is called the point of contact. 


tangent at the point (*!» yi) of the circle x*+y^=a“.'f 

•Strictly spewing, let Q approach P. 
t [ /. & X. (/. 195S ] 
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[ Method of chord. ] The equation of the circle is 
Let {x 2 y yt) be any other pt. on the circle. 

(i) The equation of the line passing thro* yj), (Xj, is 


^ -d) 


(») [ 


To find the value of 


Xj-Xi 


i-y i 1 

1 -^ 1 ' J 


or 


(xu >'i), (xa, >'*) lie on the circle. 

Subtracting (2) from (3), 

(X2*-Xi2) + (>'8’'-J'i*)=0. 

Factorising, {x3-Xx)(x2+Xi)+C3'2-3'i)(3'2+3'i)=0, 


{Hi) Substituting this value of in (1), the equation of the 

x^—Xi 
X JC 

chord thro' (Xi, >* 1 ), (Xj, >-3) is (■^“•^ 1 ) •••(4) 

(/v) Putting X 2 =Xi*, y’i^yi in (4), the equation of the tangent 
at (xi, ;'i) is ^ 

[Cancel 2] 


2xi . . 

{X-Xi) 


or yyi-yi-=-xXi-rXi‘ 

or Arxt+>’yi=X;Hyr=fl* [V from (2)] 

or xx,+yyi=a®, which is the required equation. 

[N.B. The equation of the tangent at the point (Xj, y^) of the circle 
x^-i->’*=fl' is xx,+yyj=a-.] 

Note. Method of chord. Since in this method, first the equation 
of the chord through {Xi, yj), {Xj, yg) is found, it is called the method 
of chord. 

♦^Shorter method. The equation of the circle is x*+y*=a’. 

The tangent at any point of a circle is perpendi¬ 
cular to the radius through that point. 

[From Geometry] 

(/) The equation of any line thro’ (x„ y^) is 

y-y,=/H(X-Xi) ...(1) 

(//) If it is _L to the radius OP 



( sIope=>‘'-^- 


x,~0 


= 11 .'] 
Xi /* 


then 


Vi 


m. * = —I 


[mim3=s—1] 


m=-- 


yi 


•Suictty sp.-aking, x,-»Xj (rcad“x, tends to 
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(Hi) Substituting this value of m in (1), the equation of the tangent 
at (xi, yi) is 

y—yi = - U-^i) or ^ 

or xXi+>'7i=XiM->v = a* 

Xi^+yi'^—a- as (x,, >- 1 ) lies on the circle] 

or xxi-l-yyi = a2, which is the required equation. 

[Comparison of the two methods. The foregoing method is 
applicable only to the circle, while the first method is applicable to other 
curves in later chapters as well (Arts. 99, 122 and Art. 142, jE.v.).] 


63. [Conic. Def. A conic is a curve whose equation is oj the 
second degree in x and y. 

Rule to find the equation of the tangent at the point (Xi, y,) of 
a circle (or conic) : 

[Method of chord.] Let (Xj, ^ 2 ) be any other pt. on the curve. 

(0 Write down the equation of the line passing thro' (Xj. y,), 

{X 2 , ya), viz., 

y-yi=^J ix-xO- 
(ii) f To find the value of . ~] 

*.* (-^u Ti)' (Xi, yj) lie on the curve, .'. substitute these co-ordinates 
in the equation of the curve, subtract, factorise and find the value of^J . 

(Hi) Substitute this value of^--^^ in the equation of step (/), and 

Xa Xi 

thus find the equation of the chord thro* (Xi, y,). (x^, ya). 

(iv) Putting X 2 =Xi, y 2 =yi in the equation of step (Hi), find the 
equation of the tangent at (x,, y,). and simplify this equation by means of 
the condition that (x„ yj) lies on the curve. The result is the required 
equation.] 


64. Equation of the tangent to the general circle. To find the 
equation of the tangent at the point (x,, y,) of the circle 

*^4y*+2gx + 2fy-i-c=0.* 

[Method of chord.] The equation of the circle is 

x2+y2 + 2gx-r2/y+c=0. 

Let (xj, yj) be any other pt. on the circle. 

(/) The equation of the line passing thro’ (Xj, yJ, (xj. y,) is 

y-yi=^*~^‘- (^-^ 1 ) -(0 

X 2 ^1 


(«) I^To find the value of ■ 

V (xi, y,), (x„ ya) lie on the circle, 

x,*4y,*+2gx, + 2/y, + c=0 ...(2) 

•*^2'+>'i*42gX2 + 2yya-t-c=0 ...(3) 


•IJ.&K, V.1957] 
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Subtracting (2) from (3), , 

Factorising, . ^ ^ 

(jC2-X,)(X2+A:i)4-(:K2“;'l)(>'2+yi)+2g(X*-J>Ci)+2/(>’8->’,)—0 

or (;'a“>’i)(>’ 2 +>’i+ 2 /)+(x 2 —x,)(x 2 H-x,+ 2 g )—0 

or (>’ 2 —3'j)(3'2+3'i+2/)= —(>^ 2 —JC))(^ 2 +^i+ 2 g) 

3'2-3'l^ _ ^2+£dL2^ 

Xz-Xi >’2+>'i+2/* 

ini) Substituting this value of in (1), the equation of the 

X% Xi 

chord thro* (x,, >»i), (A: 2 ,>’a) is 

(rv) Putting :rt=;ci, in (4), the equation of the tangent at 

{Xi, jFi) is 

" '2^2/ ^ ^ ’ 
or yy,+fy-yi^~fyi-= -xx.’^xi^-gx^gx^ 

or xxi-^yyi+gx-^fy=xj_^-fyi +gJCi+/>'^ , *i. » u c i 

Adding gXx^fyi-^’C to both sides^ [ To make the R*H.S. zero J 

^:<i+J'>’i+?-«+/;'+gXi4/>'x+c=Xi“+>'i*+2gx,+2/7i+c=0 

[ Xi 2 +)'j*+ 2 gXx+ 2 /;'i+c= 0 , from (2) ] 

or xxi+yyi+g(x4-xi)+f(y+yi)+c=0, 

which is the required equation. x ^ » 

r N.B, The equation of the tangent at the point (Xj, yO of the circle 

xH>'*+2gx+2/y+c«0 

is xxj+yyi+g(x+Xi)+%+yi)+c=0. ] * 

[ Important. Rule to ivrife down the equation of the tangent at 
the point (x„ y^) of a circle (or conic in whose equation there is no 
term involving the product xy, i.e., dealt with, in t/i« book) : In 
the equation of the curve, change x* to xx^, y* to yyj, x to i(x+Xi), y to 

i(y-|-y • 

Important If the numerical values of Xj and y^ are given, substitute 

them in the above result. J , . . 

Example. Find the equation of the tangent to the circle : 

(fl) x2+y*=169 at the point (5, —12); [“ (”)• J 

x8-i-y*—4x+2y+3=0 at the point (1, —2). 

(a) The equation of the circle is x*+y*= 169. , x i 

• the equation of the tangent at (5,—12) is [ Art. 64, Rulej J 

[ Here Xi=5, yi*= —12 J 
.x(5)+y( —12)=169 or 5x—12y—169=0. 

(b) The equation of the circle is x*+y*—4x+2y+3=0. 

• the equation of the tangent at (1, —2) is [ Art. 64, Rule 

[Hercx^=l,yi= -2] 

•If, however, there is a term involving the product xy, change *y to 

tExplanation. In the equation of the circle x*+j^= 169, change x* to xxi, t.e,, 
x(5),>'S ioyyi,i.e.,y{ -12). 


Arts. 65-66 ] 


TANGENTS AND NORMALS 


111 


x(l)+>-{-2)-4. i(x+l) + 2. i(>’-2)-f3=0* 
or x-2;--2(x+I)-l-(r-2) + 3=0 

or — A’—1=0 or x4->'+l=0. 

[ Check. The equation of the tangent is satisfied by the co-ordinates 
of the given pt., thus in {a), 5(5) —12( —12) —169=0 or 6=0, 
and in {b), l + ( -2) + l=0 or 0=0. J 

EXAMPLES 


1. Write down the equation of the tangent to the circle : 

(i) 4x244y2=25 at -1 

(/() 2x2+2y2+3x-4y+l=0 at ( -1, 2). 

2. What is the condition that the circle x'^+y^-\-l<ix-{-2fy-{-c=0 
should pass through the origin ? If this condition is satisfied, show that 
the equation of the tangent at the origin is gx-\-fy=Q, [ B.H.V. 1948 ] 

3. Write down the equations of the tangents to the circle 

x2-|-y2=:10 at the points whose abscissa is 1. \ P. U.] 

4. ' Obtain the equation of the tangent at any point {x\ y') lying on 

the circle x^+y^ + 2gx+2/y-{-c=0. [ J. d K. U. 1957 ) 

Show that the circles 4x+6y+5=0 

and x^-\-y^-10x-6y+14^0 touch at {3. ~1). [ D.U. 1937 ] 

[ Hint. (/■/) Show that the pt. (3, —1) lies on both the circles, and 
find the equations of the tangents to the circles at this pt. Show that 
these equations reduce to the same. ] 

65. Normal. Def. The normal at any point 
P of a curve is the straight line passing through P and 
perpendicular to the tangent at P. 


66. Eqtiation of the normal. To find the equation of the normal 
at the point (Xj, y,) of the circle x*+y*=a*.t 
The equation of the circle is 
(i) The equation of the tangent at (x^, y^) is 

xXi-\-yyi=a*. [ Art. 62 J 

the slope of the tangent = - “-. 

(i7) the slope of the normal = — [ — ve reciprocal ) 

•*1 

(Hi) the equation of the normal at (Xj, y^) is 

y-yi= [ y~'yi=m{x~xj_) ] 

*EzpUoation» Jd tbe equation of ihe circle change 

toxXiti.e.,x{l),y*ioyyi,i^..y(^2),x to 4(x+rJ,/.e., to U., 

40'-2). 

\iD.U. 1947] 
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or 


circle is the 


( 2 ) 


is >>—0= 


Xiy-Xtyi=xyi-Xiyi or xy^-x^y^O. 

♦♦Shorter method. The normal at any point P of a 
radius through P. 

The equation of the circle is 

the equation of the normal at (ati, (1) 

[passing thro’ the centre (0, 0) and >»,)] (0, 0) 

or ^ 1 ^= 0 . 

[Comparison of the two methods. The foregoing method is 
applicable only to the circle, while the first method is applicable to other 
curves in later chapters as well (Arts. 100, 123 and Art. 142, Ex.).] 

Cor, The normal to a circle at any point passes through the centre. 

Let the equation of the circle be x^-\-y^^d^. 

Then the equation of the normal at (Xi, yj is xy^—Xxy^O. [Art. 66J 

In this equation, substituting the co-ordinates of the centre (0, 0), 
we get 0 (>'i)—Ari(0)=0 or 0=0, which is true, 
the normal passes thro’ the centre. 

Note. Important. The geometrical properties of a circle (or curve) 
do not depend on the form of the equation of the circle (or curve), there¬ 
fore we take the simplest form of the equation (as here) to prove these 
properties. 

67. [Rule to find the equation of the normal at the point (Zj, y^) 
of a circle (or conic) : 

(i) Write down the equation of the tangent at (atj, yi) [Art. 64, Rule], 
and find the slope of the tangent. 

(«) Find the slope of the normal [=—ve reciprocal of the slope of the 
tangent (V ^ 2 =“ Art. 36-1)]. 


m 


{Hi) Write down the equation of the normal at (xj, yi) by 
y—yi=m{x—Xi). The result is the required equation.] 

68. Equation of the normal to the general circle, 
equation of normal at the point (z^, yj) of the circle 

z2+yH2gz-t-2fy-fc=0.* 

The equation of the circle is ;ic*-f'y‘+2gx-i-2/y+c=0. 

(j) The equation of the tangent at (xj, y,) is 

^Xi4-yyi-|-g(x-l-A:i)+/(y+yi)+c=0 
x{Xi-\-g)+y{yi-]-f)-\-gXi-\-fy^+c==^0. 


using 


To find the 


[Art. 64J 


or 


the slope of the tangent=— 


yi+f 


coeff. of X 


— (Art. 25, Cor. )J 


(h-) 

(Hi) 


coeff. of y 

the slope of the normal='^^“. [—ve reciprocal! 

^l“r ^ ^ .....___ . - _ 

the equation of the normal at (Xj, yj) is 

(y—y^=w(A:—Afi)] 


• • 




> 


•[ C. u. 1949 ] 
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or 

or 


or 

or 


or 


Example. Find the equation of the normal to the circle : 

(a) x^-\-y^=l69 at the point (5, ~!2) : 

{b) x^-\-y^—4x-F2y-\-3=0 at the point (/. ~2). 

{a) The equation of the circle is x-+y*=169. 

(0 The equation of the tangent at {5, —12) is 

:<(5)+K-12)= 169 or 5;r- 12v-169=0. 

the slope of the tangent=— = 

12 

(») the slope of the normal=— ^ . [ —ve reciprocal] 

{Hi) the equation of the normal at (5, —12) is 

>—(-12)=- (.v-5) [y-y,^m{x-x,)-] 

T+12=- (.v-5) 

5;^+60 = —12.V+60 or 12 j:+5>'=0. 

(fe) The equation of the circle is 4.v-h2>'-l-3=0. 

(0 The equation of the tangent at (1, —2) is 

x(l)+>'(-2)-4.|(x+l)+2.5(>—2)-{-3 = 0 

x-2>;-2(x+l)+(>'-2} + 3=0 
—x->'—1=0 orx+>-|-l=0. 
the slope of the tangent = —1. 

{/() the slope of the normal =— ^ [ — ve reciprocal) 

= 1 . 

(Hi) the equation of the normal at (1, —2) is 

>-(-2) = l(x-l) [>'->'i=w(.v-x,) 1 

>'+2 = l(x-l) or .v->;-3=0. 

EXAMPLES 


1. Find the equation of the normal to the circle : 

(i) 4x^-\-4)^^25 at (- y . “ *? ) • 

Hi) 2x^3-2y^-F3x-4y + I^0 at (-/, 2). 

2. Find the equations of the tangent and normal to the circle : 

/ ah- a2h \ 

(,) P”*"* (aHb-- ’ a^+bO- 

(//) x^+y^-f 2gx-i-2fy=0 at the origin. 

3.Obtain the condition for the straight line y=mx+c to be a* 
normal ^o the circle whose centre is {a, b) and radius r. [ D.H.U. 1946\ 


SECTION in 
A CIRCLE AND A LINE 


69. Points of intersection. To find the points of intersection 
of the line y=mx+c with the circle x*+y'^=a*. 

The equation of the line is y—mx-Fc ... (1) 

„ circle is x*+>'»=a» ...(2) 
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(i) Substituting the value of y from (I) in (2), 

or x^-\-m^x~-\-2mcx-\-(^—a^ 

or ;c2(l+/»2) + 2»icx+(c-~a^)=0 ... (3) 

which is a quadratic in x giving two values of x. 

(/V) Substituting these values of x one by one in (1), we get the 
corresponding values of y. 

These corresponding values of x and y are the co-ordinates of the 
required pts. of intersection. 

Note 1. Important. To prove that a given line touches a given 
circle and to find the point of contact. If the roots of the quadratic (3) 
are equal, the line touches the circle at the point where ;c=the equal 
root. Substituting this value of x in the equation of the line, we gel the 
value of y. 

These values of x and y are the co-ordinates of the required point 
of contact. 

**Note 2. The roots of the quadratic (3) are real, equal, or imaginary 
according as 4mV—4(l-bm*)(c*—a*) is -j-ve, 0, or —ve, [b^—4ac is -hve, 
0, or —ve], (cancel 4), /.e., according as mV—(c*—is 
-hve, 0, or —ve,/.e., according as is-|-vc, 0, or —ve, i.e., 

according as <, =, or > fl*(l-|-w®) or .•— <, =, or > a, /.e., 

V 1+m® 

the length of the JL from the centre on the line (Fig. I) 

<, (Fig. II) =, or (Fig. Ill) >the radius, i.e., according 
as the line cuts the circle, touches the circle (i.e., cuts 
it in one point), or does not cut the circle at all. For 
reasons of generalisation, it is better to say, when the ^ 
line touches the circle, that it cuts the circle in two co- H 

incident points and to say, when the line does not cut jjj_;_ 

the circle, that it cuts the circle in two imaginary points 
which cannot be shown in the Fig. _ 

For, their co-ordinates involve i(=n/—1 ) • ] ^ 

Rule to find the points of intersection of a line and a circle 
(or conic) : 

[ To solve the two equations simultaneously. ] 

(i) Substitute the value of y {or the value of Xy whichever is simpler) 
from the equation of the line in the equation of the curve. 

{ii) Solve the resulting quadratic in x. 

(Hi) Substitute these values of x one by one in the equation of the line, 
• and find the corresponding values of y. 

These corresponding values of x and y are the co-ordinates of the 
required points of intersection. ] 

EXAMPLES 

1. Find the points of intersection of the lines—2y-l-10=0 and 
the circle x^-l-y®=25. 

2. Find the points of intersection of the line y=mx-|-a and the 
circle x^+y*=a^ 

3. Find where the line 3x-{-4y-l-7=0 cuts the circle 
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V 


6y—12=0. 


[ C.V. ] 


70. Length of the intercept. To find the length of the intercept 
made by the circle on the line y=mx+c.* 

The equation of the line is y=mx-\-c ... (1) 

„ „ circle is x^-\-y^=a'^ ... (2) 

(/■) Substituting the value of y from (I) in (2), 

or x*-\-m*x^+2mcx-\-c^=a^ 

or x2(H-m*) + 2mcx+(c*-a*)=0 ...(3) 

which is a quadratic in x. Let x^, x^ be the roots. 

[ To find the value of X 2 —X 1 . ] 

From (3), Xi-j-x^—^ . [ Sum of the roots ] 


1+m*’ 


and 


l-fm® 


[ Product of the roots ) 


rrA..^z\t 


(l+m»)' 


4(c2-o*) 

1+m* 


-V 


4m*c*—4(c*—fl*)(l+m*) 


(1+m*)* 


1+m* 
2 


\/m*c* — (c* ~-o*)( 1+m*) 


Y \/m*c*—(c*+m*c*—a*—a*m*) 


l+m‘ 

= 1+^2 Va*rr+m»)-c* 

(ii) [ To find the value of yj—yi- ] 

*•* (-*^ 1 . yi). {Xf yz) on the line, 

yi=mxi+c 
y2=mx8+c 
Subtracting (5) from (6), ya—yi='m(x 2 —jc,) 


(4) 


(5) 

( 6 ) 
(7) 


[ ATo/e ihis step ] 


(m) Now length of the interccpt=V(->^ 2 —^i)*+(ya“-yi)“ 
= V (X2^X,)*+m*(X2-A|)* 

= (X2—Arj)v/l+m* 

2 


1+m* 

2 


Va*(l+m*)—c* • V 1+m* 


[ From (7) ] 


f From (4) J 


- VI+m^ Va=(l+m^)-cV 

[ Rule to find the length of the intercept made by a circle (or 
conic) on the line y=mx+c : 

(/) Substitute the value of y from the equation of the tine in the 
equation of the curve, and get a quadratic in x. Let Xj, x,, be the roots. 

~ V.I946-\ 
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[ To find the value of ^ j l i r 

Write down the vafuej^fx^+x^ and x^x^. and hence find the value oj 

Xz^Xi ( = V (-5C2+.X^i)^“4X2Xi). 

(ii) [To find the value of y^-yi.] 

•/ (Xi, yi), (Xa, y 2 ) lie on the line, substitute these co-ordmates 

in the equation of the line, and subtract ; the n yz ^ yi—mjxz—X i). 

{Hi) Now length of the intercept^ V (X g—Xi)^+(y 2 -.Ki)^ 

,..vi 

r From the result of step (//) ] 


Substitute from the result of step (/). ] 

[ Note. Short-cut (for the length of the intercept) for numeriwl 
examples. In a numerical example, if the points of intersection of the line 

and the curve can be found conveniently, then 

length of the intercept=distance between the points of intersection, J. 

♦♦Shorter method. 

The equation of the line is ^=mx-|-c ... (1) 

,, „ „ circle is •■•(2) 

Let the line meet the circle in A, B. 

From the centre O draw OL _L on AB to bisect it in L. 

[ From Geometry ] 



Join OA. __ 

Now AB=2AL=2\/ OA--OL2 ... (3) 

But OA (radius)=fl, ^ . 

OL=length of the X from (0, 0) on the line (1) /m.v-:K'I-c=0, 


— c 

Vl-fm* _ 

from (3), AB^2 /\J 

__ 2V a^TxTm^Wc^ 

Vl+m2 

[ N.B. Intercept formula for the circle : _ 

Length of the (chord or) inlercept=-2V (radius)^— (central X)^ 
where central X uteans the X from the centre on the line, ] 

[ Comparison of the two methods. The foregoing method is 
applicable only to the circle for which this is, in general, the BEST 
method {specially for the general circle), while the first method « 
to other curves in later chapters as well [Arts. 105, 125 and Art, 142, 

Ex 2. ] 

Cor. Condition of tangency. To deduce the condition that the 
line may touch the circle.* 

If the line touches the circle, the length of the intercept=0, 
i.e., - - ^ =°- a“(l+'»')-e''t=0 

V 1 -i-m- _ 

Qf c-=a (l+m2), • which is the required condition. 


•[B.H.U. 1946] 


t i.e., the factor iovolviog c. 
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EXAMPLES 

1, Find the co-ordinates of the points where the line y=2x-rl cuts 
the circle x^-{'y'=2 and the length of the chord intercepted. 

[ P. U. J935S 1 

2, Find the length of the chord of the circle x--\-y'^=r'^ intercepted 

on the line - + l =1* [ J 

a a 

[ Hint. Use the shorter method (Art. 70). ] 

3, Find the length and** middle point of the chord intercepted by 

the circle from the line y=px ¥q. [ P.V. 195IS \ 

[** (6) Shorter method (for the circle only). The mid-pt. of the 
chord of a circle is the pi. of intersection of the snen line ...(1) 
and the line thro' the centre _L to the given line •••(2) ] 


71. Condition of tangency. To find the condition that the line 
y = mx-l-c may touch the circle x-+y*=a^.* 

[ Method of intersections. ] 

The equation of the line is y=n]x-^c .- (I) 


*» 


> > 


circle is x^‘^y^=a- ...(2) 


(/) Substituting the value of y from (1) in (2), 

x^-\-{mx-\-c)^=a^ 
or x^+nPx-+2mcx+C‘=a^ 

or xH^+m^)-\-2mcX'\-{c^-a^)^0 ...(3) 

which is a quadratic in x. 

(//) If the line touches the circle, the quadratic (3) has equal roots. 

.-. 4mV-4(H-m-)(c2-a-)=0 [/)--4uc=0 ] 

[ Cancel 4 ] 

or —(c“ —n-/M-)=0 

or m'^c-~C‘'\-a'^—nPc^+dh}p=Q or c‘^=a-{\-\-m') 


c=±a\/ l-fm^, 
which is the required condition. 

[ Rule to find the condition that the line y=;mx-|-c may touch a 
circle (or conic) : 

(/) Substitute the value of y from the equation of the line in the 
equation of the curve, and get a quadratic in x. 

(//) If the line touches the curve, the quadratic obtained in step (/) has 
equal roots. Use b-—4ac=0, and find the value of c. This is the required 
condition. J 

Shorter method. 


The equation of the line is y=inx+c ...(1) 

„ „ „ circle is x^-\-y^=a^ ...(2) 

If the line touches the circle, the length of the _L from the centre 
(0, 0) on the line {l) = thc radius | mx~y + c=0 

± / ,. =<* [Complete J_ distance formula] 

V 1 


or c=±aVl + ni-, 

which is the required condition. 


•C P- u. mss ] 
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[Comparison of the two methods. The foregoing method w 
applicable only to the circle for which this is, in general, the BEST 
method {specially for the general circle), while the first method is appli¬ 
cable to other curves in later chapters as well (Arts. 106, 126 and Art. 142, 

Ex. 5).] T , I L j 

Note, Tangent property. Important. In the shorter method we 

have used the • 

Tangent property* Important. If a line touches a circlei the 

length of the perpendicular from the centre on the line=the radius. 
Note that/or the tangent property we use the complete perpendicular 

distance formula. (See Art. 44-11, Cor., Note.) ^ 

Cor. 1. To 6nd the equation of a tangent m terms of its slope. 

(See Art. 71.) Substituting the valu^of c(=±a\/l+W“) in (I), the equa¬ 
tion of the tangent is y=mxia\/l-|-m*. , . . . , 

[N.B. If m is the slope of a tangent to the circle the 

equation of the tangent is y=mx±a\/l+m*.] 

Cor. 2. Any tangent in the m-form. The equation of any tangent 

to the circle x^'^y'^=a~, in the m-form, is _ 

y=mx-b a 1-j-m®. 

[Taking -f ve sign with the square root in the equation of Cor. 1] 
Example 1. Find the equations of the tangents of the circle 

x2 f y2=25, which are inclined at an angle of 30® to the axis of x. 

[A. U. 1946 

The equation of the circle is x=+/=25. [Compare with 
Here o®=25, a=5 ; m=tan 30®=;^^ , 

the equations of the tangents are 


^=v'3 


V 


[y=mx±a^/l:\.m^] 


or ;r—\/3y-M0=O, x—\/3y—10=0. 


10 




Example 2. ’ Find the equations to the tangents to cirde 
x®-j-y2=:169 which are parallel to 5x4*12y-b21=s0. 

♦♦Method I. [Method of slope.] 

The equation of the circle is 169. « ii 

[ Compare with J 

Herea®=169, a=l3. ^ 

(/) The slope of 5x4-12^-1-21=0, =— j 2 * 

(iV) the slope of the tangents (H to it)=— 

{Hi) the equations of the tangents are^ 


[mi=mg] 


= -j|-x±13 (||-)= - I2 


[y=mx±a^/lA-m^] 


169 

12 
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or 5x4-12;^-169=0, 5x4-12>’+169=0. 

Method II. [Method of tangent property.] 

The equation of the circle is x^+>’^=169. 

(0 The equation any line 1| to 5x4-12>'+21=0 is 5x-\-\2y-^k={) 

... ( 1 ) 

(li) If it touches the circle, the length of the 1 from the centre (0, 0) 
on it=the radius^ ± “12 or ^ = ±169. 

{Hi) Substituting this value of k in (1), 5x+ 12>’± 169 = 0, 
or 5 x 4 -12y+169 = 0, 5x-f 12y —169 = 0. which arc the required equations. 

[Comparison of the two methods. The foregoing method is 
applicable only to the circle, and is the BEST method for the general 
circle while the first method is applicable to other curves in later chapters 
as we)l (Art. 106, Ex. 9 ; Art. 126, Ex. 8 and Art. 142, Ex. 6).] 

EXAMPLES 


1. Prove that y = mx + c cuts the circle x--i y" = a2 in two points. 
Also find the condition when the line is a tangent to the circle. 

[P. U. 1944: 

[Hint. (/) Proceed as in Art. 69. The equation (3) is a quadratic 
in X giving two values of x. Substituting these values of x one by one in 
(1), we get the corresponding values of y. 

(/■/) If the line touches the circle, the quadratic (3) has equal roots.] 

2. Show that the line 3x+4y + 20=0 touches the circle x2-i-y2 = 16 

and find the point of contact. [P■ U. 19325} 

rSol. The equation of the line is 3x f4y4-20=0 ...(1) 

„ ,, „ circle is x2-t->'2=16 ...(2) 

Substituting the value of y (^= — ') f^oni (1) in (2), 

^3 (3x + 20)2 or 16X24-9X2+120x4-400=256, 

16 

or 25x24-120x4-144=0, 

( 5 x 4 - 12)2 = 0, which has equal roots, each = — ^ , 

the line touches the circle at the pt. where x=— ■ 

Substituting this value of x in , 




- +20 


64 

5(4) 


16 

5 


the required pt. of contact is ^ 


16 


Note. The above method enables us not only to prove that the 
line touches the circle, but also to find the point of contact. ] 

3. Prove that x=7 and y = 8 touch the circle 
xzq-yt—4z—6y—12=0 and find the points of contact. [ C. U. 1955 ] 
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4. Find the condition that (i) the line c may touch the 

circle (x—h)24.(y—k)™a=. [P. U. 19391 

(//) the straight line Ax-f-By-f C—0 may touch the circle 

(x-a)2-f {y-b)2=c^ _ [J.&K. U. 1952 ] 

5. Show that the line y=nix-f a\/l+m“ touches the circle 

x^+y^=a^) whatever the value of m may be, and find the co-ordinates 
of the point of contact. [ P (/>). U. 1956S ] 

6. For what value of k will the line 

4x4-3y+k=0 touch the circle 2x*-t-2y^=5x ? [ PM. 1938 ] 

7. Find the equation of the circle which has its centre at the 

point (1, —2) and touches the line x4-y+5=0. [ D. t/. ] 

8. Point of contact. Ax-i-By-|'C=0 is a tangent to the circle 
x2-f y2_a2=0, find the co-ordinates of the point of contact. [P. U.] 

[ Sol. The equation of the circle is a"=0. 

Let (a'i, y,) be the required pi. of contact. 

The equation of the tangent at (.v,, yj is .v.r,-l-yyi—a'=0...(l) 

*.■ it is the same as the equation of the given line A-r-}-By-{-C=0...(2) 

comparing coefficients in (I) and (2), ^ 


.x,= — — 


B 


a 


the required pt. of contact is ^ — C )‘ ^ 

/ A 

( * •Check. The equation of the tangent at ( — 


B 




IS 


(- 


A 

C 


y ^ a- j—fl' [ Cancel a® ] 


or -A^r-By^^C or A.Y-hBy-}-C=0, 
which is the equation of the given line. ] 

9. Find the condition that lx-}-my4-n=0 may touch the circle 
x2-f.y2=a®. Assuming the condition to have been satisfied, obtain the 
co-ordinates of the point of contact. [ J. & K. U. 1956 ] 

[ Sol. [ Method of point of contact. ] 

The equation of the circle is .v®-f-y®=a®. 

Let (.Vj, y’l) be the pt. of contact. 

{a) (/) The equation of the tangent at (Xj. yi) is 

or xxj4yyi—...{!) 

(//) it is the same as the equation of the given line 

lx-i-my+n~0 ...(2) 


.‘. comparing coefticienis in (1) and (2), 

/ „ 


/ 


- yi 


m 


n 


[ Art. 31 ] 




O' 


yi=- 


m 


a 


m 


n ' n 
{Xi, yj) lies on the circle, 

P 


...(3) 


o 

a*=a" or 


substituting from (3), 
which is the required condition. 


n 
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/ 


m 


— - a‘ ). [ Xj. y, ] 


(b) From (3), the pt. of contact is ( — ^ 

Note. The above method enables us not only to find the condition 
that the line may touch the circle, but also to find the poini of contact 
when the condition is satisfied. It is neater than the method of inter¬ 
sections, and is applicable to other curves in later chapters as well 
(Art. 106, Ex. 4, Misc. Ex 20, Chap. VI. Art. 126, Ex. 6, and Art. 142. 

Ex. 9). ] 

10. Find the condition that the straight line y=mx-Vc should 
touch the circle x2fy-=r'^ and find the point of contact when the 

condition is satisfied. . 

11. Find the equations of the tangents to the circle x- hy- --i, 

which are inclined at an angle of 60' to the axis of x. [ P.V. J949S J 

12. Find the equations to the tangents to the circle x-'{-y-=4 

(/) which are parallel to the line x ;-2y-|-3=0. /a<#i 

(i7) which are parallel to the axis of y. [°(°)- 

13. Find the equations to the tangents to the circle 

x-’-i-y 2 .2x —4y—4=0 

which are parallel to the line 3x—4y -1=0. 

14. Find the equations to the tange.its of the circle 

(/) x'^-{-y'^=9 which are perpendicular to x—y—1 = 0. \ P. U. ] 

1/71 x2-fv--2x — 4v—4=0 which are perpendicular to the line 

3x_4y_i..0. [P{P). U. 1955 \ 

SECTION IV 


A CIRCLE AND A POINT 

72. Test for a point to lie outside, on, or inside a circle. To 

show that the quantity x,^-\-yi^— 0 ' is positive, zero, or nejiative, accordin'^ 
as the point (x,, yj lies outside, on. or inside the circle x--\-y —a-. 

The equation of the circle is x-+y’=a". 

Let P be the pt. (x,, y,). 

From P draw PN .L on the x*axis to meet 
the circle in Q(x,, y'). 

Q lies on the circle 

or x['‘+\’'^-a^=0 ...(I) [ R.H.S. zero ] 

Now x,®-|-yi^—o^ = Xi-H-yi- —u’*—0 • 

( Substitute for 0 from (1) ] 

=y^2_y2 = NP--NQ- ...(2) 

(/) If P lies outside the circle (as in the Fig ), NP^ 

.'. from (2)*, Xi^+yx^—a’ is + ve. 

(//) If P lies on the circle. NP = NQ, 
from (2), Xi^+y;^—oMs zero. 

{Hi) If P lies inside the circle, NP cNQ, 
from (2), Xy^+yi^—a- is —ve. 

• • • R.H.S. is+ ve, L.H.S. is also+ve. 
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♦♦Shorter method. The equation of the 
circle is x^-\-y^=a\ 

Let P be the pt. (Xj, ;>>i) and 0(0, 0) the 
centre of the circle. Join OP to meet the circle 
in Q. 

Then O?=Vjxl^0)'^T{yi-0)^ 

=Vl<?'+y7, 

and OQ (radius)=fl. 

(i) If P lies outside the circle (as in the Fig.), 

OP > OQ, i.e., >a 



[ Art. 73 


or 


Xi^+y^^-a- is +ve. 


{it) If P lies on the circle, OP=OQ, i.e., V =a 

or is zero. 

{Hi) If P lies inside the circle, OP < OQ, i.e., <a 

or Xi^-\-yi^ < u- is_ —ve. 

[ Comparison of the two methods. The foregoing method is app- 
licable only to the circle (and is the BEST method for the ge/terfl/ 
circle), while the first method is applicable to other curves in later chapters 

as well (Arts. 107, 127 and 143. ] .... 

[ Rule to find whether a point lies outside, on, or inside a circle 

(or conic but not hyperbola) (equation in the standard form*) : 

In the L.H.S. of the equation of the curve {R.H.S. being zero), 
substitute the co-ordinates of the point ; if the result is positive, the point 
lies outside the curve, if zero, it lies on the curve, and f if negaiivet it 
inside the curve. ] 

EXAMPLE 

Find whether the point (6, 9) lies inside or outside the circle 

^ x4y^-m==0. [PM. 1934 S] 

73. Two tangents from a point. To show that from any point two 
tangents can be drawn to a circle^, and they are real, coincident, or ima¬ 
ginary, according as the point is outside, on, or inside the circle. 

Let the equation of the circle be x^4-y"=n®, and let the pt. be 

{xi, yi). ■ . 

(/) The equation of any tangent to the circle, in the m-form, is 

y=m.r+a\/l+m“ . [ Art. 71, Cor. 2 ] 

(i7) If it passes thro’ (Xi, y,). then yj—mxi+a\/l+«i" 

or, transposing, y,—mx,=a V l+nr 

or, squaring, y,*-2mXiy,-}-wi*Xi2=flHa-'w* 

or m 2 (Xi=—a=)- 2 mx,yi + (yi--n-)=0 ... (1) 

which is a quadratic in m giving two values of m. 

:. from (Xi, y,) two tangents can be drawn to the circle. 

{Hi) The tangents are real, coincident, or imaginary, according as 
the roots of the quadratic (1) are real, equal, or imaginary, 
i.e., according as 4.Vi*yi-—4 (a'i^— fl^)(yi-—a*) is +ve, 0, or —ve 

[6»-4flcis +ve, 0, or -ve ] 

[ Cancel 4 ] ^_ 

•In the case of ihc general circle, coeffs. of a* andy* are each*l. 

1953S] 
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or, according as is +ve, 0, or —ve, 

i.e., according as a^Xi^-{-a^yi^—a* is +ve, 0, or —ve 
or, dividing thro’ out by [which is 4-veJ 

according as Xi^-\-yi^—a‘ is 4-ve, 0, or —ve 

i.e., according as the pt. (xj, >^ 1 ) lies outside, on, or inside the circle. 

[Art. 72] 

Note. We know from Geometry that, when the point lies outside 
the circle, two tangents can be drawn, and when it lies on the circle, only 
one tangent can be drawn, and when it lies inside the circle, no tangent 
can be drawn. But for reasons of generalisation, it is better to say. when 
the point lies on the circle, that two coincident tangents can be drawn 
from it and to say, when the point lies inside the circle, that two imaginary 
tangents can be drawn from it. Thus from any point two (real, coinci¬ 
dent, or imaginary) tangents can be drawn to the circle. 

Example. Tangents are drawn from the point (4, —2) to the 
circle x*-Hy^= 10. Find their equations. [B. U.] 

Method I. The equation of the circle is x*4->''=10. 

[Compare with X’-{'y^=a^] 

Herea’^ = 10. .'.a=y/W. 

(/) The equation of any tangent to the circle, in the m-form, is 
y=fnx+V 10 VI+m^ ...(1) [y=wx-f'av'(Art. 71, Cor. 2)] 

(i7) If it passes thro’ (4, —2), then —2=m(4)H-\/lO V l+m- 
or. transposing, —2—4m=-^10 \/l-|-m- 

or, squaring, 4+16/w-f-16m^= 10-|-lOm® 

or 6wi* + 16m—6=0 or 3=0 

__8±y64-H36 _-8il0^ 2 _ 18 
6 6 6 ' 6 

= h -3. 

{Hi) the equations of the tangents from (4, —2) are 

(1) >»4-2=J(x- 4) [y-y,=m(x-x,) {Note this step)] 

or 3>'-l-6=x—4 or x—By—10=0. 

(II) y-|-2=-3(x-4) = ~3x+12 
or 3x-i-y—10=0. 

[Caution. Important. When the slopes of the tangents have been 
found, find their equations by using y—>'i=w(x—Xj) [and not by sub¬ 
stituting the values of m in y=wx-f-'\/10 Vl...(1) as is sometimes 
done, even in the text books. 

For, if we substitute in (I) the value of m found in step («). 

m=i, we get _ 

y = i-*'+Vi0/^/ l-f- ^ =i.x4-\/10 ^^2 ==i-^+ 2 

or X—3y-l-10=0, as the equation of the tangent which is wrong, it does 
not pass thro’ the given pt. (4, —2). 

••Note. The mistake has arisen because there is an ambiguity of sign 
(±) with the square root in (1). If, howe ver, w e take the —ve sign with 

the square root, we get y=ix—\/10 l-h ^ 
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or X—3>»—10=0, as the equation of the tangent, which is right.] 

[Rule to find the equations of the tangents drawn from a given 
point to a circle (or conic) (equation in the standard form) : 

(/) Write down the equation of any tangent to the curve, in the 
m-form. 

(;7) If it passes thro* the given pt.. substitute the co-ordinates of that 
pt., and solve the resulting quadratic in m. 

(Hi) Write down the equations of the tangents from (Xj, yi) by using 

y-y^==m{x-x,).] 

Method 11. [Method of tangent property.] 

The equation of the circle is .>c^+y®=10. 

(/) The equation of any line thro’ (4, —2) is 

y+2=w(^-4) ...(1) fy-yi=m(x-Xi)] 

or mx—y—4m—2=0. 

(») If it touches the circle x^+y®=10, 
the length of the ,L from the centre (0, 0) on it=the radius 

X or, squaring. 16m*+16m+4=10m2+10 

1 

or 6m-+I6m—6=0 or 3m*+8m—3=0 

_-8:f-\/644-'3r_-8±I0 _ 2 18 

” ' 6 6 6 * 6 
= l -3. 

{Hi) Sub.slituling these values of m in (1), 

(I) v+2=i(.Y—4) or 3y4-6=.v—4 or x—3y—10=0 ; 

(II) y+2=-3(x-4)=-3.r+12 or3x+y-10=0. 

x-3y—10=0. 3x+y—10=0, 

which arc the required equations. 

[Comparison of the two methods. The foregoing method is 
applicable only to the circle (and is the BEST method for the general 
circle), while the first method is applicable to other curves in later chapters 
as well (Art. 108, solved Ex. ; Art. 128, Ex. 1 and Art. 143, Ex. 3).] 

EXAMPLE 

Find the equations of the tangents drawn from the point (4, 2) to 

the circle x^-f y-=4. State the co-ordinates of their points of contact. 

[P. U. 1934] 

74. Rule to find the locus of a point (Xj, y^) when an equation 

between its co-ordinates is given : 

In the given equation^ change (Xj, yi) to (x, y). The result is the 

equation of the required locus. 

EXAMPLE 

If axj2+2hx,y,+by,H2gXi+2fyi+c=0, find the locus of (xj, y^). 
[Sol. in the equation axi-H-2/jx,yi+i>yi^+2gXt+2y>’i+c=0 ...(1), 
changing (x,, y,) to (x, y), ax--\-2hxy+by^-\-2gx-\-2fy-\-c=0 ...(2) 

which is the equation of the required locus. 


Arts. 75-77 ] 
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[For, equation (2) is satisfied by the co-ordinates of the pt. (.v,. 

{From 1)] 


75. Director circle. To find the locus of the point of inter¬ 
section of two perpendicular tangents to a circle.* 

Let the equation of the circle be 

(/■) The equation of any tangent to the circle, in the /;t-form, is 

y = mx-^a\/l-j-m^. [Art. 71, Cor. 2) 

(/7) If it passes thro’ then = ; nt 

or. transposing, >^ 1 —mA:,=a\/l+m- 

or, squaring, Intx^y^ +=a- + a-ni^ 

or ffi-(xi^—a'^)~2niXiyi~\-{)\‘ a^)=0 ...(1) 

which is a quadratic in ni. Let mj, be the roots. 

(Hi) If the tangents are _L. I. 

r> 

.-. from (1). =-l, 

Xi“—a- 

or yi^ — a^=—Xi^-i-a^ or jr,24vi- = 2u^ 

the locus of (.Ti, yx) is [changing (x^, ,Vi) to {x. r) (Art. 74) | 
.x^-{-y‘^ — 2a^, which is a circle. 

Note, This circle is called the director circle of the given circle. 

[Rule to find the locus of the point of intersection of two per¬ 
pendicular tangents to a circle (or conic) (equation in the standard 
form) : 

(/) IVrife flown the equation of any tanftent to the curvcy in the 
m-form. 

(iV) If it passes thro'{x^, yf), substitute these co-ordinates, ami write 
the resulting equation as a quadratic in m. Let m,. be the roots. 

{Hi) If the tangents are ni^m 2 =~l. Substitute from the product 
of the roots of the quadratic obtained in step {it), and change (.t,. r,) to 
{x, y). The result is the equation of the required locus.] 


Chord of contact 

76. Chord of contact. Def. Let PT, PT be 
the two tangents drawn from a point P to a circle 
{or conic), then the straight line TT joining the points 
of contact is called the chord of contact of tangents 
from P to the circle {or conic). 



77. Equation of the chord of contact. To find the equation of 
the chord of contact of tangents from (xj, y^) to the circle x^4-y'=a-.t 


*[P. U. 19535] 


t [M. D. 1952] 
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The equation of the circle is x^-\-y^=a^. 

Let P be the pt. (Xi, 3 »i) and T {x\ v'), 
T' {x”, y"), the pts. of contact of the tangents 
from P to the circle. 

(/) Then the equations of the tangents at 
T. r are 

xx'-\-yy'=a^ 


XX 


(ii) 


yy'^a^ 


...(1) 

...( 2 ) 



both these tangents pass thro’ P, 

x^x'+yiy'—a^ ...(3) 

XiX'-hyy^a^ ...(4) 

{Hi) from (3) and (4), T {x\ y'), T' {x", y’) lie on the line 
x^x-\-y^y=a^.* /-e., which is, therefore, the required 

equation of the chord of contact. [ Def. (Art. 76) ] 

[ N.B. The equation of the chord of contact of tangents from (:e„ y,) 
to the circle is xxj+yyi=a*. ] 

[**Note. If the point {x^. >’i) lies inside the circle, the reasoning of 
the foregoing Art. shows that the line joining the imaginary points of 
contact of the two imaginary tangents from (;?„ >»!) to the circle is 

which is always real. Thus we have a re<7/line joining the 
imaginary points of contact of the two imaginary tangents—a result, 
strange but true ! ] 

EXAMPLES 


1. Find the equation of the chord of contact of tangents drawn 

from the point {h, k) to the circle x^-\-y^=r^. [ B, U, 1938 ] 

2. Find the points of contact of the tangents to the circle 

x^-\-yi=25 that pass through the point (7, 1) and write down the equations 
of the tangents. [ D, (J. 1940 ] 

3. Equation of the chord of contact of tangents to the general 
circle. Show that the equation of the chord of contact of tangents from 
(Xi, yi) to the circle x*-{-y*-t-2gx-(-2fy-fc=0 is 

xxiH-yy,-|-g(x+x,)-ff(y-fy,)-f-cs=0. 

[ Hint. Proceed as in Art. 77. using the equation of the tangent 
found in Art. 64. ] 

Pole and polar 

78. Pole and polar j. Defs. Let PTT' be any 
straight line drawn through a point P to meet a circle 
(or conic) in T, T\ and let the tangents at T, T meet 
in Q ; then the locus of Q is called the polar of P 
with respect to the circle {or conic) ; P is called the 
pole of the locus. 



79. Equation of the polar. To find the equation of the polar 
of the point (x^, y,) with respect to the circle x*-|-y®=a*.t _ 

*How to write down this equation. In the equahons (3) and (4), change 
(X'. y’) and to {x,y). 

t[ P.U 1943 ] 

\[Bar. U. 1953] 
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The equation of the circle is x- hy^=a^. 

Let P be the pt. (at,, >*,) and PTT' any line 
thro’ P to meet the circle in T. T'. Let the tangents 
at T, T' meet in Q (a:', 

(/) The equation of TT', the chord of contact 
of tangents from Q. is 

xx'+yy' = a\ (Art. 77) 

(//■) it passes thro’ P, 

(m) the locus of Qix', y') is [ changing {x', y') to (.r, y) ] 

>^iX+yiy^=a-, i.e., 

which [is the required equation of the polar of P [ Def, (Art. 78) J. 
and is clearly a st. line. 

[ N.B. The equation of the polar of (ac,. yj vv. r. t. the circle 
x^-ry‘^=a^ is xx,-fyy, = a2. 

Notice that the letters "iv. r. stand for “with respect to'*. ] 

[ Aid Co memory. The form of the equalion of the rangeni to a circle at 
(X,. y,) is exactly the same as that of the cAor</c»/ contact of tangents from {x^,y^), 
and of the polar of (x„ . Hence we have only to remember the Rule of Art. 64 for 

all the three. As will be seen later, the same is true for a conic. ] 

Note. Two important particular cases of the polar. 

(/) When the point P is outside the circle (as in the Fig. of Art. 79), 
its polar is the same as the chord of contact of tangents from P. 

(Remember) 

( For, the equations of Arts. 79 and 77 are the same. ] 

(<0 When P is on the circle, its polar is the same as the tangent 
at P- ( For. the equations of Arts. 79 and 62 are the same. ] 

As will be seen later, these results are true of a conic. 


/ / 


Q(x,y) j' 



EXAMPLES 

1. Equation of the polar w. r. t. the general circle. Show that 
the polar of the point y^) with respect to the circle 
x*+y*+2gx+2fy+c=0 is XJf,-l-yyi+g(x+x,)+f(y+y,)+c=0. 

r o . . . [C. U. 1950 J 

[ Hint. Proceed as in Art. 79, using the equation of the chord of 
contact found in Ex. 3, An. 77. ] 

2. Define ‘pole and polar’ w. r. t. a circle. [ B.V. 1942 1 

Find the polar of the point ( —4, 6) with respect to the circle 

x*-fy*=36. 

[ Sol. {b) The equation of the circle is x*+y^=36. 

.*. the equation of the polar of ( —4, 6) is 

[ by the Rule of writing down the equation of the tangent J 

[ Here Ar,= —4. v,~6 1 

•*( -4)+y{6) = 36 or —2A:+3y=18 or 2Ar-3y+18=0 J ^ 

3. Find the polar of the point : 

(/) (1,-2) with respect to the circle 2x*+2y2=3. 

(«)( —1, 2) with respect to the circle ya—3x—4y_j_5=o 

4. Find the polar of the point : 
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Q 


\ 

\ - 

6F 

^P 

1 


(i) ( —a, b) with respect to the circle 

x2-fy2_2ax-i-2byH-a®—b2=:0. 

(») (1, -~h) with respect to the circle 3x--j-3y®—4x+5y—6=0. 

5. Prove that the polar of the point (p, q) with respect to the circle 

touches {x~h)--t{y—ky=r\ if 

{p^~{^g^)r]={a^-ph-gk)^. [ P.U. 1948 ] 

6. Give a geometrical construction for the polar of a point with 
respect to a circle. 

Let P be the given pt., and 0 the 
centre of the circle. 

Construction, Join OP and on it 
(produced, if necessary) take a pt. P' such 
that OP.OP'=(radius)3 Thro* P' draw a 
line QR X to OP ; this is the required 
polar. iR 

[ Proof, (/) Let the equation of the circle be and let P be 

the pt. (xi, yi). The equation of the polar of P is xx^-\-yy^=a^. 

Its slope=— —^. 

J'l 

A 

^1 ’ 

The product of the slopes= — = — I ; - 1) 

.*. the polar of P is X to OP *...(1) * 

(//) Let the polar of P meet OP in P'. 

Then OP'^length of the X from (0, 0) on the polar 

fl*=0, [ From (1) ] 

a* 



The slope of OP [passing thro* (0,0) and (xi,yi)]= 




OP,OP'= V 

■ V » 


■=a*. ] 


7. AB is the polar of a point P (aTi, y,) with respect to the circle 
.Y-Xy®=fl', centre 0. ON is perpendicular to AB. Show that 

(/) ON.OP=a2. 

(//■) OP is perpendicular to AB. [ Bar, V. 1953 ] 

8. Salmon’s theorem. The distances of two points from the 

centre of a circle are proportional to the distances of each from the 
polar of the other. [ C.U, 1953 ] 

[ Proof. Let the equation of the circle be x*+y*=a*, and let the 
two pts. be P{.Y,, y,), Q{.V 2 . ys) 

dist ance of P from the centre 
distance of Q from the centre 

_ y (Jc.-0)H0',-6p‘_ VV+>',“ , 

V(iV-0)H r;,-0)> V ■ ■ ■' 

The equations of the polars of P, Q are 


xx^-^yyi^a'y 
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. distanc e of P from the pola r of Q , xXi-\-yyi—a^=(^ 
distance of Q from the polar of P a*=0 

= ^2^+->’2^ _ -2) 

From (1) and (2), 

distance of P from the centre _distance of P from the polarjof Q , 
distance of Q from the centre distance of Q from the polar of P 

80. Pole of a given line. To find the pole of the line Ax4-By-f-C=0 
with respect to the circle x^+y-—z^* 

The equation of the circle is 
Let (;c,, ^i) be the required pole. 

(i) The equation of the polar of (jfi, yO is 

xxi~{-yyt = a^ or xxi+yyi~~a^=0 ...(1) 

(I'O V it is the same as the equation of the given line 

AA:+BJ’-^C=0 -(S) 

(m) comparing coefficients in (1) and (2), [ Art. 31 ] 

xi ^ y, 

ABC 

A , B 2 

.. x^= — Q yi= ~ c " 

ihe required pole ~ ^ ~ C )' 

[ Rule to find ihe pole of a given line with respect to a given 
circle (or conic) : 

Let (Xj, yi) be the required pole. 

(i) h riie down the equation of the polar of (Xj, yi). 

(//) It is the same as the equation of the given line. 

(///) Compare coefficients in the two equations, and find the values of 
•*it Vi- These are the co-ordinates of the required pole. 

Note. A similar Rule is applicable to find the point of contact of a 
given tangent. {Cf. Art. 71, Ex. 8.) ] 

Example. Find the pole of the straight line 2x—y=6 with 
respect to the circle 5x*+5y*=9. [ A. V. 1947 ] 

The equation of the circle is 5x*+5>'*=9. 

Let (x„ y,) be the required pole. 

(0 The equation of the polar of (Xi, >’i) is 5xxi4-5>'yi=9 
or Sxxj + Syy,—9=0 ...(1) 

(iV) V it is the same as the equation of the given line 

2x—y—6=0 ...(2) 

(///) comparing coefficients in (1) and (2), 

5xi ^ 5yi ^-9 3 

2 -r -6* 2' 


•[ Bar. V. 1953 ) 
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^ 1 = ^5 . >- 1 = - the required pole 

[‘•Check. The equation of the polar of ( 4 



‘®(t’ 10 )• 

• - w) 

[ Cancel 3 ] 


or :c— 2 =3 or 2x-y=6, 

which is the equation of the given line. ) 

EXAMPLES 


1. Find the pole of the straight line 4x—y=5 with respect to 
the circle x^-|-y2=25. [ ] 

**2. Find the pole of the straight line 4x-}-12y-9=0 with respect 
to the circle 3x--f 3y*-}-4x—6y-|-4=0. 

[ Sol. The equation of the circle is 3x-4-3y*-f4j;—6>'+4=0. 

Let (,x,, >-,) be the required pole. 

(i) The equation of the polar of (x,, ;•,) is 
3.x:x,-b3>'y.4-4 . 

or 3 .rx,+ 3 >T.+ 2 (x+^t)— 3 (y+ 3 'i) 4 - 4=0 

or x(3x,-|-2)-fy(3yi—3)-h(2x,—3y,+4)=0 -“(I) 

(/■/) it is the same as the equation of the given line 

4.Y-|-12y—9=0 .‘.(2) 

[Hi) comparing coefficients in ( 1 ) and ( 2 ). 
3x,+2_3y,-3_2x,-3y,-i-4 _ 3x^-|-2_ y,- l_ 2xi-3 yi+4 
4 '12 -9' 4 4 -9 * 

From the first two members, 3x,-|-2=yi — l or 3x,—yi+3=0 ...{3) 
From the last two members, —9yt-{-9=8xi—12yi4-I6 
or 8 xi—3yi+7=0 ...(4) 

Solving (3) and (4) by cross-multiplication, 


>^1 1 




1 


-1^3 ^ 3^-1 
-3^7 ^ 8^-3 

^ Ti 

-7t9 24-21 -9+8 ^ 2 3-1 

x,= —2, y,= —3, the required pole is (—2,—3). J 

[ •♦Check. The equation of the polar of ( —2, —3) is 

3x( -2)4-3y{ -3)+4. |(x-2)-6 . Ky-3)4-4=0 
or — 6 .T—9yT2x—4—3y4-9+4=0 or — 4 x—12y4-9=0 

or 4x4-12v—9=0, which is the equation of the given line. ] 

•*3. Find the pole of the straight line 

(/) x4-2y4-12=0 with respect to the circle x*4-y*+3x—4y—1=0. 
(//) 7x —6y=3 with respect to the circle 2 x^-F 2 y*—3x-|-4y—1=0. 
4. Prove that if the pole of a straight line with respect to the circle 
lie on the circle x~-\-y-=9a-, the line is a tangent to the circle 

[AM. 1932] 
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Properties of pole and polar 

81. Reciprocal property. If the polar of a point P with respect 
to a circle passes through a point Q, then the polar of Q passes through P* 
Let the equation of the circle be x'^+y-^a-. Let P. Q be the pts. 
(■*i» >' 2 )- Then the equation of the polar of P is xxi-\-yyi=a^. 

If it passes thro’ Q. then XiX^-\-y.yy^ — a^ ...(1) 

Now ihe equation of the polar of Q is xx^-^-yy^—o* •••(2) 

Substituting the co-ordinates of P in (2), we get XiX,-i-yiyi=a\ 
which is true from (1). the polar of Q passes thro’ P. 

Conjugate points. Def. Two points are said to be conjugate with 
respect to a circle (or conic) when the polar of each passes through the 
other. 

EXAMPLE 

If the polars of two points P and Q with respect to a circle meet 
in R, then R is the pole of the line PQ. 

[ Proof •/ the polar of P passes thro’ R, the polar of R 
passes thro’ P (Art. 81). Similarly the polar of R passes thro’ Q. 
the polar of R is PQ, i.e., R is the pole of PQ. ] 


Use of parameter 

82. To express the co-ordinates of any point on the circle 
x*-|-y*=a* in terms of one variable (called the parameter). 

Let P {x, y) be any pt. on the circle. From P Y 

draw PM ± on the x-axis, and join OP. 

Let lXO? = e. 


?(XyY) 


Then 


x=OM [ But =cos 0, 


OM = OP cos 6 ] 


=a cos 0. 



Again 


= MP 


n . MP . 0 
But Qp =sm 0, 


MP=OP sin 0 


] 


■=fl sin 0. 

x=a cos 0, y=a sin 0, which are the required co-ordinates. 
••Another method. The equation of the circle is x'^-\-y^=a^ 


or 


Also 


••■(I) [R.H.S. = 1] 

cos*<?-l-sin^t^=l ...(2) 


or 


y2 

comparing (1) and (2), =cos* 0, — =sin* 0 

X V 

— = cos 0, =sin 0, 
a 'a 


or x=a cos 0, y—a sin 0, which are the required co-ordinates. 


•[ A.B. 1951 ] 
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[ Comparison of the two methods. The foregoing method does 

not give the geometrical meaning of i.e., Z.XOP=^. ] 

Cor. Any point on the circle. Any point on the circle 

is (a cos df a sin 6). 

Note 1. Since the position of the point P {a cos 6, a sin 6) is 
known when the value of B is given, hence the 

Def. The point whose co-ordinates are {a cos B, a sin B) /j, for ^ 
shortness^ called the “point 8*\ 

Note 2. Def. A variable in terms of which the co-ordinates 
of any point on a circle (or conic) are expressed, is called a parameter, 
and the co-ordinates are called the parametric co-ordinates. 

♦♦Note 3. What is the advantage of using parametric co¬ 
ordinates ? 

The advantage of using parametric co-ordinates (a cos B, a sin 6) is 
that we have to give the value of one quantity B to express the positiot 
(co-ordinates) of a point P on the circle, whereas in ordinary co-ordinates 
we have to give the values of two quantities Xi, yi (which ate, of course, 
connected by the relation 

EXAMPLES 

1. Prove that a chord of a circle is at right angles to the diameter 

through its middle point. 1946] 

2. The chord of contact of tangents drawn from any point on the 
circle x^^y^=a'^ to the circle x^-\-y^=b‘^ touches the circle 

Show that a, 6, c are in G.P. [^- 1950] 

3. Prove that x=a cos B. y^a sin 6 together represent a circle of ( 

radius a. [C. U, 1954] 


83. To find the equation of the straight line joining two points, 

0 , and Sj, on the circle 

The equation of the circle is 
The co-ordinates of the pts. B^, B^ 

(1) (2) 

are (a cos cr sin Sj), (n cos 0*, a sin ^s). [Def. (Art. 82)] 

.*. the equation of the line passing thro’ them is 

. a a sin 02 “sin 111 , F « « /v y 

y-a sm B^= -cos 0|) y-yi= ^ ~ 

* a cos B^—a cos B^ L x^^Xi j 

[Cancel a from the num. and denom.J 

2 eos '“+^5 sia 

= 7 — 

2 sin — 2 — sm 

6 ^9 ^ 

[Cancel 2 sin * from the num. and denom.] 


cos 




Sin —i 
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or 


V sin 




01 + 0 * 


♦ fi » 

—a sin 01 sin —2 


=—x cos 


0i+0a , .1 01 + 0* 

+ cos 01 cos ■ - X - ■■ 


or 


COS ?^+> Sin 


=a ^ cos 01 cos ^iy^+sin 0 i sin 

01 + 02N 01 — 0' 

=acos ^ 01 —cos 


01 + 0 , 


) 


X cos 


01 + 0 . , • 01 + 0 * 

*- +;; sm ' 


...( 1 ) 


2 ’ — 2 2 

which is the required equation. . - , o 

Cor. To deduce the equation of the tangent at the point tfi. 

Putting 0i=0i in (1). the equation of the tangent at the pt. 0i is 

X cos 0i+>' sin di=a cos 0=o 

or jc cos 0i+>'sin 0i=a. 

EXAMPLE 

1. Find the equations of the tangent and normal at the point 
(a cos 0, a sin 0) of the circle x* + y2=a2. 

[Sol. The equation of the circle is x^-hy^=a\ 

(i) The equation of the tangent at (a cos B, a sin 0Ms^^ 

[Here Xi=a cos 0, >^ 1=0 sin 0] 
x{a cos 0)+y(a sin 0)=a^ [Cancel a] 

X cos 0+y sin 0 = 0 . 

(ii) (/) The equation of the tangent at {a cos 0, a sin 0) is 

X cos 0+^ sin 0=0. [From part ( 1 )] 

. , cos 0 

the slope of the tangent=— 

sin 0 


or 


Hi) 

Uii) 


the slope of the normal=^^^ ^ . 


[—ve reciprocal] 


the equation of the normal at (o cos 0, a sin 0) is 


. /. sin 0 / /\\ 

y—o sin 0= o (x—a cos 0) 
' cos 0 


or 

or 


y cos 0—0 sin 0 cos 0=x sin 0—o sin 0 cos 0 

r sin 0—y cos 0=0.] 

••2. Express the co-ordinates of any point on the circle 
(x—/j)*+(y-A)*=o* in terms of one variable. 

[Sol. The equation of the circle is (x—/»)®+(y—A:)*=a*. 

Put x—h—x', y—k—y', then the equation becomes x'®+y'*=o*, and the 
co-ordinates of any pt. on this circle are x =a cos 0, y'=o sin 0 [Art. 82]. 

x—h=a cos 0, y—k=a sin 0 or x=A+o cos 0, y=k+a sin 0. 
which are the required co-ordinates.] 
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**3. Sliow that the equation of the straight line joining the points 0 
and 6' on the circle [x—h)'-^{y—k)'^=a^ is 

^ 0* 0 0^ 

{x—h) cos — 2 —1-(^—A') sin ~ 2 —=a cos —and deduce that J the 

equation of the tangent at the point B is (x—h) cos B-\-(y—k) sin 6=a, 
[Hint. Put JT—A=;r', _y-A=/, so that the equation of the circle 
becomes x'--{‘y'^=a-. Proceed as in Art. 83 using x\ y' for x, ^,,aad 
find the equation of the line joining the pts. B and B', as 

, , . e-\-d‘ B-B' 

X cos — 2 —\-y sin ~^~a cos — 

But x’~x~h^ y’=y~k. For the tangent, put B'=d.] 

SECTION V 

GEOMETRICAL PROPERTIES 

84. Diameter property. To find the locus of the middle points of 
a system of parallel chords of a circle. 

Let the equation of the circle be 

(/) Let (ati, ;’i), {xz. >’ 2 ) be the ends of 
any chord of the system and (x, y) its mid-pt. 

Then y^y^+y. 

Let m be the slope of the || chords. 

Then ...(2) 

Xo Xi 



(ii) 


To find the value of 


--I’aZlTi 1 

Xi-x^ ‘ J 


• m 


or 


or 


(•^1. Ti). T2) fie on the circle, 

...(3) 

Ar2=+;-2=^=a> ...(4) 

Subtracting (3' from (4). 

W-xr}-\-{yz'-yx^)=0. 

Factorising, (x,-Ari)(.V2+.ri)+(y,-yi)(T2+Ti)=0, 

0’2->’i){>’2+>’i)=-Ua-;Ci)(A:a-j-A:i) 

T 2 -T 1 ^ _ Xz-\-Xi 

(///) Substituting the values of 

Ar2—ATj ’ 

=2x), >’a+j’i( =2y) from (2) and (I) in (5), 

^^~2y [Cancel 2] 

1 


« • 


...(5) 


y-which is the required locus. 

,, This is a St. line passing thro’ the origin, i.e., thro’ the centre of 
the circle and perpendicular to the chords. 


Art. S41 


GEOMETRICAL PROPERTIES 


135 


[ •/ its slope= — 


1 


m 


( — ve reciprocal of the slope of the chords) ] 

Diameter. Def. The locus of the mMe point f of a system of 
parallel chords of a circle {or conic) is called a diameter.* 

[N.B. The equation of the diameter of the circle x-+y^=a^. bisecting 

parallel chords of slope m, is y= — ] 


m 


[ Rule to find the locus of the middle points of a system of 

parallel chords of a circle (or conic) : 

{/) Let (Xi, yi), (Xo. y >) 1^^ <^^^ord of the system and 


x,4-x, 

(x, y) its mid-pt. Then x— 2 ■ 3'— 2 

Let m be the slope of the || chords. 


...( 1 ) 


(//) To find the value of 


Then m= 

Xa-x, 

yi-.vi 


■■•( 2 ) 




* • (Xi, >'i), (Xn y-y) lie on the curve, subslifuie these co-ordinates 
in the equation of the curve, subtract, factorise, and find the value 

(Hi) Substitute in the result of .step (//), the values of ( =m). 

Xa+Xjf =2x). y 2 +>'i( =2y) from (2) and (I). 

The result is the required locus, j 

EXAMPLES 

•*1. Equation of a chord in terms of its mid-point. The 
equation of the chord of the circle x2 + y*=a2, whose mid-point is 

(xj, yi), is XX,-hyyi =x t-yi®* [P.U. I9Si] 

••[ Sol. (/) The cquilion of any chord thro (Xi. y,) is 

y~yi=m{x~Xi) ...( 1 ) 

(i 7 ) ■/ the mid-pt. (x,, y,) of the chord fes on the diameter 


1 

>= — X 

•' m 


j'i=- 


1 


X. or m— — 




or 


m * yi 

(hi) Substituting ihis value of m in (1). 

y-yi= - ^ ix-Xi) 

yi 

yy,—>’ 1 *= —xXi + Xi* or xXiH-yyi=Xi*+y,“ .. (1) 

Shorter method. (/) The equation of any chord thro’ (x,. y,) is 

y-yi = m(x~Xi) ..( 1 ) 


* This deiiniiion ai^rees with the deriniiiun of a diameicr of a circle given in 
Geometry, v/i., a chord of a circle passing through the centre. 
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(n) If it is X to the line passing thro’ the centre (0, 0) and the 
mid-pt, (^i, yj) slope= ^ then m (^)= -1 ; [ -1 ] 


m= 


(i/i) Substituting this value of m in (I), y—yi— -^ (Jf— 

yi 

or yyi-yi^=~xXi+x^^ or xxi-\-yyi=Xi^-\-yi ^... (1) 

[ Comparison of the two methods. The foregoing method is 
applicable only to the circle while the first method is applicable to other 
curves in later chapters as well. ] 

♦♦Note. Abridged notation. Adding ( —a-) to both sides of (1)*, 
it becomes 

- ( 2 ) 

If so that S=0 is the equation of the circle, 

n®, so that Si is the result of substituting the 
co-ordinates of the pt. (jti, y^) in S, 

T=;f;(:i+v>'i—a®, so that T=0 is the equation of the tangent at 
then from (2), the equation of the chord can be written as 

T=Si. 

[ N.B. The equation of the chord of the circle {or conic) S=0, whose 
mid-point is T=Si, 

where T=^0 is the equation of the tangent at (xi, >> 1 ), and 5i is the result 
of substituting the co-ordinates of the point (.V|, j'l) in S. ] 

♦♦2. Find the equation to the chord of the circle which 

is bisected at the point ( — 1, 2). [ AM* \ 

[ Sol. The equation of the circle is 

;c2-|-v®=9 or ;c2+>»*-9=0 [ Form S=»0 

[ Here Jfi=—l,yi=2 

T=;r(-l)-f->-(2)-9=-Ar+2y-9, 

Si=(-l)®4-(2)®-9=-4, 
the equation of the chord is 

-x+2y-9=-i [T=S, ] 

or AT—2>'-b5=0. ] 

[ ♦♦Check. The equation of the chord is satisfied by the co-ordinates 
of the raid-point thus : 

-l-2(2)-i-5=0 or 0=0. ] 

*♦3. Find the equation to that chord of the circle x*+y®==16 which 
is bisected at the point (—2, 3), and its pole with respect to the circle. 

[ CM. ] 


Length of the tangent 

85. To find the length of the tangent from the point 
the circle x^-fy®-}-2gx+2fy-{-c=0.| 


(Xi*yi) 


•Why this step, 
(—o’) to both sides. 
\IP.U. 1952S\ 


In order to get i.e., Sj on the R.H.S* we add 
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The equation of the circle is 

Let P be the pt. {xi, y^), PT a tangent from 
P and C ( —g, —/) the centre of the circle. 

Join CT and CP. 

Then from the rt. Z_d A CTP, 

P'P=CP2-C'P ...(1) 

But CP»=[ x^-{-g) V+[ 

[ Distance formula ] 

and CT*=(radius)®=g 24 -/*—c, 

from (1), 

=Xi^+2gx,+g^+y,’+2fy,+P_-g^-p+c 

¥T=\/x,^+y,^+2gx^+2fy, + c. 

[ Rule to find the length of the tangent from a point to a circle 

whose equation is given : ^ ^ i. ■ 

In the L.H.S. of the equation of the circle (coe^^cients of x . >>• being 
each=l, R.H.S. being zero), substitute the co-ordinates of the point, ana 
take the square root of the result. The result gives the length of 

the tangent. ] . 

Example. Find the length of the tangent drawn from the point 

(L —1) to the circle 2x*+2y* —6x—3y4-17=0. 

The equation of the circle is 6.v—3>'+17=0 

3 17 

or, dividing thro' out by 2, x^+y'^—Sx —■>'+' 2 

[ Coeffs. of y^ = l {Note this step) ] 

length of the tangent from (1, —I) 

= a/ (1)H-(-1) = -3(I)- -2 (-1) + -^ 

[ Art. 85, Rule* ] 

= \/ 1 + 1-3+ 2 +'2^-=V'9=3. 
EXAMPLES 

1. Find the length of the tangent drawn from the point (Xi, y^) 

to the circle x*+y*=a-. [ B.U. 1945 ] 

Find the length of the tangent drawn from the point ( — 1, 2) to 
the circle 3x* + 3y*=Xl. 

2. Find the length of the tangent drawn 

(/) from the point (2,5) to the circle x^+y*—2x —3y—1=0. 

[ D.U. 1946 ] 



*Explazuitton. In the L. H. S., 3r— ^ » substitute the co¬ 

ordinates of (1,-1), thus getting (l)2+(—1)2—3(1)— 2 (~l)+- 2 — * 
the square root of the result, thus getting 

(!)*+(-Ii2-3(1)- 2 (-'>+ 1 ■ 
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(«) from the point (x', y') to the circle a(x*-}-y*)-f-2gs:-t-2fy-}-c—0. 

f C* (J* 1 


3. The length of the tangent drawn from (/, g) to the circle 
;c 24 -y *=6 is twice the length of the tangent from(/, g) to the circle 

show that /*+g“-h4/+4g+2=0. [CCA.] 

4. If the length of the tangent from any point to the circle 

;^2_l_y2_j_2,v=0 be three times the length of the tangent from the same 
point to the circle x^+y'^4, show that the point must be on the circle 
^ 4xH4y^-;c-l8=0. [P. U. J942S] 

5. Find the point from which the tangents to the three circles 

;^;2_j_y2_16.vf60=0, xHy--12Ar+27=0. and x2+/-16x-12y-|-84=0 
are equal in length. CA. 1943] 

Find-also this length. 


SECTION VI 
TWO OR MORE CIRCLES 


Radical axis of two circles- 

86 . Radical axis. Def.* The radical axis of two circles is the 
locus of a point which moves so that the tangents from it to the two 
circles are equal. 

87. Equation of the radical axis. To find the equation of the 
radical axis of the two circles 

x2+y 2+2gjX+2fiy 4* c, = 0, 
and x2 4 -y 2 ^- 2 g 2 x+ 2 f,y-f C 2 = 0 .* 

The equations of the circles are x2-|->>2-|-2giX-|-2A‘iy-|-Ci=0 ...(1) 

..,( 2 ) 

(f) Let (x, v) be any pt. on the radical axis. 

(//) Then length of the tangent from {x, y) to (1) 

= lenglh of the tangent from (at, y) to (2). (Def. (Art. 86)J 

Wn VxHy--\-2g,x+2f,yfc,=Vx-Ty^+2^-fV^ 

[ Art. 03 J 

or, squaring, ;c 2 -{-y 2 + 2 ^l.\•-^- 2 /|>'^-CJ=;t 2 -f-yH 2 g^A^-|- 2 / 2 y-|-Ca 
or 2 x(y,-^ 2 )+ 2 y{/i—/sl + Ci—C 2 = 0 , 

which is the required equation of the radical axis, and is clearly a st. 
line. [Art. 24] 

Cor. 1. The radical axis of two circles passes through their points 
of intersection. 

Proof. The co-ordinates of the pts. which satisfy both (1) and (2), 
also satisfy 

(Ar3-Hy8+2giX-b2/iy+q)-(x*-b/+2g2X-|-2/2y+C2)=0 ...p) 

substituting from (1) and (2) in (3), we get 0-0-0, which 

IS true] 

i.e., 2x(gi-g2)4-2y(/i-/2)+Ci-C2=0, 

which is the equation of the radical axis. 

the pts. of intersection of the circles (1) and (2) lie on the radical 

axis. 


•[?. U. 1955S] 



Art. 87 ] 


TWO OR MORE CIRCLES 


139 


Cor. 2. Important, (i) The radical axis of two intersecting circles 
Is their common chord. 

(//) The radical axis of two touching circles is their common tangent 
at the point of contact. 

[Rule to write down the equation of the radical axis of two 
circles : 

Write the equation of each circle so that the coefficients of x^. 
are each=l on the L.H S , R H.S. being zero, and subtract one equ.ttion 
from the other. The resulting equation is the equation of the radical axis.] 

Example 1. Find the radical axis of the circles 

-j-x —y —2 = 0 and 3 x 2 + 3y--j-4x — 12 = 0 . 

The equations of the circles are 

xi^yi^x—y—2=^0 .. .(1) [Cocffs. of >'* already = l ] 

3x^ + 3y^-\-4x-\2=0 

or, dividing thro' out by 3. .r-+>’- 4 - 3 ^ — 4=0 ...(2) 

(CocfTs. of X-. y-=\ {Note this step)] 

Subtracting (2) from (1), -ix->'+2=0 or x-h3>'-6=0, which is 
the required equation of the radical axis. 

Example 2. Touching circles. Show that the circles 
x^ + y*+ 2 x + 2 y-1-1=0 and x^-f-y*—4x— 6 y —3 = 0 
touch each other. Find the point of contact. [Pesh. U. 1951] 

Method I. [Method of radical axis.] 

The equations of the circles are 2x4-2j/-Hl =0 •••(U 

X'-\-y^—4x~ty—3=0 ...(2) 

(/) Subtracting (2) from (1), 

the equation of the radical axis is 6x-+-8;'-|-4=0 
or 3x-f4>'-|-2=0 ...(3) 

f(7) Substituting the value of y from (3) in (1). 


or I6x*-|-9x*-M2x-t-44-32x-24x-16-f-16=0 or 25.x--h20x-|-4=0. 
{5x-i-2)“=0, which has equal roots, each = — ^ . 
the radical axis touches the circle ( 1 ) [and ( 2 )] at the pt. 
where x= ~ ? • 


3x-f-2 

Substituting this value of x in y=— . . 



the pt. of contact is 




Note. To 6 nd the equation of the common tangent. The common 
tangent being the radical axis, its equation is 3x-\-4y-\-2—0. [From (3)] 
Method 11. [Method of centre and radius.] 
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The equations of the circles are x*+/4-2x+2>'+l—0 ...(1) 
^ x*+/-4;c-6>^-3=0 ...(2) 


g,=«-4) 

/.=i( ^6) 

— iy 

Ct= —3. 


Here gi=4(2) [ \ coeff. of x ] 

= 1 , 

/i=i(2) [ i coeff. of >» ] 

= 1 . 

Ci=l. [ Constant term ] , 

(i) the centres of the circles are ( —1, —1), (2, 3) 

and their radii are V _ 

y' (-2)H{ -3)*-( -3 )==\/4+ 9+3 ==V16=4. 

(li) distance between the centres=-\/~[ ^( — 1)]*+ [3—( —1)* 

-V (3)H(4)*-\/9+16 =V25 
-5. 

also sum of the radii=1+4—5 

/. the circles touch externally. 

The pt. of contact divides the join of the centres ( —1, —1) and 

(2, 3) internally in the ratio of the radii 1 : 4 

.. . l(2)+4(-l)_ A 

/. Its co-ordinates are x=-— “ 5 * 

l(3)+4(-I)_ 1 

—r+4~' 5' 

. / 2 M 

the pt. of contact is --^ y* 

Note. To end the equation of the common tangent. 77ie common 
tangent being the tangent to the circle (i) at the point of contact 


^ “ 3 )* equation is 


;e(-5-^)+3'(-y)+2.i(x 

3 
5 


)+2.i(>’-4-)+l=‘' 


or 


X+ 5 - y+ -5- =0 3x+4>’+2=0. 


\ 

\ 


[ Two methods to prove that two circles touch : \ 

Method I. [ Method of radical axis. ] 

(/) find the equation of the radical axis of the two circles. 

(ii) Show that the radical axis touches one of the two circles. 

Note 1. The point of contact of the two circles is the point oj 

contact of the radical axis and one of the two circles. 

Note 2. The common tangent is the radical axis. 

Method II. [ Method of centre and radius. J 

(i) Find the centres and radii of the circles. 

Ui) Show that the distance between the centres is equal to the^ or 
the difference of the radii [according as the circles touch externally 

internally). ^ # 1 ,^ 

Note 1 The point of contact divides the join of the 
ratio of the radii internally in the first case and externally tn the second. 
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Note 2. The common tangent is the tangent to one of the two circles 
at the point of contact. ] 

EXAMPLES 

1. Find the radical axis of the circles : 

(f) x®+y"=4 and x*+y*—2x-|-3y=0. 

(//) x*-|-y24-4x —4y+7=0 and x^+y*—6x + 2y—3=0. [ C.V. ] 

(»7i) x®+y^—bx-|-by+c=0 and ax*-f-ay*—a2x+b*y=0. 

2. Find the radical axis and the length of the common chord of 
the circles x*+y2-|-ax+by-hc=0 and x^+y^+bx+ay f c=0. 

[P.U.1957S] 

3. Find the length of the common chord of the circles given by 
the equations x®-|-y*+2x-{-3y+l=0, and x 24 -y*-!“ 4 x + 3y-1-2=0. 

[A.U. 1947 ] 

4. Points of intersection of tvs^o circles. Find the points of 
intersection of the circles x*-|-y" —2x-|-2y =23 and x®-|-y^=25. 

[ Rule to find the points of intersection of two circles : 

(/) Find the equation of the radical axis of the two circles. 

(ii) Find the points of intersection of this radical axis and one of the 
two circles. These are the points of intersection of the two circles. ] 

5. Touching circles. Prove that the two circles x*-ry~+2ax-f*c = 0, 

**+y*+2by-{-c=0 touch if “ c ■ U. 1957 ] 

6. Show that the circles x*-f-y®—6x—6y+10=0, and x*-)-y*=2 

touch and find the point of contact. [ P. V. ] 

7. Prove that the circles 

^ x*-i-y*—2x—4y-|-l=0 and x*-|-y^4-4x-f 4y—1=0 

touch each other and find the equation of the common tangent. [P.V.] 

8. Show that the circles x*-l-y*—2x=0 and x*-|-y“-i-6x—6y-l-2=0 
touch each other. Find the co-ordinates of the point of contact and 
equation of the tangent there. 

Is the contact external or internal ? [ P. U. 1954S ] 


88. The radical axis of two circles is perpendicular to the line 
joining their centres.* 

Proof. Let the equations of the circles be 

x*+y*+2giX+2/iy+Ci=0 ...(1) 

x*-t-y*+2g2X-f2/,y-l-C2=0 ...(2) 

Then the equation of their radical axis is [ Subtracting (2) from (1)1 
2x(gi-g>) + 2y{/i-/2)-l-(Ci-Cj)=0 [ Art. 87 ]. 

mi=sIope of the radical axis=—f®. 

A Jl~J%) J\~Jl 

/Mj=sIope of the line passing thro" the centres ( ——/i) and 

( -Bx. ~A) 

( -ft) - (-/ i) 1 

I ( -^i) - ( —8i) L X^-Xx J 


*iP.U. 19S5S} 
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the radical axis is _L to the line joining the centres. 


EXAMPLES 

1. Show that the radical axis of two circles is a straight line 
perpendicular to the line joining their centres. [ J. & K. V. 1954 ] 

2. Find the equation of the radical axis of the two circles 

x 2 +;; 2 + 2 ;c-|- 4 ;;- 7=0 and 6Ar+2>’—5=0 and show that it is at 

right angles to the line joining the centres of the two circles. [P- 0>] 

3. Find the length of the common chord of the circles 
xa+y!_5x-7y+2=0andx*+y2-7x-3y-|-2=0. Verify that the com¬ 
mon chord is at right angles to the line joining the centres of the circles. 

[P. u. 1946S\ 


89. The radical axes of three circles, taken in pairs, meet in a 
point.* 

Proof. Let the equations of the circles be 

xHy*+2gi.x-|-2/;>>+Ci=0 ...(1) 
Ar>+/+2g2r-h2/5.v+f2=0 ...(2) 

:x2-f-/-t-2g3.x+2/3;’+C3=0 ...(3) 

The radical axis of the circles (1) and (2) is 
7.x(gi~g2)4'2y(/i—/2)+(Ci—C2)=0 ...(4) 

The radical axis of (2) and (3) is 

/ 2 —/"a) + (C 2 —C3)=0 •••(5) 

And the radical axis of (3) and (1) is 

2x-(g3-gt)+2y(/3-/i)+(c3—Ci)=0 ...(6) 

Adding the L.H.S.’s of (4), (5), (6) vertically, we gel 

2r(0)+2;-(0)-f-0=0 

the radical axes meet in a pt. [Art. 42, Lor.j 

Radical centre. Def. The point of concurrence of the radical axes 
of three circlest taken in pairs, is called the radical centre of the three 

circles. . 

Example. Find the radical centre of the three circles 
x2-f-y2+4x+7=0, 2xH2y3+3x-|-5y-i-9=0, x»+y®+y=0- 
Find the length of the tangent from the radical centre to the second 

circle. 

(/) The equations of the circles are 

x2-|->-H4x+7=0 ...(1) 

2xH2/+3x+5y+9=0 or 

3 5 9 


+/+ 


2 


y+4 =0 


...( 2 ) 


[ CoefFs. of X*, /=1 {Note this step) ] 

x^+y*+y=0 .. (3) . v r. /im 

The radical axis of the circles (1) and (2) is [Subtracting (2) from (1)J 


•[/.& A. u.J955'\ 
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2 ^“2 =0o'’*->'+' = 0-.. (4) 

The radical axis of (2) and (3) is [ Subtracting (3) from (2) ] 

2 x-\- Y y+ 2 =0 or x-|-j^+3 = 0 ...(5) 

( The radical centre is the pt. of intersection of (4) and (5). ] 

Adding (4) and (5), 2x’+4=0, x=~2. 

Substituting this value of X in (4), —2—>»+I=0, >•= —1. 

the radical centre is (—2. —1). 

[ Check. The lengths of the tangents from the radical centre 
( — 2, —1) to the circles (1), (2), (3) are equal; thus \/4i-I —8+ 7=y'4 = 2, 

/y/ '* + '-3-2 + 2 =V4 = 2 , V4 + l-r= ^4 = 2 . ] 

(//) The length of the tangent from (—2. —1) to the second circle (2) 

= {-2)H(-ir+}(-2)+ 2' (-'*+ 2 

= ^ 4 + 1-3- 2 + 2=V'*=2- 

EXAMPLES 

1. Find the radical centre of the following circles : 

(/) x*-l-y*+llx4 5y+7=0, x*+y2-l-13x46y + 2=0 and 

x2-i-y2+17x + 3y-3=0. \D. U. 1938] 

(i7) x*+y*—4x + 7=0. 2x* + 2y®—3x+5y+9=0, and x®+y- + y = 0. 

[P. U. 1949S] 

(m) (x->l)»+{y-2)2=l, (x+2)*+(y + l)*=4 and 

{x-3)2+(y+4)2=9. 

••2. Find the radical centre of the three circles 1=0, 

x*+y*-4x + 6y+2 = 0, Jc’-+>'*-8>^ + I2y+I=0. [P, U. 1946] 

[Hint. It will be found that the radical axis of the first and second 
circles is 

4x:—6y—3=0 ...(1) 

and the radical axis of the second and third circles is 

4jc-6y+l=0 ...(2) 

Solving (1) and (2) by cross-multiplication, 

X y \ . -24 -16 

—24 —16 0' * '*~0 

Orthogonal circles 

90. Orthogonal circles. Def. Two circles are said to be ortho¬ 
gonal or to cut orthogonally if the tangents at a point of intersection are 
at right angles. 

An important fact. If two circles cut orthogonally, the square 
of the distance between their centres is equal to the sum of the 
squares of their radii. 
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Proof. LetC, C be the centres of the 
two circles cutting orthogonally at P so that 
the tangents to the circles at P are X [Def. 

(Art. 90)]. 

Then the radii CP, CP. being 1 to the 
tangents at P, are also X> 
fe., Z.CPC=1 rt. X 

CC'2=CP*+C'P*. 

Note. The Converse is also seen to be true by reasoning backwards. 

91, Condition of orthogonality. To find the condition that the 
two circles x2+y=+2giX+2f,y+Ci=0 and x 2 +y 2 + 2 g*x-l- 2 f,y+c ,=0 
may cut orthogonally.* 

The equations of the circles are 

the centres of circles__are_(-gi,-/i), (—gj, —/s), and 

their radii are V gi*-f/i*—<* 1 . V^ 2 ^+/ 2 ®—Cj. 

If the circles cut orthogonally, the square of the distance between 

their centres=the sum of the squares of their radii [ Art. 90 ]. 

orgi’‘-2gigj+g2H/i*-2/i/24-/2*=gi*+/i’’-Ci+g32+/3^-c, 

or —2gig3— 2 /i^——Cl—c, . . -j 1 

[ Cancelling common terms on both sides J 

or 2gig2+2fif2=Ci+C3, 

which is the required condition. 

Example. Show that the circles xHy^—4x—6y+4«=0 and 
xa-|.y*—10x—14y 4-58=0 intersect at right angles. 

Method I. [ Method of cenue and radius. ] 

The equations of the circles are 4x—6y+4=0 ...'(1) 

jcs+j,*- iojc- 14y+58=0 .... (2) 

Here gi=H“4) [ ^ coeff. of x ] ^s=i (-10) 

= -2 =-5, 

(-6) [ i coeff. of y ] /a=H-I4) 

= -3, =-7, 

Ci=4. [ Constant term ] C8=58. 

/. the centres of the circles ^e (2, 3), (5, 7) , 
and their radii are V (—2)®-l-{—3j“—4 =\/ 4+9—4 = ^*9 = 3, 

V(-5)»+(“7)»-58=v'25+49-58=V16=4, 

• square of the distance between the centres 

= (5-2)^+(7-3)«=(3)^+(4)'=9+16=25, 
also sum of the squares of the radii=(3)2+(4)*=9+I6=25 
the circles cut orthogonally [ Art. 90 ]. 

Method II. [ Method of condition of orthogonality. ] 

The equations of the circles are 4x—6y+4=-0 ... (1) 

;cH/-10x-14y+58=0 ... (2) 
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Here (—4) [A coeff. of x] 

= -2, 

/j=i (-6) coeff. of;'] 
= -3, 

Ci=4. [ Constant terra] 


gz=i (- 10 ) 
= ~5, 

/2=i(-14) 
= -7. 
r2=58. 


or 


Substituting these values in the condition of orthogonality 

2^ig’2+2/,/2=Ci+C2 (Art. 91), we gel 
2(-2)(-5)-f2(-3)(-7)=4 + 58 or 20+42=4 + 58 
62=62, which is true 
the circles cut orthogonally. 


EXAMPLES 

1. Determine the condition that the circles 

Xjc®+>.y 2+ 2ax +26>-+c=0 

and X- y-rc' 

may intersect orthogonally. [P.U.1954S] 

2. Show that the circles 

x-+y2_4x—6y —12 = 0 and x2+y2+6x + 4y—12=0 
arc orthogonal to each other. [ P. U. 1945 ] 

3. Find the equation of the circle which passes through the origin 
and cuts orthogonally each of the circles 

x-+y^’-8y^I2=-^0 and x^-\-f-4x-6y-3=0. [ M.U, 1935 ] 

4. Find the equation of the circle through the points (2, 0), (0. 2) 

and orthogonal to the circle 2x--\-2y'-\-5x~-6y-rA=0. [P.U.1957S\ 


Systems of circles 

92. Any circle through the intersections of two given circles. To 
Jtnd the equation of any circle through the points of intersection of the two 
circles a:-+;’ 2 -f- 2.tri x -i 2/,;'+c i=0 

and X-+>2+ 2 ^ 2 X *+• 2f<,y +Cj=0. 

[ K-Method. ] 

The equations of the circles are 

x-^+l>2_j_2g^x + 2/iy+Ci=0 ... (1) 

x2+y-|-2g2X + 2/2>’ + C2=0 ... (2) 

Consider the equation 

x2+;;2 + 2g,x+2/,y+Ci + A:{x'M-y2 + 2g-2X+2/2y + c2) = 0 ... (3) 

{/) It is an equation of the second degree in x and the coeffi¬ 
cients of and y* are equal (each being= 1+A:), and there is no term 
involving the product xy, .’. it represents a circle [ Art. 58 ]. 

(i7) The co-ordinates of the pis. which satisfy both (1) and (2) also 
satisfy (3) [V substituting from (1) and (2) in (3), we get 0+A'(0) = 0, 

which is true J 

the pts of intersection of the circles (1) and (2) lie on (3). 

(3) is the equation of a circle passing thro’ the pis. of intersection 
of the circles (!) and (2). 

[ Aid to memory. The equation of any circle thro’ the pts. of intersection of 
two given circles is one circle*fk (other circle) = o, 

where '‘one circle” stands for "the L.H.S. of the equation of one circle {R.H.S. being 
zero)" and so for the "other circle”. (Cf Art. 43, Aid to memory.)] 
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Note. The value of k is found from the second condition satisfied 
by the circle. 

EXAMPLES 

1. Find the equation of the circle through the points of intersection 
of the circles x~-{-y^-{-2x-y3y—7=0 and 

through the point U. 2). 

\ Sol The equations of the circles are 

;t2_|_j,2_l.2x4-3>«-7 = 0 ... (1) 

2j>— 1=0 ... (2) 

(/) The equation of circle thro’the pts. of intersection oi (i) 

and (2) is x‘^-\-y^-{^2x-h3y-l+k{x^~-\-y~+3x-2y-l)^0 ... (3) 

[one circle-HA:(other circle)=0 J 

(//) If it passes thro’ (I, 2), then „ , n 

l_f.4+2+6-7-l-/:(l+4-l-3-4-l)=0 or 6+3/r=0, .. 

(hV) Substituting this value of ^ in (3), 

xiMy^-+2x^3y-2-2{x^^yH3x-2y-\)=0 

or —,x=->'--4x+7y—5=0 or x=+>'-+4x—7>’-|-5—0, 

which is the required equation. ] 

2. Find the equation of the circle through the points of intersection 
of the circles x^-\-y'^~6x=0 and x'^+y--\-4y—l=0 and 

(/) passing through the point {—I, J) : 

{ii) having its centre on the line 2x-\-3y=0. r • . 

3. Find the equation of a circle through the points of intersection 
of x2-f-/'~l=0 and .v--i-;'--2x-4>'4-I=0and touching the line x-l-2>'-0. 


k=~2. 


93. Any circle through the intersections of a given circle and a 
given line. To find the equation of any circle through the points oj 
intersection of the circle X‘-{-y^-\-2gx^2fy-Vc=0 
and the line Ax-\-By-j-C=0. 

(K-Method.) 

The equations of the circle and the line are 

x--\-y^-+2gx-^2fy+c==^0 ...( 1 ) 

A.xH-By-i-C=0 •••(2) 


Consider the equation 

x--l-/'+2g.x+2y)»-i-c-f A:(Ax-|-B>’-l'C)=0 y(3) , 

(/) It is an equation of the second degree in .x and y, the coemcients 
of .V- and y- are equal (each being= 1), and there is no term involving the 

product .xy. /. it represents a circle [Art. 58]. , ^ , /-nv 

(/•/) The co-ordinates of the pts. which satisfy both (1) and (2) also 
satisfy (3) [V substituting from (1) and (2) in (3), we 

the pts. of intersection of the circle (1) and the line (2) lie on (3). 
(3) is the equation of a circle passing thro’ the pts. of intersection 

of the circle (1) and the line (2). 

[Aid to memory. The equation of any circle thro' the pts. of intersection of a 
given circle and a given line is circle+k (IJiie)=o, 

^vhere circle'' stands for L.H.S- of the equation of the circle (R H S. being zero) 

afid so for 'the'‘line." " ' (C/. Aris. 43,92, Aid to memory.)] 
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Note. The value of k is determined from the second condition 
satisfied by the circle. 

EXAMPLES 

1. Find the equation of a circle passing through the points of 
intersection of 2x-i-y—10=0 and x--\-y^=2S and the origin. [P.U. 1939] 

2. Find the equation of the circle which passes through {2a, 0) and 

whose radical axis in relation to x^-\-y^~a^=0 is -^= 2 * 

*♦3. The equation of the chord of the circle x" f y^^a^ is 
X cos a+y sin a=p, find the equation of the circle described on this 

chord as diameter. [•'I 1940] 

[Hint. The equation of any circle thro’ the pts. of intersection of 
the given circle and the given chord is 

x^^-y-—a--\-k{x cos a + y sin a—/>)=0 ...{I) 

If its centre lies on x cos a4-y sin <f.=p, k=2 Substitute this value 
of k in (I).] 

MISCELLANEOUS EXAMPLES ON CHAPTER V 

1. Find the equation of the circle which touches each axis at a 
distance 2 from the origin. 

(Explanation. “At a distance 2” means “at a distance 1-2“.] 

2. Find the equation of the circle inscribed in the triangle the 
equations of whose sides are x=l, y=2 and 3x—4y=7. 

3. Find the co-ordinates of the centre and the radius of the 

circle ; , 

(0 3(x2-f-y2)~6x + 8y-5=0. [P. U. i946S] 

(it) + (x^+y2)—2bx—2aby = 0. 

4. Show that the locus of a point the sum of the squares of 

whose distances from three fixed points is constant is a circle. Find 
the co-ordinates of the centre of the circle, [C. U. 1952] 

5. A point moves so that the sum of the squares of its distances 
from n fixed points is given. Prove that its locus is a circle. 

(Note. Important. For problems relating to n fixed points, let the 
fixed points be (jc„ yj, (xj, y^), .... y„).] 

6. A point moves so that the sum of the squares of its distances from 
the four sides of a square is constant. Show that the locus of the point h 
a circle. 

[Hint. See Art. 8-1, Note. Take the centre of the square as origin 
and the lines thro’ it || to the sides as axes. Let each sidc=2tf. Then the 
equations of the sides arc y=o, >'=—a ; x——a (.Arts. 15, 16).J 

7. Whatever be the value of a» prove that the locus of the inter¬ 

section of the straight lines x cos a-hy sin a = a and x sin a —y cos a = b 
is a circle. [C. U, 1953] 

8. Circumcircle. Find the equation of the circle circumscrib¬ 

ing the triangle formed by the lines 3x-f-y—5=0, x-fy'fl=0 and 
2x+y-4=0. [D, U. 1938] 
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tangent and normal at the touches the x-a\is at the 

11 Find the equation of the circle wmcn 

[Hint. Let the required eq^^ation oHhe circle be 

^ x*-l-/+2gx+2/>'+c—0 ...[1; 

,t meets the .-axis where.^pu« ^ ^ 

But the circle touches the x-axis ^'’(3)^" 

the same as U—-V . n\ZnA ^31 
comparing coefficients^mJ^)^andJ3), 

Again *.■ the circle passes thro’(1,^), 

/. from (1). f and (5) and substitute them m 

Find the values of g./.r-fi-om (4) and a 

(')■! . r,Up Circle which passes through the origin 

12. Find the equation of the circle origin. 

a,ul the point (2, 1) and touches the stratght hne x-y S ^ 

r - 1 the axes Find the intercepts made 

13. Intercepts of a *2L+2fy-l-c='>- 

on the axes by the circle x +y +^g + 

r Sol The equation of the circle IS 

[bol. q^.,^^,,_^ 2 g.v-h 2 /v-)-c =0 ...(1) 

It meets the -x-axis where.^putting y=0 m ID, 

which is a quadratic in x. Let n ir~^h x 

Then Xi-}-.x.,= -^g. 

• A,Ao = OA2—OAi —•X2 ^ / 6 ^ 

• • = V (xT+X3)-45rxr=V 4g-4c =2v/g-c. 

which is the intercept on the ^ pu„ing x=0 in (1), 

Then ~2/, I’lga ,- 3 -—-^ 4 /*—4c 

B3B,=OB3-OB.=g.-gr=V (>'r+2’i) 

=2\//'-c. . , 

which is the intercept on j . „hich has as diameter the join 

14. Find the equatron ^“"‘fjl'e^gths of the chords that .t 

ofthepoints(0, l)and(2.-4). ^ 

cuts offfrom the axes . . v=x-|-av/2 touches the circle 

15. Prove that the straight line y a-f V [ b.H.U. 1951] 

xi+yLaS and find its point of contact. 1 



MISCELLANEOUS EXAMPLES ON CHAPTER V 


149 


Art. 93 ] 


16. Show that the circle x2-|-y2-2ax-2ay+a2=0 touches the 

axes of X and y. [ A.U. 1944 ] 

17. Prove that the tangent to the circle x2+y= = 5 at the point 

(1^ _2) also touches the circle x“-{-y- —8x-|-6y+20=0 and find the 
co-ordinates of the point of contact. [ Pesh. U. 195. ] 

18 Find the condition that the straight line cx—by-\-f>^=0 may 
touch the circle x^-\-y^=ax-\-by and find the point of contact. 

[ Hint. Use the method of intersections. It will be found that 

^ 14 - ^-)-x{c-a)=0 ...(1) has equal roots. (c—a)= -4(0)=0, 

■ c-a, which is the required condition. 

Substituting this value of c in (1). .x- = 0, which has equal roots, 
each=0, the line touches the circle at the pt. where x=0. Substituting 

this value of x in the equation of the line, y=b. ] 

19. Find the equation to the circle which touches each axis ana js 

- j.’ ^ \ P.U. 1946 1 

of radius a. ^ ^ 

f Hint Let the required equation of the circle be 

x2+y^+2gx4-2/y+c=0 ...(1) 

It meets the x-axis where, putting y=0 in (1), 

X‘4'2gx+c—0 ...(2) 

• • the circle touches the x*axis, (2) has equal roots. 

'• ...(3). Similarly/*=c ...(4). Also V +/"-f=•••(5) 

From (4) and (5). or. squaring. ife/O 

• From(3)and(5), ^/P=a or, squaring. 

f=^a. From (3), = Substitute these values of g,/, c in (1). 

**Qf thus ■ Draw a rough Fig. Join the centre of the circle to its 
pts. of contact with the axes. The centre of the circle is (a «) (first 
quadrant), ( -a. a) (second quadrant), ( -a) (third quadrant), («, -a) 

(fourth quadrant), and the radius—^. ] 

20. Find the equation of the circle which touches the Imes 
(/) x=0, y = 0, and x=c. 

(//) x = 0, x=a and 3x4-4y4-5a=0. 

r Hint. (/) Let the required equation of the circle be 

x2-fy*+2gx-h2/y+^*=0. 

Proceed as in Ex. 19. 

(i7) Proceed as in Ex. 19. It w'ill be found that f-=c ...(1) 
+ f f, from (1). 0 = fl= + 2g« or g= - j 


D.U. 1946 
D.U. 1947 


the tangent propcrlj 


, ± 4/4-5a ^ ^ g2^jz_c =g [ From (1) ] 


3a 


-4/ + 5a 


or 


± 


a 

2 


(From (2)) ] 


*Why to u»c k (and not c). In order to avoid confusion sviih the given c in 
x==c, we take the equation of the circle as xi \-yi+2f;x-]-7fy+k^0 (and noi 

*«+>^+2fX+2/y+f-0). 
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21. (/) Show that the line y=m{x—a)-fa\/l+ni^ touches the 
circle x2+y^=2ax, whatever the value of m may be. 

(iV) Find whether the straight line x+y=2-i-v/2 touches the 
circle x“+y-—2x—2y-fl=0. 

[ Hint. (/) Show that the length of the X fro™ the centre of the 

circle on the line, m magnitude—the radius. ] 

22. Three tangents to the circle .x*-|-y®=25 form an equilateral 
triangle and one of them is parallel to the x-axis. Find their equations. 

23. Find the equation of the tangent to the circle which 

(i) is parallel to y=mx+c ; 

(/V) is perpendicular to y=mx4-c ; [ P (^)- J 

{Hi) passes through the point (b, 0). 

24. Show that 7y-:c= 5 touches the circle 5x+5y=0 and 

find the equation of the parallel tangent. ( 

25. Find the equations of the two tangents from (—5, 0) to the 
circle whose radius is 3 and whose centre is at the origin. [ P.U. 1941] 

26. Find the equations of the tangents from the origin to the 
circle x--!-y2+10(x+y) + 40=0 and the angle between them. 

27. Find the co-ordinates of the points where the line ;c-l-2y=5 
meets the circle x'-\-y'-=50 ; find the equations of the tangents at these 
points and show that they intersect in the point (10, 20). Write down the 
equation of the polar of the point (10, 20) with respect to the circle. 

28. If the polar of the point {x', y') with respect to the circle 

x--\-y-=d\ touches the circle {x show that (x , 3^) 

the curve [AM. 1938 ] 

29. The tangents at P and Q lying on the circle 9 intersect 

at (5, 4). Show that PQ cuts the x-axis at ( 0 ). [ AM. 1942 ] 


30. Find the pole of 

(/) the line x-2y=3 with respect to the circle 4x2-t-4y===5. 


(//) the line 


X 

a 


y 

b 


= 1 with respect to the circle 

[A. U. 1943] 


31. Find the co-ordinates of the point of intersection of the 
tangents drawn to the circle x-+y==a“ at the points where it is cut by 
the straight line x cos a+y sin a=p. J 

32 Equation of the common chord. Find the equation of the 

common chord of the circles x^-]-y^-3x-y-{~2=0 and .x^+y -2x+y+i-0. 

33. Touching circles. Show that the circles x^+yS-6x+5=0 
and x24-y2-8y+7=0 touch. Find the equation of the tangent at the 
point of contact and the co-ordinates of the point of contact. [B. U.\ 

34. (/) Prove that the circles 

(x—a)2-f (y —b)2=c- and (x —b)--i-(y—a)-—c 

touch each other, if (a-b)-=2c2. j o, 2 e 

{//) Show that the two circles xHy'+4x+2y—15 and x-fy —5 
touch internally ; and find their point of contact. [A/. B. 1952} 
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35. Show that the following pairs of circles intersect ortho¬ 
gonally : 

(0 x*+y^-r2ax + c =0 and x2_^y2_(_2by—c=0 ; 

(j7) x*-fy-—2ax+2by-f c=0 and x^+y’^ + Zbx-f 2ay—c = 0. 

**[Angle of intersection of two circles. Def.* T'/ie angle of inter¬ 
section of two circles is the angle between the tangents to the circles at a 
point of intersection.] 

**36. Angle of intersection formula for two circles. If r, r’are the 
radii of two circles, d the distance between the centres and B the angle of 
intersection, then 

r*+r'*-d« 
cos 0— ^ , 


[Sol. Let C, C be the centres of 
the circles and P a pt. of intersection. 

Then CP=r, C'P=r'. Ca=d. 

The tangents at P being X to the 
radii thro’ P, the angle between the 
tangents=the angle between the radiit. 

.-. /.C?C'=B. 


In ihe ACPC', by the cosine 
formula, 

^ CP2-1-C'P2-CC'^ 

cos^- -2CP.CP 



[ cos A* 26 c 


{Intermediate Trigonometry)) 


_r2+r'»-d2 , 

“ 2rr' 

• • 37 . Angle of intersection of two circles. Find the angle at wliich 
the circles x^-hy^—2x—4y=4 and x2+y2=16 intersect. [P. U. 1953] 

[Hint. It will be found that the 
centres of the circles arc. (1/.2), (0, 0), 
and their radii arc 3, 4. 
r=3. r'=4, 

d. the distance between the centres, 

( 1 ) ( 2 ) 

(1,2) (0,0) 

=V(0-l)2 + (0-2)= 

=V5. 



•\P.U. 19548] 
t For in the adjoining Fig., 

/^CPT= ^C'P'r (V eacb=90») 

.. taking away the common ^C'PT, 

lC?C'=/_T?r'. 
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Now cos 9= 


In' 




♦*38 Find the equation of the circle described on the common 
chord of the circles xHy2-4x-6y-12=0 and 
as a diameter. 

[Hint, (f) The equation of o/iy circle thro’the,^ts. of 

of the given circles 

(,7) If its centre (- 

i.e., radical axis -10x-10y=0 or x+y=0, find the value of k. 

{Hi) Substitute this value of k in (1). 

**Or thus : Short-cut. Find the equation of the radical axis of 

the two circles. ^ . . av . at 

(0 Write down the equation of any circle thro the pis. or 

intersection of the first circle and the radical axis, and proceed as in 
steps (n) and {Hi). ] 


CHAPTER VI 
THE PARABOLA 


SECTION I 

EQUATION OF A PARABOLA 

**94. (a) Conic. Geometrical Def. A conic section or conic is the 
locus of a point which moves* so that its distance from a fixed point 
is in a constant ratio to its distance from a fixed straight line. 

[ Compare the analytical definition of a conic (Art. 63). ] 

Defs. and notation. (/) The fixed point is called the focus, and is 
usually denoted by S. 

(fi) The fixed straight line is called the directrix. 

{Hi) The constant ratio is called the eccentricity, and is denoted by 
e (the initial letter of the word eccentricity). 

♦Note 1. It is assumed that the point moves in the plane in which 
the fixed point and the fixed straight line lie. 

**Note 2. Why the name ‘‘conic section”. Since the section of a 
right circular cone, which is cut by a plane, is a conic as defined above, 
hence the name “conic section.”t 

**{b) Three particular cases of a conic. 

Case I. If the eccentricity e= 1, the conic is called a parabola. 

Case IT. If e < 1, it is called an ellipse. 

Case HI. Ife> 1, it is called a hyperbola. Hence we have 
Parabola. Def.§ A parabola is the locus of a point which 
movesX so that its distance from a fixed point is equal to its distance from 
a fixed straight line. 

Defs. The fixed point is called the focus, and is usually denoted 
by S. ^ 

’Hfi) The fixed straight line is called the directrix. 

JNote. It is assumed that the point moves in the plane in which the 
fixed point and the fixed straight line lie. 

[ N.B. P is any point on a parabola whose focus is S, and PM 
X on the directrix, r/i<?/i SP=PM. ] 

Axis. Def. axis of a parabola {or conic) is the straight line 
through the focus perpendicular to the directrix. 

'-"Vertex. Def. The vertex of a parabola {or conic) is the point of 
f intersection of the parabola {or conic) with the axis. 

tThe first systematic treatment was given by Euclid (323—284 B. C.), the 
“father'* of Demonsiraiive Geometry, in a book now lost. 

§[ P{P). U. 1955 ] 
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✓ 

^ 95-1. Standard form. To find the equation of a parabola in the 
form y2=4ax.* 

Let S be the focus and ZM the directrix 
of the parabola. From S draw SZ _L on ZM, 
and bisect SZ in A. 

[ Then A lies on the parabola (Def.) 

V SA^AZ] 

Let SZ=2u, then AS=sAZ=u. 

(0 Take A as originj, AS as the ;c-axis, 
and AY _L to it as the >'-axis. 

Then the co-ordinates of S are (a, 0), 
and the equation ofZM isx=—u 
[(Art. 16) II to y-ax'is at a distance a to the left] 
or A:+fl=0. 

(ii) Let P (a‘, v) be any pt. on the parabola. Join SP, and from 
P draw PM J_ on ZM. Then SP=PM ...(1) [Def. (Art. 94, (c))] 

But S?=V {x-aY+iy-Oy- ==V~(x-a)^+fy 

and PM= [ 1 from (x. :v) on ] 

=x-l-fl. 

from (1), \/ix-ay-lry-=x-\-a 
or, squaring, x'—2ax-\-a--^y^—x--h'^ax-\-a^ 
or y-—4ax, which is the required equation. 

Cor. Focal distance. The focal distance of any point P{x„ yj on 
the parabola is SP=a-rX,.* 

For, the focal distance of any pt. P(x, y) on the parabola is 
SP=PM=x-t-a (proved above). 

[Important. The focus lies on the axis and AS-z; the directrix 
/\f is ! to the axis and AZ=z on the opposite side of A as S.] 

[ N.B. Thcfocusof the parabola y^=4ax is {z,0), the equation of 

the directrix is x=-a. the equation of the axis {x-axis) is y=0, and the 

vertex (origin) is (0, 0). ] . ^ r t. 

Note 1. Standard form. Since y*=4nx is the simplest form of the 

equation of a parabola, it is called the standard form. 

Note 2. To interpret geometrically the equation y*=4ax. 

From u/j.v pt. P on the parabola draw PN J_ on 

the axis, then 

■; y-=Aax 

/. PN-=4 AS.AN, which is the required geo¬ 
metrical interpretation. 



*[J.&K.U.1957] 

tWhy this step. To find the co-ordinates of the focus S and the equation 
of ihe directrix ZM. 
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EXAMPLES 

1. Find the value of a when the parabola y-=4ax passes through 
the point (1, —2). 

2. Find the point of the parabola >'* = 8r, whose ordinate is twice 

the abscissa. , 

3. Shew that the area of the triangle inscribed in the parabola 

y^-4ax=0 is (yi— 

where yj, y 2 , ya are the ordinates of the angular points. ^ 

**4. The focal distance of a point on the parabola y- —8.r is 8 ; 
find its co-ordinates. [ J. & K. U. 1956 ] 


95-11. Equation of a parabola referred to any focus and 

directrix. , ^ . . 

Example. Obtain the equation of a parabola whose focus is the 

point ( —1, 1) and whose directrix is the straight line x + y+l=0. 


Let S( —1, 1) be the focus. 

(/■) Let P(x, y) be any pt. on the parabola. Join 
SP, and from Pdraw PM ± on the directrix 

x-hy +1 =0 

(n) Then SP = PM ...(1) ( Def. (Art. 94, (c)) ] 

(m) But SP = \/(x-|-l)*^-(y-l)^ 

[ Distance formula ] 


and 



;c+y+l 

V2 


[ J_ distance formula ] 



from (I). V(x+l)*+(;.-l)= 


or, squaring. 


or 

or 


fy^-2;^+I= 

2(x2-}-y2+2.v-2y+2)=x=-}-y2-t-2ty + 2.r4-2y+l 

x-~2xy+y'+2x’—6y-|-3=0, which is the required equation. 


EXAMPLES 


1. What is the equation of the parabola whose focus is ( —3, 0) 

and the directrix jc4-5=0 ? [ J. K. U. 1953 | 

2. Find the equation to the parabola with focus ( 3, —4) and 

directrix 6x —7y-f-5 = 0. Simplify the result. [ P. U. 1943S J 


96. Tracing a parabola. To trace the curve y^~4ax. 

The equation of the curve is y^ = 4ax ...(1) 

(/) Axes-interseciions, The x-axis meets the curve where, putting 
>'=0 in (I). x=0, i.e., in (0, 0) (origin). 

Again, the y-axis meets the curve where, putting x=0 in (1). y=0, 
which has equal roots, cach=0. the y-axis touches the curve at the pi. 
where y=0. i.e., at (0. 0» (origin). 

(//) Symmetry. From (I), y=-h2\/a-y/x ...(2) 

•How to write this Btep. 
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for every H-ve value of x, there are two equal and opposite 
values of y, the curve is symmetrical about the ;r-axis. 

{Hi) Imaging^ values. From (2), y is imaginary when x is — ve. 
no portion of the curve lies to the left of the j-axis. 

(iv) Space occupied. From (2), taking +ve sign with the square 
root, y=2^a-\/x. as;c(-}-ve) increases, y increases; when x=oo, 

y=<x), the’curve extends to oo to the right of the y-axis, /.e., it is open. 

Hence the shape of the curve is that shown in the m 
F ig. 

It is a parabola whose axis runs in the +ve direction 
of the ;r-axis. 

Note. Right-handed parabola. Since the parabola 
y-=4ax lies wholly to the right-hand side of the y-axis. it 
is called the right-handed parabola. 

[ Rule to trace a parabola (or conic) whose equation is given : 

(/) Axes-intersection. The x-axis meets the curve where, putting 
y=0 in the equation of the curve, x—? Again, the y-axis meets the curve 
where, putting x=0 in the equation of the curve, y=? 

(/■/■) Symmetry. Solve the equation for y in terms of x. If for every 
value of X, there are two equal and opposite values of y, the curve is 
symmetrical about the x-axis. A^ain, solve the equation for x in terms of 
y. If for every value of y, there are two equal and opposite values of x, 
th^ curve is symmetrical about the y-axis. 

{Hi) Imaginary values. [ See step (/i).] From the value of y in terms 
of x,find the values of x for which y is imaginary. Again, from the value of 
X in terms of y,find the values of y for which x is imaginary. 

{iv) Space occupied. If, as x increases, y increases ; when oo, 
.v= 00 , the curve extends to oo, i.e., it is open, otherwise it is closed. ] 

[ Aid to memory. Remember the word AS-IS. A is the initial letter of the 
word A.xes’inlcrseciions, S of Symmetry, 1 of Imayinary values, and S of Space 
occupied. ] 

EXAMPLES 

1. Trace the curve y“= — 4ax. 

[ Hint. Proceed as in Art. 96. Here in step {Hi), Imaginary values, 
y=±2\/a \/—x, y is imaginary when a: is -fve, 
curve lies to the right of the y-axis. 

The shape of the curve is that shown in the Fig. 

li is a parabola whose axis runs in the —ve 
direction of the .v-axis. 

Note. Left-handed parabola. Since the para¬ 
bola y“= —4ax lies wholly to the left hand side of 
the y-axis, it is called the left-handed parabola. 

Cor. To find the focus and the directrix 
of the parabola y2=—4ax. The focus lies on the 
axis, and AS=a, S is ( —a, 0). Again, the 
directrix ZM is .L to the axis, AZ=a on the oppo- 


.'. no portion of the 
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site side of A as S, the equation of the directrix is x = a (Art. 16). ] 

2. Trace the curve x^=4ay. 

[ Sol. The equation of the curve is x^=Aay ...(1) 

(/) Axes-intersections. The x-axis meets the curve where, putting 
>'=0 in (1), x*=0. which has equal roots, each=0, the x-axis touches 
the curve at the pt. where x—O, i.e.^ at (0, 0) (origin). 

Again, the >’-axis meets the curve where, putting .x=0 in (1), >’ = 0, 
/.<?., in (0, 0) (origin). 

(/V) Symmetry. From (I), x=^2‘^a y/y ...(2) 

for every 4-ve value of y, there are two equal and opposite values 
of X, the curve is symmetrical about the y-axis. 

(//;) Imaginary values. From (2), x is imaginary when y is —ve, 

.'. no portion of the curve lies below the x-axis. 

(iv) Space occupied. From (2). taking 4-ve sign with the square 
root, x=2\/a \/y, as y( + ve) increases, x increases; when y=co, 
A' = co, the curve extends to oo above the x-axis, i.e., it is open. 

Hence the shape of the curve is that shown 
in the Fig. 

It is a parabola whose axis runs in the +ve 
direction of the y-axis. 

Note. Upward parabola. Since the para¬ 
bola x*=4ay lies wholly upwards of the x-axis, it 
is called the upward parabola. 

Cor. To find the focus and the directrix 
of the parabola x"=4ay. The focus lies on the 
axis, and AS=<3, S is (0, a). 

Again, the directrix ZM is J_ to the axis, AZ=^j on the opposite 
side of A as S. the equation of the directrix is y = —a (Art. 15). 

Note. The equation y-=4ox of a parabola is culled the first 
standard form, and x^=4ay the second standard form.J 

3. Trace the curve x2=—4ay. 

fit is a parabola whose axis runs in the —ve 
direction of the y-axis. 

Note. Downward parabola. Since the para¬ 
bola x* = —4fly lies wholly downwards of the x-axis, 
it is called the downward parabola. 

Cor. To find the focus and the directrix of 
the parabola x'*=—4ay. The focus lies on the axis, 
and AS = a. 

.'. S is (0, -a). 

Again, the directrix ZM is J_ to the axis, 

AZ=a on the opposite side of A as S, the equation of the directrix 
is y=a. 

Note. Important. To write down the standard results, the student 
should fix in his memory the positions {Figs.) of the parabolas with respect 
to the co-ordinate axes.] 

[Aid to memory. 

yi^Aax {right-handedparabola) i x*=4ay {upward parabola) 

ya^—4ax {left-handedparabola) j x'^—Aoy {downward parabola).) 


Y* 
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97. Latus rectum. Def. The latus rectum of a parabola 
{or conic) is the chord through the focus perpendicular to the axis. 

98. Length of the latus rectum. To find the length of the latus 
rectum of the parabola y^—4ax. 

The equation of the parabola is y^=Aax. 

Let LSL' be the laius rectum, and SL=/. 

Then the pt. L(j, /) lies on the parabola 
/2=-4fl.a=4fl% /. l=2a. 

LSL'=2/=2(:o)=4a. 

[N. B. The latus rectum of each of the parabolas 
yi=4ax, y-=—4ux ; x-=4ay, x-——4ay is 4a. 

The result may be proved in every case by draw¬ 
ing the Fig. and proceeding as in Art. 98.] 

Cor. 1. The equation of the latus rectum is x—a 
[I! to y-axis at a distance a (Art. 16)]. 

Cor. 2. The co-ordinates of L (the positive end of the latus rectum) 
are (a, 2a), and those of L' {the negative end) are (a, —2a). 

EXAMPLES 

1. In each of the parabolas (/) y-=8x ; (//) 3y^=8x ; {Hi) y®=—4x, 
find (fl) the lergth of the latus rectum, (b) the co-ordinates of the 
focus, (c) the equation of the directrix. [C. V.] 

1. The parabola >’-=4p^ goes through the point (3,-2). Obtain 
the length of the latus rectum and the co-ordinates of the focus of the 
parabola. [C. U. 1934] 

3. In each of the parabolas (0 3A:-=4y ; (<i) A*=—12y. find (tf) the v 
length of the latus rectum, (6) the co-ordinates of the focus, (c) the 
equation of the directrix. 

4. Find the equation of the latus rectum of the parabola x and 
the co-ordinates of (/) its positive end, (i7) its negative end. 



SECTION II 

TANGENTS AND NORMALS 

99. Equation of the tangent. To find the equation of the 
tangent at the point (x^. yj) of the parabola y2=4ax.* 

(Method of chord.) The equation of the parabola is y'^—4ax. 

Let (x,, >' 2 ) other pt. on the parabola. 

( 1 ) The equation of the line passing thro’ (Xi, yi), (xj, yj) is 

{x~x,) ...( 1 ) 

(i7) Tto find the value of . 1 
L J 

V (xi, y,), (a's, y 2 ) lie on the parabola, 

y,2=4flXi ...(2) 

y22=4fl.Vo ...(3) 

Subtracting (2) from (3), yz®—yi^=4o(x2—x,). 




*[P{P). u. 1^505] 
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or 

or 


[ But y\'^=4axi. from (2) ] 


or 


Factorising, {>-8—j^i)C>'2+yi)=4o(jic,-j>:,) 

yz-y\ 4^7 

^2 — ^1 72+>'i' 

(m) Substituting this value of -^ 2 —>’i equation of the 

^2 *^1 

chord thro' {x^, y^), Ua, is , (.v-a:,) ...(4) 

•>2 

(/v) Putting a: 2 =a:i, y^=yx, in (4), the equation of the lanceni 

at (Xi, jFi) is y-y^= -^^^ {x~x^) [ Cancel 2 ] 

yyi~yi^=^2ax-2ax^ 

y}\ = 2ax-\-yf — 2ax^ 

= 2flAr + Aaxi ~ 2axi 

= 2ax-\- 2axi = 2a{x + .v,) 
yyi = 2 a(x 4 -x,). which is the required equation. 

[ N.B. The equation of the tangent at the point (a-,, ;-j) of the 
parabola y^=4ax is yyi = 2a(x + x,). J 

[ Rule to find the equation of the tangent at the point (x,, y,) of a 
parabola (equation in the standard form) : See Rule of An. 63. ] 

[ Rule to write down the equation of the tangent at the point 
(x,, y,) of a parabola (equation in the standard form) : 

See Rule of Art. 64. ] 

Cor. The tangent at the vertex of a parabola is perpendicular 
to the axis. 

Proof. The equation of the tangent at (0. 0) is 

_n . >'W = 2o(A-f-0) t Wi = 2a(.v-f A,) ] 

O'" -^—0. Nvhich IS the y-axis, X to the x-axis, the axis of the parabola. 

Example. Find the equation of the tangent at the point (3, —6) 
of the parabola y=^=12x. 

The equation of the parabola is y^=\2x. 

the equation of the tangent at (3, —6) is [ Art. 64, Rule* ] 

[ Here a, = 3, >’,= —61 

M-6)=I2. i(*+3) 

or -y=A+3 or x-\-y-\-3=0. 

[ Check. The equation of the tangent is satisfied by the co-ordinates 
of the given point, thus 3-j-( —6) + 3=0 or 0=0. ] 

EXAMPLES 

1. Write down the equation of Che tangent at the point ( 1 , 3) 

of the parabola y^=9x. 

2. Show that the ordinate of the point of intersection of two 

tangents to a parabola is the arithmetic mean between the ordinates 
of the points of contact. j p y i 

[ Sol. Ut the equation of the parabola be y^=Aax. Then the equa¬ 
tions of the tangents at (a„ y,). (Aj. y^) are 


•ExpJuution. In the equation of the parabola 12a. change > to yi 
ie.,y{-6),x\o^[x+Xi),i.e.,i{x+3). 
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yyi^2a{x-\-x^) ...( 1 ) 
yyt=2a(x^-Xi) ...( 2 ) 

To find the ordinate of the pt. of intersection, i>e.,y, subtracting 
(2) from (1), 

yiyi-y 2 )^Mxt~x.) ^ But yi^=4axi, Xi= 


^2a( - -v*- 'I 




2a 


) 


\ 4fl 4a y 2 2 








[ Cancel y^-y^ ] 


100. Equation of the normal. To find the equation of the normal 
at the point (x„ y^) of the parabola y*=4ax.* 

The equation of the parabola is y^=4ax. 

{/) The equation of the tangent at (Xj, y^) is yyi=2a(x-f x,). 

'/ • • [Art. 99] 

J ' 2a 

the slope of the tangent= ^ 

yi 

{ii) the slope of the normal^ — , [ —ve reciprocal] 

(m) the equation of the normal at (Xj, y^) is 

y-yi= - 2 * [ y-yi=m{x-xi) ] 

Example. Find the equation of the normal at the point {I,—3) of 
the parabola y^=9x. 

Method I. The equation of the parabola is y^=9x. 

{/) The equation of the tangent at (1, —3) is 

-3)=9.i(.Y+l) [Cancels] 

or 3;c-|-2>>-|-3=0. 

the slope of the tangent= —f. 

(ii) the slope of the normaI=|. [—ve reciprocal ] 

(Hi) the equation of the normal at (1, —3) is 

or 2 or 2a:— Sy—11—0. 

Method II. (Without finding the equation of the tangent.) The 
equation of the parabola is >-2— 9a:. [ Compare with f=4ax ] 

Here 4a=9, a~ ^ , 

/. the equation of the normal at (1, 

y+3=--7“g . - 

2 (i) 

=5(Ar-l) 


3) is [Here a:i=1, yi= -3] 
[y-yi== 1 


*[P.U. 1950] 
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\ 


m' 


2a 

m 


) 


of the 


or 2y-\-9=2.x—2 or 2 a:—3^—11=0. 

- EXAMPLES 

1. Find 

(0 the equation of the tangent at the point ( 
parabola y^=4ax ; 

point (JP itmT whTtfs 

2. Fmd the equations of the tangent and normal to y==6x at tHe 

point"oft^%^fh:.a;tr“ts:;riv.r^^ 

‘he equations of the tangents and the normals to the 
parabola y*—4ax at the ends of its latus rectum. (/ jg 42 \ 

the piahS[";'iirx"al';he rdfoTtre •“ 

affheVoint t. -2at 

101, Equation of the normal in terms of its slope. To 6od the 
equation of the normal to the parabola y-=4ax in the form 

y=mx-2am—am3*. 

The equation of the parabola is y^=4ax. 

The equation of the normal at (jti, y,) is 


y-yi = ~ (X-X,) ...{]) 

yi = ^2ani. 


Put 


[Art. 100] 


- >'» -^+ 
- -2 --mt. 


or 


Xi==am' 


[To find the value of .r,.] 

(-^i^ >^ 1 ) lies on the parabola 
y,2=.4flr, 

i-lamy^Aax, or 4d^m^=Aaxu , 

Substituting these values of r,. y^ in (1), 

y-\-2am= - {x-am^)=mx~am^, 

y=mx~2am~am^, which is the required equation 

is ,.e.. ramt-2amf ‘ **** The foot of the normal 

(N.B. If m is the slope of a normal to the parabola y^^4ax, the 
equation of the normal is y=mx—2am—am^ 
and the foot of the normal is (am*, — 2am^ ] 

Cor. 2. Any normal in the m-form. The equa,ion of any normal 


or 


•[ P{P]. V. J9S6 3 

fWhy this step. 


• « 


2<7m-om*) is m, we put the slope — .^-1 

2a 


the slope of the normal in the required form 
we put the slope — .^-1 ^nt. 
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to the parabola y^=4ax, in the m-fornty is 

y=mx—2am—am^ 

Example. Find the equation of the normal to the parabola 
yS=s8x which makes an angle of 45® with the axis ; find also the foot 

of the normal. [C. U. 

(i) The equation of the parabola is [Compare with y^=4ax 

Here 4a=8, a=2, m=tan 45®=1, 

the equation of the normal is 2.2.1—2.1® 

[y=mx—2am—am^] 

6 

or .y->--6=0. 

{») The foot of the normal is (2.1®, —2.2.1) [am®, —2am] 

or (2, -4). 

EXAMPLE 

(a) Find the equation of the normal to the parabola y®=4ax in 
terms of its slope. [B. U. 193S] 

{b) (i) Find the equation of the normal to the parabola y-=4ax which 
makes an angle of 60° with the axis. 

(j 7) Find the point of the parabola y®=4ax at which the 
normal is inclined at 30® to the axis. [ C. i/. ] 


**102. Note on a cubic equation. Def. An equation which contains 
the cube of the unknown quantity, but no higher power, is called a cubic 
equation or, more sliortly, a cubic. 

Thus the equation ax^-\-bx'+cx4-d=0 is a cubic in x. 

It has three roots Xi, x^ (say). We shall remember without proof 


that sum 


of the roots, i.e., Xj 




coeff. of X* 
coeff. of X® * 


sura of the products of thc' roots taken two at a time, 





c 

a 


coe ff. of X 
coeff. of x^ * 


/ d \ constant term 
product of the roots, i.e., — _J=-^eiffr^'x®'* 

103. Three normals from a point to a parabola. To show that 
from any point three normals can be drawn to a parabola.* 

Let the equation of the parabola be y“=AaXf and let the pt. be 


The equation of any normal to the parabola, in the m-lorm, is 

[Art. lOIJ 

If it passes thro’ (.Yi,ri), 

.then =w/A'i—2om—am® 

or u/»j®+m(2fl—Xi)-l-yi=0, 

which is a cubic in m giving three values of m. 

/. from (.Yi, yi) three normals can be drawn to the.parabola. 


•[i». U. 19S6] 
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EXAMPLES 

prove^that^ normals are drawn to a parabola from a given point, 

(i) the algebraic sum of their slopes is zero. tp rj i 

(//) the algebraic sum of the ordinates of their feet is zero, ^ ^ 

[Sol Let the equation of the parabola be y’=4ax, and kt pi’ 

y\)* 

The equation of any normal to the parabola, in the m-form, is 
L=mx-2o,n-<7m . If It passes thro’ (jr„ j.), then y,=mx,- 2 am-am^ 
or am^■^m{ 2 a—Xl)-\-y^= 0 , which is a cubic in m. 

LetW 2 , m 3 be the roots. Then 
(0 The sum of the slopes 

=mi+m 2 +m 3 =- coeff of m^ roots (Art. 102)] 

a 

(ii) The sum of the ordinates of the feet 
= (— lam 4 ) + ( —lanti) -|- (—lam 3 ) 

— — laim^ -}- /?/ 2 +'” 3 ) =— 2 a( 0 ) 

= 0 .] 

2. Find the locus of the point of intersection of two normals to 
a parabola which are at right angles to one another. (f^(P). U. 1950] 

fSol. Let the equation of the parabola be y'^=Aax. 

The equation of any normal to the parabola, in the m-form is 
y=mx-2am-am\ If it passes thro’ (.r„ y,), then y,=mx^-2am-am^ or 
<vmM-m( 2 a-x,)+>'i =0 ...( 1 ), which is a cubic in m. 

Let mi, m-i, m., be the roots. 

If two normals are ±, ...( 2 ) 

But from (1), nun,,ni,= - 

coelT. of 


[As in part (/)] 




[Product of the roots (Art. 102)] 


a 


m,= 


_ >1 


from ( 2 ), (-l)m 3 =— 

o ~ a 

But m 3 is a root of (1), 

substituting this value of m in (I), 

^ o' ( 2 a-Xi)-f>'i =-0 or, cancelling 


^ 1 = 0 , 


oryi^-^a{ 2 a^Xi)-\-a^= 0 oryi^ + 3a^~aXi=0, the locus of (x,, v,) is 

[changing (^„ yi) to (x, y)], y^-\. 2 a^^ax =0 or y^=a{x~ 3 a).] 

3. Find the locus of intersection of normals to a parabola 
inclined at complementary angles to the axis. [P. U] 
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SECTION III 

A PARABOLA AND A LINE 

104. Points of intersection. To find the points of intersection 
of the line y—mx+c with the parabola y^s4ax. 

The equation of the line is y=^mx-\~c ...(1) 

„ „ parabola is y^=Aax ...(2) 

(i) Substituting the value of .v from (1) in (2), 

(mx+c)*—4flx 
or m®x*+2mcx+c*=4flx 

or m*x*+2x{mc—2a)+c*=0, 

which is a quadratic in x giving two values of x. 

{//) Substituting these values of x one by one in (1), we get the 
corresponding values of y. 

These corresponding values of x and y are the co-ordinates of the 
required pts. of intersection. 

[Rule to find the points of intersection of a line and a parabola : 
See Rule of Art. 69.] 

EXAMPLES 

1. Find the points where the line >»=3x —a meets the parabola 

y^=^4ax. 

2. Find the co-ordinates of the points where the line 

ac“5y+6=0 meets the parabola y*=x. [C. U. 1944] 

3. Show that the normal to the parabola y’«=8x at (2» 4) meets 

the parabola again at (18,-12). [P(P). V. 1951] 

105. Length of the intercept. To find the length of the inter¬ 
cept made by the parabola y*=4ax on the line y—mx-bc.* 

The equation of the line is y=mx-\-c ...(1) 

„ „ parabola is ^^Aax ...(2) 

(/) Substituting the value of y from (1) in (2), 

(mx+c)*—4flx 
or m^j^-\-2mcx-\-<?=Aax 

or w*x*+2x(m(;—2a)-|-c*=0 ...(3) 

which is a quadratic in x. Let Xj, x* be the roots. 

[To find the value of X 2 —x^.] 

From (3), Xx+x^^— \ [Sum of the roots] 

and [Product of the roots] 

V(^.+Xx)*-4X2Xx = 

Xa-Xi 4(mc-2fl)»-4m>c» ^^ V('»c-2fl)*-m*c» 

2 -- 

'\/ni*<^—Amca+Aa*—m*c* 


•[N. U. I953\ 
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■\/a{a~‘mc) 



(//) [To find the value of 

(•^ 1 . J'l). (-^ 2 . yt) fie on the line, [Note this step\ 

yi=niXi-\-c ...(5) 

y2=?«A-2-fc ...(6) 

Subtracting (5) from (6), y 2 ~yi=m (x 2 ~~X i ) ... (7) 

(i/7) Now length of the intercept=V 

=V[ From (7) ] 
=(^2—^i) Vl+m* 

4 __ 

— a{a—mc) V 1+m*. [ From (4) ] 

[ Rule to find the length of the intercept made by a parabola on 
the line y=nix+c : See Rule of Art. 70. ] 

Cor. Condition of tangency. To deduce the condition that the 
line may touch the parabola.* 

If ihe line touches the parabola, the length of the intercept =0 
i.e., a( a—njc) V 1+m* =0 


a—/nct=0, c= ^ , which is the required condition. 


EXAMPLES 

1. Find the length of the chord which is normal to the curve 
y* = 12x at the point (3, 6), [ P. U.] 

[ Short-cut (for the length of the intercept) for numerical 
examples. See Note given in Art. 70. ] 

••2. Show that the length of the line 2x—2>'+I*0 intercepted by 
the parabola y*=4x is 4. [P{P)- U. 1956S J 

[ Hint. The equation of the line is y=x-\-\. 

[ Form y=mx+c 1 

Proceed as in Art. 105. ] 


106. Condition of tangency. To find the condition that the line 
y = mx+c may touch the parabola y^=4ax. | 

[ Method of intersections. ] 

The equation of the line is y—mx-\-c ...(1) 

„ „ parabola is y^^Aax ... (2) 

(/) Substituting the value of y from (1) in (2), 

(mx+c)*=4flx 
or m*x*-l-2mcx-f c*=4ax 

or m*x*+2x(mc—2fl)-f c*a=0 ...(3) 

which is a quadratic in x. 

{ii) If the line touches the parabola, the quadratic (3) has equal 
roots. 


• [J.&K. u. 19521 
t [ C. a 1955 1 


t t-e., the factor mvolviog c. 
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4(mc—2fl)2—4m*c2=0 


or 

or 


4mcfl+4a2--mV=0 

~mc+a=0 

a 

. c= 


[ Cancel 4 
[Cancel Aa\ 


[ 1 


m 


which is the required condition. 

[ Rule to find the condition that the line y=mx4-c mav touch a 

parabola. See Rule of Art. 71. ] ^ 

Cor. 1. To find the equation of a tangent in terms of its slope.* 
Substituting the value of c ^ in (1), 


m 

a 


the equation of the tangent is y=mx4- ...( 4 ) 

Cor. 2. To find the point of contact.* Substituting the value 
of c(=i)in(3), mV+2Ar(m.-i-2a)+^=0, 


or 


or 


m 


or('m;c—^V=0 
m’* \ m / 


mx^ 


m 


• • 


fn* 


Substituting this value of jc in (4), y=m. ~ -f-~^ = ^ . 

^ m* ^ /M m 

.*. the pt. of contact is f-V# —I- 

vm* m / 

[N.B. If fn is the slope of a tangent to the parabola y*’=4ax, 
the equation of the tangent is y=mx+— 


and the point of contact is . J 


[ Aid to memory. If m is the slope of the taogent, 

the point of contact \s (—z. ) ..,/n 

' to } ^ in ' ' ' 

If w is the slope of the normal (U., negative reciprocal of the slope of the 


tangent), then changing m to — yj- in (I), 


a 


2a 


the foot of the normal is 


('--)* -- 
\ m / m 


r. ( 




)•] 


Cor. 3. Any tangent in the m-form. The equation of any tangent 
to the parabola y'^=4ax, in the m-form, is y=mx4-. 


**Note. Another method to find the equation of the tangent to the 


*lBar.U.1953} 
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parabola y"=4ax in the form y=mx-|- ^ and to find the co-ordinates 

of the point of contact. 

The equation of the parabola is y^~4ax. 

The equation of the tangent at (.Tj, y^) is 

yy^=2a{x-\-Xy) 


2a , ^ Xi 

or y— - x-\-2a - 

yi yi 

„ . 2a * . 2a 

Put- =nt*, ..yi= 

yi 

[To find the value of x,.] 

V lies on the parabola 

2 A 4a^ . . a 

yx*=4aXi or =4axt, .. • 

Substituting these values of x,, y^ in (1), 

a 

x+2a-^ = 2a. 2^ ^ + 


( 1 ) 


nt 

2a 


nt 


m 


or 


a 


^=mx+ , which is the required equation. 

The pt. of contact is (xi, y^). i.e., . 


EXAMPLES 

1. Show that the line 2y=^4x + a touches the parabola y'=4ax. 

Find the co-ordinates of the point of contact. [ D. U. 1936 J 

2. Show that y=mx4' ^ touches the parabola y^ = 4ax, and find 

the co-ordinates of its point of contact. [Pesh. U. J955 ] 

3. (/) Show that y=mx-|-c touches the parabola y®=4a(x-i-a) if 

. ® 

c=sam-|- 

m 

(n) Find the value of a for which the line .v-|-y-l-2=0 touches the 
parabola y*=ax. Find the co-ordinalcs of the point of coniact. 

[ PiP). U. 1952 1 

4. Condition of tangency. Find the condition that the straight 

line Ix4-my4-n=0, should touch the parabola y-=4ax; and find the 
co-ordinates of the point of contact. [ J. & K. U. 1951 ) 

5. Write down the equation of the tangent to the parabola y^=x 

which is inclined to the axis of x at an angle of 45^. Find also the 
co-ordinates of the point of contact. [ P, U. 1949 ] 


( 


*Why this step* 

. ^ V • 

y«mx+ _ ) ism, 


m 


•/ the slope of the tangent in the required 
we put the slope 

y\ 


fomi 
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or 


[ Sol. The equation of the parabola is v®—x. 

( Compare with y^=^Aax ) 

(i) Here a=\ ; m=tan 45“=!, 

the equation of the tangent is 7 =l.x+-|- 

4x-4y4-l=0. 

(ii) Tlie pt. of contact is (-i . ^ 


or ( 1-, h ). 

Or thus: Use the method given in Note at the end of Art. 106. 
Here w=tan 45®= 1. ] 

6. (a) Find the equations of the two tangents to the parabola 
y-=4flx which are equally inclined to the co-ordinate axes. [ C. U. ] 

(b) A tangent to the parabola y^= 16x makes an angle of 60® with 
the x-axis. Find its point of contact. [ P.U. I93JS ] 

7. Find the points of the parabola y^—4ax at which (i) the tangent, 
and (//) the normal is inclined at 30® to the axis. 

8. A tangent to the parabola >'*=4ax cuts off equal intercepts on 
the axes. Find its equation. 

9. Write down the equations of the tangents to y®=16x parallel 
and perpendicular to 3x~4y-i-5s=0. Find also their points of contact. 

[ 7 >. £/. ] 


SECTION IV 

A PARABOLA AND A POINT 


107. Test for a point to lie outside, on, or inside a parabola. 
To show that the quantity yi^—4axx is positive^ zero, or negative, 
according as the point (Xj, j’l) lies outside, on, or inside the parabola 

y^=4ax. 

The equation of the parabola is y~=4ax. 

Let P be the pt. (xj, y^). 

From P draw PN _L on the .v-axis to meet the 
parabola in Q (xi, y'). 

*.* Q lies on the parabola 

y'2=4^,Vi or y'a-4oXi=0 ... (1) 

[ R. H. S. zero ] 

Now 4 jxi=>’i*—4o.Yi—0 

[ Substitute for 0 from (1) ] 

4^Yi —(y'2-4flx,) 

=>'i"-/*=NP^-NQ-^ ... (2) 

(/) If P lies outside the parabola (as in the Fig.), NP > NQ. 

from (2),* 4(7 Xi is -j-ve. 

{ii) If P lies on the parabola, NP=NQ, 
from (2), yi*—4axi is zero. 

{Hi) If P lies inside the parabola, NP < NQ, 
from (2), yi^—4axi is —ve. 



• *.♦ R. H. S. is 4 -ve, 


L- H. S. is also +ve. 
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[ Rule to find whether a point lies outside, on, or inside a 
parabola (equation in the standard form ) : See Rule of Art. 72 ] 

EXAMPLE 

Does the point (2, —3) lie outside, on, or inside the parabola 
(,•) y'i=Sx ; (//) ; (m) 2y^=9xl 


108. Two tangents from a point. To show that from any point 
two tangents can be drawn to a parabola, and they are real, coin¬ 
cident, or imaginary according as the point is outside, on, or inside 
the parabola.* 

Let the equation of the parabola be y'^=Aax, and let the pt. be 
Ui. >'i)- 

(/) The equation of any tangent to the parabola, in the m-fonn, 
is y==mx+ . [ Art. 106, Cor. 3 ] 

(/») If it passes thro’ (Xj, y^), then 


a 


yi=mx^+ or m-x^—myi-\-a==(i ...(J) 

which is a quadratic in m giving two values of w. 

from (.Ti, yj two tangents can be drawn to the parabola. 

(i/7) The tangents are real, coincident, or imaginary according as 
the roots of the quadratic (1) are real, equal, or imaginary i.e 
according as yi^-4ax^ is +ve, 0, or —ve [6*—4ac is H-ve, 0, or —ve] 
/.<?., according as the pt. (-v,,yi) lies outside, on, or inside the parabola. 

[ Art. 107 j 

Example. Find the equations of the two tangents to the para- 
bola y*=6x which pass through the point ^ , 5^. [ />.[/. J936S ] 

The equation of the parabola is y*=6x. [ Compare with y^=4ax ] 

3 

Here 4a=6, a= . 


(0 The equation of any tangent to the parabola, in the m-form, is 

...(I) ^y=njx-\-~ (An. 106, Cor. 3) J 

(//) If it passes thro’ (- 2 ' , 5 ) , then 5=m 

or 10m=3m*+3 or I0m+3=0 

,„_10i>/ 100-36_ 10+8 18 2 

■ 6 - 6 - 6 "* 6 ~ 

= 3. 


[ c u. mi J 
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or 


(m)* the equations of the tangents from 
(I) ^-5=3 (x- 4-) 

=3x—I 

2y—10=6x—9 or 6x—2j^+l=0. 
(II) y-5=i(;c--|) 




are 





or 6y—30=2X'—3 

or 2i— 6>>-J-27=0. . 

[ Rule to find the equations of the tangents drawn from a given 
point to a parabola (equation in the standard form) : Rule of 

solved Ex., Art. 73. ] 

EXAMPLES 

1. Find the equations of the tangents to the parabola y®—9x 

which go through the point (4, 10). [ A/.F. ] 

2. Find the angle between two tangents drawn from the point 

(1, 4) to the parabola y*=\2x. [ E{P). U. 2955 ] 


109. To find the locus of the point of intersection of two 
perpendicular tangents to a parabola.f 

Let the equation of the parabola be y^=4nx. 

(/) The equation of any tangent to the parabola, in the /ii-form, 

is y~nix-{—^^ -. [ Art. 106, Cor. 3 ] 

(i7) If it passes thro' (Xi, yj), then 

y^=mxi -f or m®Xi—myi-|-a=0 ...(1) 

which is a quadratic in m. Let m,, be the roots. 

{Hi) If the tangents are J_. mi/n 2 = —1 

from (1). ^= — 1 or Xi=-a 

the locus of (xi, y,) is [ changing (xi, yi) to (x, y) (Art. 74) ] 

x=—u, which is the directrix. 

[ Rule to find the locus of the point of intersection 
pendicular tangents to a parabola (equation in the standard form) . 

See Rule of An. 75. ] 

•OrtiuBt {fii) Substitute these values of m in (1), which method does aos 

apply in the case of the circle or the ellipse or the hyperbola. Arr 75 I 

(See Caution in solved Ex., Art. 73 ) 


t [ P(P). V. 1954 3 


Arts. 110-111 ] 


A PARABOLA AND A POINT 


171 


EXAMPLE 

From an external point P tangents are drawn to the parabola 
y2=4ax ; find the equation to the locus of P when the tangents make 
angles and 6* with the x-axis such that 

(/) tan ^i+tan k ; (n) tan tan 0j=k ; 

(Hi) tan-Sj+tan^fij^k ; [ M. U. ] (iv) cot 0i4-cot0*= k. 

Chord of contact 

110. Equation of the chord of contact. To find the equation ot 
the chord of contact of tangents from (Xj, y,) to the parabola y2=4ax.'‘ 

The equation of the parabola is y^=4ax. 

Let P be the pt. (Xj, yj), and T(y,y'), 

T' (x'\ y”), the pts. of contact of the tangents 
from P to the parabola. 

(/) Then the equations of the tangents at 
T, T are 

yy'=2a{x-{-x') ...(1) 

yy''—2a(x-\-x") ... (2) 

(n) V both these tangents pass thro’ P, 
yi/ =2aixi4-x’) ... (3) 
yiy''=2a{xi-\-x") ... (4) 

(m) .-. from (3) and (4), T(x', y'). T(x",y") lie on the line 

y,y— 2^7(jCi+x’),t yyi=2a(x+Xi), which is, therefore, the required 

equation of the chord of contact. fDef. (Art. 76)] 

[N.B. The equation of the chord of contact of tangents from (jTi. yj) 
to the parabola y^=4ax is yyi=2a(x-j-x,).] 

EXAMPLES 

1. If the point (Xj, yi) lies on the directrix of the parabola, show 

that its chord of contact passes through the focus. [P- U 19S5\ 

[Him. Let the equation of the parabola be y^=4ax. Then the 
equation of the directrix is x=—a. If (x,, y,) ...(1) lies on it, then 
Xi=—a, .*. from (1), the pt. is (—a, y,). Find the equation of its chord 
of contact w.r.t. the parabola.] 

2. Prove that in a parabola the chord of contact of tangents at 

right angles passes through the focus. (P. U- I9i7] 

3. In the parabola y*=4x, find the points of contact of tangents 

from (2, 3). [ M.U. ] 

Pole and polar 

111, Equation of the polar. To find the equation of the polar 
of the point (Xj, y^) with respect to the parabola y^=4ax.^ 

The equation of the parabola is y*=4flx. 


*[P U. 1955 ] 

tHow to write down this cqoation. In the equations (3) and (4) change 
{x',/) and (x", >*) to (x,y). 

J[/». U. 1953] 
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Let P be the pt. (rj, ^i) and PIT' any line 
thro* P to meet the parabola in T, V. Let the 
tangents at T, T' meet in Q(x\ y'). 

(0 The equation of TT', the chord of contact 
of tangents from Q, is 

yy'=2a{x+x'). [Art. 110] 

(ii) it passes thro* P. 
y^y'=2aixy-^x’). 

{Hi) the locus of Q{a:', y‘) is 

[changing {x\ y) to {x, y)] 
yiy=2a{xi’^x). 

yyi—2a(3t-|-Xj), which is the required equation of the polar 
of P [Def. (Art. 78)], and is clearly a st. line. 

[N.B. The equation of the polar of (.Xi, j'l) w.r.t. the parabola 
y-=Aax is yyi=2a(x+x,).] 

[Aid to memory. See Art. 79, Aid to memory.] 

EXAMPLES 

1. (d) Define the polar of a point w.r.t. a parabola. 

[ P{P). U. 1956 ] 

{b) Show that the polar of the focus with respect to a parabola 
is the directrix. [ />(/>). a. 1956 ] 

[Sol. {^>) Let the equation of the parabola be y^^Aax. Then the 
equation of the polar of the focus (d. 0) is y(0)=2d(x-l-fl) [yyi^2a{x-\-x^)] 
or x-\-a=^0 or x=—d, which is the directrix.] 

2. Prove that the polars of all points on the directrix of a parabola 

pass through the focus. [p, U, 1955] 



112, Pole of a given line. To find the pole of the line 
Ax-|-By-1-C=0 with respect to the parabola y*=4ax. 

The equation of the parabola is y^=4ax. 

Let (ati, y,) be the required pole. 

(/) The equation of the polar of (x,, y^) is 

yy^=2a{x-\-x^) or 2dx—yy,-)-2dXi=0 .,.(1) 

(//) •.* it is the same as the equation of the given line 

Ax + By-)-C=0 ...(2) 

comparing coefficients in (1) and (2), ^^dXi 


m 


B 


• « 


(from the first and third members), 


B 


yi=—2^d (from the first and second members), 

the required pole is —2 y 

[Rule to find the pole of a given line with respect to a parabola : 

See Pule of Art. 80.] 
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EXAMPLES 

1. Find the pole of the line 2x—3y=2a with respect to the 

parabola y^=4az. [P{P). V.\ 

2. Find the pole of the line y = 2z with respect to the parabola 

y^=2x. [P. U. 1950\ 

3. Find the co-ordinates of the point of intersection of tangents 
drawn to the parabola y^=4ax at the points where it is cut by the line 

Ax+By-fC=0. \A. U. I939\ 


Properties of pole and polar 

113. Reciprocal property. If the polar of a point P with respect 
to a parabola passes through a point Q, then the polar of Q passes 
through P. 

Lei the equation of the parabola be y^=4ax. Let P, Q be the pts. 
(■^i» >'x)» (^ 2 » ya)- Then the equation of the polar of P is yyi = 2a(x+Xi). 

If it passes thro’Q. then y 2 yx= 2 n(x-,+x,) ...(1) 

Now the equation of the polar of Q is yy2=2a(A:4-Jc’j) ...(2) 

Substituting the co-ordinates of P in (2), we get yiyi—2a{x^-\-x^. 
which is true from (1). the polar of Q passes thro’ P. 

EXAMPLE 

If the polars of two points P and Q with respect to a parabola 
meet in R, then R is the pole of the line PQ. 

Use of parameter 

114. To express the co-ordinates of any point on the parabola 
y*=s4ax in terms of one variable (called the parameter).* 

The equation of the parabola is y^=Aax. 

Substituting the co-ordinates >*=20/ in the equation of the 
parabola^ we get {2at)*=4a.ai^ or 4a3t*=Aa}i^, which is true. 

x=at*, y=2at are the required co-ordinates. 

Cor. Any point on the parabola. Any point on the parabola 
y*ss:4ax is (at®, 2at). 

Note. Since the position of the point P(ar*, 2at) is known when 
the value of / is given, hence the 

Def. The point whose co-ordinates are (at*, 2at) is, for shortness 
called the ‘‘point t.** 

Note. The co-ordinates slope of 

the tangcntl, and x^am*, y——2am [ m being the slope of the normal ], 
also satisfy the equation of the parabola y*=4ax, and may, therefore, bj 
taken as the co-ordinates of any point on the parabola, in terms of one 
variable m, but the co-ordinates x=at*, y=2at of Art. 114, avoiding 
both fractions and negative sign, are preferable. 




[P. u. J9S6] 
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EXAMPLES 

1. Show that the point (at^ 2at) always lies on the parabola 

y2=4ax. [Pesh. U. 1954] 

2. Show that the locus of the middle points of chords of the 
parabola v‘=4as drawn through the vertex Is the parabola y^=2az. 

^ [R.B.1950] 

3. PQ is a double ordinate of a parabola. Find the locus of its 
points of trisection. 

4. If /j, tz, ?3 are three points on the parabola y^=4ax, show that 

the area of the triangle formed by them is taX/a—/ 3 )(^—/i). 

[C/. Art. 9, Ex. 2, (Z>), («).] 

5. Prove that the point P(~r • parabola y^~Aax 

for all values of m. What is the geometrical significance of m ? Find 
the equation of the tangent at P to the parabola. [5. U. 1943] 


« ^ 2at»—2ati , ^ 


115. To find the equation of the straight line joining two points, 
t, and to, on the parabola y*=4ax.* 

The equation of the parabola is y^=4ax. 

The co-ordinates of the pts. 

( 1 ) ( 2 ) 

arc {ati\2ati), {atjylatz) [Def. (Art. 114)] 

the equation of the line passing thro’ them is 

(Cancel a from the num. and dcnom.] 

[Cancel from the num. and denora.] 

or >(r2+0-2ori(r2+/i)=2(x-fl/i^) 

or y{t^-\-t^)—2atiti—2at^=2x—2at^^ 

or y{ti-\-t^= 2 x^ 2 atxt 2 ...(1), which is the required equation. 

Cor. To deduce the equation of the tangent at the point ti. * 

Putting t 2 =ti in (I), the equation of the tangent at the pt. ti is 

y.2ti=2x-\-2ati^ [Cancel 2] 

or .Y— 

EXAMPLES 


1, (f) Show that the equation of the tangent to the parabola 

y2=4ax at the point (at% 2at) is x—yt4*at-=0. [D. U. 1931] 

(i7) Find the equation of the normal to the parabola y^=34ax at 
the point (at^, 2at). 

Hence or otherwise show that from any point three normals can be 
drawn to a parabola. [P. U. 1956] 

[Note. Geometrical meaning of t. From Ex. 1, (/), 

the slope of the tangent— -- 


*iPesh. U. 1954] 
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the parameter t is the reciprocal of the slope of the tangent at 
P{at\ 2at).] 

2. Find the point of intersection of the tangents at the points 
(atj®, 2ati), (atg^ 2at;) of the parabola y2=4ax. [ P. V. 1944 J 

**3. Find the condition that y=mx-|-c be a normal to the para¬ 
bola y2=4ax. [ A. U. 1948 ] 

SECTION V 

GEOMETRICAL PROPERTIES 

116. Subtangent and subnormal. Defs. 

Let the tangent and normal at any point P of a 
parabola {or conic) meet the axis in T and G 
respectively, and let NP be the ordinate ofP, 
then 

(/) TN is called the subtangent at P, and 
(/V) blG is called the subnormal at P. 

[Aid to memory. The subtangent is the projec¬ 
tion of the tangent on the axis and subnormal the 
projection of the normal.] 

117. (a) Subtangent. The suhtangent at any point of a parabola 
is bisected at the vertex. 

(AT=AN)* 

Let the equation of the parabola be y’=Aax. 

Let P(a:i, >’i) be any pt. on the parabola and the 
tangent at P meet the axis in T. From P draw 
PN J on the axis. 

The equation of the tangent at P is 
;'y, = 2a(j:+x,) ...(1) 

It meets the xr-axis where, putting >*=0 in (1), 

0=2fl(x-Hx-,) 

or x=~xi or AT= —ANt 

changing the sign, AT in magnitude=A'^. 

117. {b) Subnormal. The subnormal at any point of a parabola 
is constant and equal to half the latus rectum J 

(NG=2a) 

Let the equation of the parabola be y^-=4ax. 

Let PUi,^!) be any pt. on the parabola and the Y 

normal at P meet the axis in G. From P draw PN J_ 
on the axis. 

The equation of the normal at P is 

(x-.x,) ...(1) [Art. 100] 

It meets the x-axis where, putting y=0 in (1), 

—= “ 2 a [Cancel —y,] 

*[P.U.I946] 

U.m 7 ^ directions. 
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or 2fl=x—Xi=AG—AN=NG 

NG=2a(constant)=haIf the latus rectum. 

117. (c) The locus of the foot of the perpendicular from the 
focus on any tangent to a parabola is the tangent at the vertex.* 

Let the equation of the parabola be y^=Aax. ^ 

The equation of any tangent to the parabola* in the y. 
m-form, is 




...( 1 ) 


The slope of any line _L to it=- 

m 

[—ve reciprocal] 
the equation of the X from S(fl, 0) on the 
tangent (1) is 

y_0=- 


A - 


S(O,0) 


[y-‘yi=m(x-xi)] 


y=_ 


-(2) 


[To find the locus of the foot of the X O' e., pt. of intersection of (1) 
and (2)), i.e., to eliminate w from (1) and (2). 

(Misc. Ex. 23. Chap. Ill, Rule)] 

Sub/rac/ing (2) from (I), 0=(m+—) x or x=0, which is the 

required locus. This is the y-axis, i.c., the tangent at the vertex. 

[Art. 99, Cor.] 

[Note. For problems relating to a tangent to a parabola (or 
conic), and perpendicular to it. take the equation of any tangent in the 
m-form.] 

EXAMPLE 

Find the locus of the foot of the perpendicular drawn from the 
vertex on a tangent to the parabola y*—4ax. [J, JC. (J. 1955] 

117. {d) Diameter property. The locus of the middle points 

of a system of parallel chords of a parabola is a straight line parallel 
to the axis.f 

Let the equation of the parabola be y^—Aax, 

(/) Let(Xi, yi), (xj, ya) be the ends of any 
chord of the system and (x, y) its mid-pt. yy / 


Then , -(1) 

Let m be the slope of the || chords. 


...( 2 ) 




Then 
(<•<■) [ 


To find the value of — 




of^^. 1 

X2-X1 J 


•[P. u. J9S6S] 


t[P. U. J9S4] 



17(e)] fiEOMETRICAL RRORlRdEs 

; (A'l. ri), (a- 2 , 3 ',) lie on the parabola 

yl^=4a.Y^ .. (3) 

p u* yr = 4ax2 ...(4) 

Subtracting (3) from (4), 

Factorising. 

^2 -ATi y.. f.j., 

(///) Substituting the values of'^’-'-^’' / ^ 

and (1) in (5), -'V-.n(=2v) from P.) 

4a 

[Cancel 2 
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m= 


or 


27 

2a 


y , which is the required locus, 
f ^poi„,s of a s,vs.cn, of 

*♦ r . example 

of the chord °y,hVpa°rabo?ay™te who'"'‘‘ '’d"''• 

(Hetcho 


mid-pt. (.v.,y.) lies on .ho diame.cry= ;;; (A,,. ,,7.fr/)),] 


mid.pL„ is\J'Z. ?s'TTlXl,e^ riTl, P^rabolu S^n. nlwse 

U: Z bTs. f " "'^ 

Let the equation of the parabola be 
... , y^=4ax ... ( 1 ) 

equation of'.he dia'me.er'’Lea.'Sg "them"?' '^""" 

_ 2r/ 

m ■•• (2) [ Art. 117, (</) ] 


('0 It meets the parabola where, substituting the 


value of^ from ( 2 ) in ( 1 ). ^=. 4 ax. 
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X = 


/ a 2fl\ 

the vertex of the diameter is , In)' 

{Hi) The equation of the tangent at the vertex is 

[Cancel 2a] 

or 

which is 1! to the chords. ['*' slope=/n] 

Method II. 

Let the equation of the parabola be y-=4ax. / 

(/) Let m be the slope of the || chords. /y^/ 

Then the equation of the diameter bisecting y J^i. 

them is rArt.ll7.W] — 

Let (Xi, >*i) be the vertex of the diameter. \/ 

{Xx, .V,) lies on (1), X. 

(fV) The equation of the tangent at the vertex is 
3-3»j=2a(x-|-Xi). 

{Hi) the slope of the tangent 

[Substitute the value of yi from (2) {Note this step)] 

=-|2—=//;=: the slope of the chords 
2a ^ 




v-lB' 

^ m 


the tangent is || to the chords. 

Note. The foregoing method is applicable to any conic. 

[Art. 137,(g),Ex.4] 

MISCELLANEOUS EXAMPLES ON CHAPTER VI 

1. Find the equation to the parabola with focus (a, b) and directrix 

=1. [P.U. 1944S] 

a b 

2. Find the equation of the parabola whose focus is the origin, 

and whose directrix is the line y —x = 4. 

Find also the length of the lalus rectum, the equation of the axis 

and the co-ordinates of the vertex. I U. J 

I Sol. (//) Length of the laws rectum 

=2. [ Lfrom the focus {0, 0) on the directrix x-y4-4=(?j. 

length of the latus rectum=2. =4\/2. 

(///) The axis is the line thro' the focus {0, 0) X to the directrix 

x-~y+4—0. 
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The equation of line X to j:- 74-4=0 is x+y^k=0 fM 
If It passes thro- (0.0), then 0+0-f-A:=0. • k=0 "■ 

ofthe axU which is the equation 

From 0) and (2) [adding and subtracting], 2x:+4=0, —2ii+4=0 

Z is (-2, 2). Also S is (0, 0). 

the vertex is (-5±(r:?L, 0+2^ q, j 

rl >S <he point 

initW th” *-y=3- Find al^o the 

nates of the vertex. j ^ j 

the piabolTx^y-2x=0. n“d directrix of 

f Sol. The equation of the parabola is 

x^—2x—y=0. 

Transposing, :ic--2x=;^. 

Completing the square, x*—2x+l 

Put x~l=x' and y-hl=y'. 

Tlien x'^=y\ which is an upward parabola. 

(Compare with x*=4u>') 


or 



Here 4a=], 


s 

m 

y 



f 

X 

z 

M 


' 2 - 


= y 


” ^.=o or x=,. y= _.. 

'=0.>'+' = iorx=..y= -J. 

(Hi) The latus rectum=4a=l. 

(/v) The axis is x:'=0 or 1=0 

or 4y+5’=™| "^+'= 'i 4y+4= -I 

5. Find the co-ordinates of the verti»» fKo j* a ... 

focus, the length of the latus rectum and the equadon of'the d "^ 
of each of the following parabolas ■ nqnndon of the directrix 

(0 (y+3)»=2(x+2). . 

(li) y==2x+2. ^'^'r r rf 1 

*•6. Find the vertex, focus and^atus rectum of the parabola ' ' ‘ 

Find also the axis and the directrix. r !£■ £: J 

parlblla r""* “d latus reetui ‘of thl 

0) 4y^+12x-12y+39=0. r r .e r- r, , 

(ii) x*-2ax+2ay=0 f (6 AT. //. ] 

^ [b.h.u.] 
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[ Hint, (0 Divide thro’out by 4 (to make coeff. of square 

tcrm—l). ^ parabola y 2 = 3 jc, (i) find the equation to the chord through 

the vertex and the negative end of the latus rectum. 

(») Find the equation to any chord through the point on the curve 

whose abscissa is 12 . • ^ « i. • ♦ 

9 . Show that the tangent to the parabola >^— 4 flJc =0 at me point 

. . / fl* 4a^ \ 

Ui. >^ 1 ) is perpendicular to the tangent at the point - -j- J. 

10 . (0 Interpret the equations y*=4ax and x*=4by. [ P. 0. ] 

(it) Find the co-ordinates of the common points of the loci 

represented by the equations. [ P’ i 


if 


(ill) Find the equation of their common chord. 

[ Sol. (li) The given equations are y^—Aax ...(1) 

x^^Aby ..( 2 ) 

Substituting the value of y ( = ) fi^oni (2) in (1), 

X* . 

.t=0 or, dividing by x, x^—6Aab~ or .v=4a^6^. 

X* 

Substituting these values of x one by one in » 

x=0, y^O ; 


[P.U.] 


,=di 7 ^h^. v= — 


if x=Aa^b^, y 


16 flM 


Al) 




the pts. of intersection are ( 0 , 0 ) and {Aa^b^, 4a®6^). ] 

[ Caution. When the values of x (for the points of intersection) 

have been found, substitute them one by one in the equation which 

ihe value of y in terms of x was found. i,e.t in the equation 

mi in the equation y-=4ax). ) . 124 * 

11. Find the equation of the tangent to the parabola x*=4ay at 

the point (xj, y,). I 7P44S J 

f Hint. Use the Rule of Art. 63. ] ^ * 41 . 

12. Obtain the angle at which the parabolas y*=4ax and x—4by 

intersect. t P{P)’ 1954 ] 

[ Hint, Proceed as in Ex. 10, and find the pts. of intersection (0, 0) 

and {Aa^b^, AaH^). The equations of the tangents to the parabolas 

at( 4 a^i®. 4a*6^) are y(Hah^)=Mx+*ah\ [ m= 2 a(x+:y,) ] 

x(Aahh=^2b{y+^JbK 

The slopes of the tangents are 

2a _ ^ _ 2 a^ 

Aah^ 2b^ ’ 


[ xxi^2b{y+yi) (Rule of Art. 64)} 


2b 
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find the angle between the tangents. 

Note. The equations of the tangents to the parabolas at (0. 0) are 

>'{0) = 2a(Ar-fO), [ yvi=2aix-{-Xt) ] 

x{0)=2b(y+0) [ xx^ = 2b(y-ryi) (Rule of Art. 64) ] 

or x=0{i.e., >--axis), >'=0(/.e., x-axis), which are at rt. Z.s. at the 
origin, the parabolas intersect at rt. Z.s. ] 

13. Find the slopes of the three normals to y^=4x through the 

point (9, 6) and write down their equations. [ p. (J. 19345 \ 

14. Show that the line y=2x-{-\ cuts >»-=8 .y in coincident points. 
Show also that it cuts 5.x^+5j’*= 1 in coincident points. 

15. Find the length of the chord 4y = 3x-f-8 intercepted by the 

parabola y2=8x. [ p. t/. 1956 ] 

16 . The normal at P(3, 2^/3) to the parabola >'2=4 .y cuts the curve 

3 *) 

again at Q. Show that PQ= “ . [ P. U. 19505 ] 

[ Caution. See ‘Caution’ in Ex. 10. When the values of x (for the 
points of intersection) have been found, substitute them one by one in 
ihe equation of the norma! and not in the equation of the parabola. 

The same caution should be observed when finding the points of 
intersection of a line and a curve. See step {Hi) of the Rule given in 
Note 2, Art. 69. ] 

17. Prove that the straight line 3x + 4y-r6 = 0 is a tangent to the 

parabola 2y2=9x, and find its point of contact. [ C. U. \ 

18. Prove that the straight line ty=x ^at^ touches the parabola 
y*^4ax and find the co-ordinates of the point of contact. | P.U. 1931 ] 

19. (/) Prove ihai Jhe straight line x-^y=\ touches the parabola 

y=x-x^. ( A. U. 1945 1 

••(//) Show that the straight line 7x:-6y=13 is a tangent to the 
parabola y" —7x—8y 4-14=0. Find the point of contact, f P.U. 19535 ) 

20. Find the condition that x cos z4-y sin a=p may touch the 
parabola y2=4ax, and obtain the co-ordinates of the point of contact, 
if the line touches the parabola. 

21. Find the equation to the common tangent of the parabolas 

y"=4ax and x2=4by. (./. ^ K. U. 1952] 

[Hint. The equation of a/»y tangent to the parabola j'*=4ajc, in 


Ihe nj.form, is y = mx+ ^ ...(1) 

m 

The equation of the second parabola is x'^=4by ...(2) 
Substituting the value of y from (1) in (2), 

(mx^- ) or x'^—Abmx— - =0 (3) 

If (1) touches (2) also, the quadratic (3) has equal roots. 




\6ab 

m 



. 1 ^ 

,, nr= —- or m= — 
b 


Substitute this value of m in (1).] 
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22. A Straight line touches the circle x2+y*=2, and also the 

parabola y“=8x. Show that its equation is y=±(x-f'2). -I?' • i: 

23. A tangent to the parabola y^=4x makes an angle of 45 with 
the line y=2x-i-3, find its equation and the point of contact. [C.U.\ 

24. Show that the point (4, 5) lies outside the parabola y ^4x, 

and find the equations of the tangents from this point to the parabola, 

[x. U*\ 

25. Show that the angle 0 between the two tangents to the parabola 
y*=4ax through the point (.Ti, yi) is given by 




[P. U. }933S\ 


[Hint. The equation of any tangent to the parabola, in the m-form, 

is y=mx-\~-~~. If it passes thro’ (xi, yj, then + 

or m-Xi—myi-\-a—0 ...(1) 

which is a quadratic in m. Let /tq, be the roots. 

Now tan ±±- 

But from (1), . Substitute in (2).J 

26 Find the locus of the point of intersection of two tangents to 

the parabola y2=4ax, which make an angle a with one another 

\B. U. I9JU\ 

27. Find the equation of the locus of the point of intersection of 
two tangents to a parabola which make an angle of 

another. t J 

28. Find the co-ordinates of the point of intersection of the tangents 

y=nix-\- ^ . y=m'.v+ Show that the locus of their intersection is 

a straight line when mm' is constant. 

29. Find the angle at which the polars of (2, 1) with respect to the 

circle Q^d the parabola y-—6x intersect. 

30. Find the co-ordinates of the point of intersection of 
drawn to the parabola y^=4ax at the points where it 
straight line x cos a+y sin a = p. 

31. If tj, t, are the parameters of the ends of a focal chord of 

the parabola y- = 4ax, then tjt 2 = —1. i ^ 

[Hint. It will be found that the equation of the line joining the 

pts. tx. ts, on the parabola is 4-2ari/2| (Art. 115) 

If it passes thro’ (a, 0), then 0=2a-h2a/if2*] 

Cor. Important. The ends of a focal chord are 

/a 2a \ 

(at". 2at) and ,-—j- 

[Por, h=-~y {ah\ 2at.,) becomes * J 
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32. (/) Show that the product of the abscissae of (he extremities of 

a foca! chord of a parabola is a constant. [p, (j. 1954S\ 

(/■/) Prove that the tangent at one extremity of a focal chord of a 
parabola is parallel to the normal at the other extremity. [P. V.] 

33. Prove that the tangents at the extremities of a focal chord of 

a parabola intersect at right angles on the directrix \P. U. 1957\ 

34. Prove that the locus of the middle points of focal chords of 

the parabola 7-=4rt.v is >'*=2a(A:—a). \P. U. 1946] 

35. If O is any point on the axis of a parabola and POQ be any 
chord passing through O, and if PM and QN be the ordinates of P 
and Q, prove that AM.AN=AO-. .Also prove that PM.QN=-4a AO 

^36. At any point P of a parabola a normal PG is drawn inter¬ 
secting the axis in G. Prove that PG is a geometric mean between 
the latus rectum and SP, [/j. J939] 

[Sol. The equation of the normal at P(.Vi, is 
y~yi = ~ 2a *)■ It meets the .v-axis where, putting y=0 in (1), 


(dividing by -yi) or x=2a-}-.v,. G is 0), by 

distance formula. PG-=4u^+yi-^=4a'+4a.Vi=4a((7-|-Ar,) = 4a.SP 

. (Art. 95-1, Cor.).] 

37. The normal at the point (atj^, 2at|) meets the parabola again 

2 

in (atj*, 2at2), prove that tj=-t,- . [/>. C/. JQ.US] 

t| 

38. In the parabola y^=Aax. find iheccjualion to ihe locus of the 
middle point of the normal PG at P, where G is on the axis. [A. U.] 

[Hint. Find the equation of the normal at P(<7r^ 2ai). It will be 
found that G is {2a-]-ai^, 0). 

the co-ordinates of the mid-pt. of PG are .v = « + af- y.= ai 
Eliminate r.] 

** 39 . Prove that the locus of the fool of the perpendicular from the 
focus on the normal to a parabola is a parabola. \p. (j. 1935] 

[Hint. To find the pt. of intersection of y = m v - 2c;/;i -(inp . .f 1) 
andy-0=- ^ (x~a) ... (2) 

Subtracting (2) from (1). 


+ or0=V- 

'' ni / \ m / III /ji 

- • • ^=o(l-1-m®) ...(3), from (I). y = ~am ...{4). Eliminate 

from (3) and (4).] 


ni 


40 The general equation to a system of parallel chords in the 

parabola V'— 6a: is 3x—y-f-A:=0. What is the equation to the corres¬ 
ponding diameter ? 



CHAPTER VII 

[ This chapter should be omitted by the Intermediate 

students of the Jammu Sc Kashmir University in 1959 {and ofter).} 

THE ELLIPSE 
SECTION I 

EQUATION OF AN ELLIPSE 

118. Ellipse. Def. An ellipse is the locus of a point which 
moves* so that its distance from a fixed point is in a constant ratio, 
less than one, to its distance from a fixed straight line. 

Defs. (i) The fixed point is called the focus, and is usually de¬ 
noted by S. + 

(//■) The fixed straight line is called the directrix. 

f//7) The constant ratio is called the eccentricity, and is denoted by e 
{the initial letter of the word ecceniricity). 

*Note. It is assumed that the point moves in the plane in which 
tlie fixed point and the fixed straight line lie. 

[ N. B. Definition property. J/P is any point on an ellipse whose 
focus is S and eccentricity i\ and PM _L on the directrix, then 

=e or SP=e. PM. {e <l) ] 

.An instructive Note. For the p.arabola e-=\, 

SP=c. PM becomes SP=PM. { Cf. Art. 94, (c), N.B. ] 


119. (a) Standard form. To find the equation of an ellipse in 

the form -■ * — 1. " 

a- b- 



Let S 

be the focus. 

ZM 

the 

directrix, ; 

ind e the ecceniricilv 

of 

the ellipse. 

From S draw 

SZ i. 

on 

ZM. 

Divide SZ iniernallv 

and exter- 

nally 

at A. 

A' in the ratio e : 1, 

so 

that 

SA 

f SA' 

e 


\Z ^ 

1 ’ A’Z 

1 ’ 


or 


N 

< 

II 

< 

••• (1) 



SA' = e. A'Z ... (2)§ 


- The initial teller of the word Sun because every planet describes an ellipse with 
ilic Sun in a locus. 

t [y. lV A'. U. }'^54 ] 

§ In this and in what follows, only the masninuit'S of the Jine-scgments along 
A\' ha\e been considered. 
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(Then A, A' lie on the ellipse (Def.).] 

Bisect AA' in C. Let AA' = 2a, then CA = CA' —a. 

(/) Adding (1) and (2), 

SA + SA’=e (AZ-FA'Z) 

or AA' = e* (CZ-CA + CZ + CA') 

or la^e.lQZ [■.* CA = CA'] 

or CZ = " . 

e 

Subtracting (1) from (2), 

SA'-SA=e{A'Z-A2) 
or CS+CA'~(CA-CS) = e.AA' 

or lC%=e.la [V CA = CA j 

or CS=<7e. 

(i7) Take C as origin, CA' as the x--axis, and CY J_ to it as the 
v-axis. Then the co-ordinates of S are ( —ae. 0), and the equation of ZM 

^ [(Art. 16) to >--3x15 at a distance ^ to the left ] 


IS .v= — 


or .x-h ^ =0. 
e 

{Hi) Let P(.v, y) be any pi. on the ellipse. Join SP, and from P draw 
P.M X on ZM. 

Then SP=:e.PM ...(3) (Def. (Art. 118)) 

But SP = v/(x-r«e)* + (>'—0)- = \/ (jx + rte)®-f 

a 

a 


AT-f- 


and 


PM = 


1 


(X from (.V, v) on .v-*- 


01 


= A'-r 


a 

e 


from (3), V (aX«p)2+;-2 ^ ^ = 


or, squaring, x^-j-laex ^ a^e^i-v^^e-x^-hlaex+a- 
or xH\-e')-ry^=a^[~e') 


or. dividing thro’ out by a-{\~e^)*, 
or, putting a-{\—e^) = b'^. 


..2 


o- ' a2{\~e~) 


.. =1 


[V e- 1) 


=:1 

•' 1-2 


a- b 
which is the required equation. 


e 


Cor. Important. CS = ae, CZ^ ^ , b- = a2(l - e*j. 

Note 1. Geometrical meaning of b. The v-axis meets ih 
ellipse ^ 2 + ...(1) where, putting A=0 in (J), =1 or 

•Why this step. To got 1 on the R. H- S. as required in Che equation to 
be found, vu., =L 
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or y=±b, i.e., in two points B, B' (Fig. of Art. 119, {a)) such that 

CB=CB'- 6 . 

Dcfs. (/) The points A, A' are called the vertices of the ellipse. 
(/7) AA' is called the major axis,* (///) BB' is called the minor axis ; 
and (/v) the two together are called the axes of the ellipse, (v) C is 
called the centref of the ellipse. 

y2 

Note 2. Standard form. Since - .i- -f - 1 - 5 -=! is the simplest form 

a- 0 ^ 

of the equation of an ellipse, it is called the standard form. 


x^ 


Note 3. To interpret geometrically the equation + 

From any pt. P on the ellipse draw PN 
on the major axis, then 

. =i _ ia-i-x)(a—x) 

•* 6 - a-^ ~ ' ’ 

PN2^ (CA+CN)(CA'-CN) ^AN.A'N 
'^•'CB'^ CA^ CA2 

PN- CB- 

or a'N ~ CA- * the required geometrical interpretation. 

An instructive Note 4. A circle is a particular case of an ellipse 

>’■ 



For let the equation of the ellipse be 


X- 

4- •' =\ 
a- A- 


-V* 


Putting 6 =^/, it becomes '., +==1 or x^-l-y*=< 3 -, which is a 

a-* a* 


circle. 


2 2 

corresponding results for the ellipse -f- =i, putb>=s:a>. ] 


[ Aid to memory for standard results in the circle In the 

*2 y2 

a3 ^ hi 


•So called, because AA' is greater than BB'. For e^)=oa— 

h^ca- or or 2b<^2a, 

or 2{7>26, i.e., AA'>BB'. 

tSo called because C bisects every chord 
of the ellipse, which parses throiiyh it. For, 
let Ptr, y) be anypt. on the ellipse, then 

+ hi ~ 

Substituting the co-ordirates of the pt. 

P'(—X, —y) in the equation of the ellipse. 



v2 


(—v)3 . -x-a 

we get + AO “I or + ' =1. which is true. 


P' also lies on the ellipse. 

Now the mid-pt. of PP' is or (0, 0), ie., C. 

\[B. IT. U. 1945] 
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119. {b) Equation of an ellipse referred to any focus and 

directrix. 

Example. Find in its most simplified form the equation of the 
ellipse whose focus is the point ( — 1,1), whose directrix is the straight 

1?-^^ _ I /\ _ -1 . t _ . . ^ •_ a w . 


line X— y-f'3=0 and whose eccentricity is 

Let S{—1, 1) be the focus. 

(/) Let P(x, y) be any pt. on the 
ellipse. Join SP, and from P draw PM 
j_ on the directrix x—>'+3=0. 

(») Then SP=e.PM ...(1) 

m But SP=\/(Jt+l)=+(■>^^)^ 

[Distance formula] 


[J. & K. V. 7937] 


and 


PM= 

y/1 ' 

from(l). V{x+l)^+(y-l)^=l 



I 


a:— v+3 

V2 


or, squaring, x2+2x+l+>'*-'2>'+l= ^ (x5+>'-+9-2a->'-6>'+6x)* 

or 8(x2+y2+2x-2y+2)=x--2x>'+>'H6x-6y+9 

or 7x*+2x>'+7>'® + 10x—lOy + 7^0, which is the required equation. 

EXAMPLES 

1. (/) Find the equation of the ellipse whose centre is the origin, 

whose axes are the axes of co-ordinates, and whose major axis—6. minor 
axis=4. [A. U. 1034\ 

(it) For what value of p docs the ellipse px- + 4>'*= I pass through 
the points ( + 1, 0). Find the lengths of its two axes. [C. U. I935\ 

2. Find the equation to the ellipse referred to its axes as axes 

of co-ordinates 

(/) whose major axis=8, and eccentricity=L 
(//) which passes through the points (—3,1) and (2.-2). Find 
also its eccentricity. [C. U. 1945] 

3. Find the equation of the ellipse (referred to its axes as the 
axes ofx and y respectively) which passes through the point (—3, 1) 

and has the eccentricity ^ . |C. U. I94?i] 

4. Obtain the equation of the ellipse having the focus at (1,2). 

directrix 3x+4y=5 and eccentriciiy = .J. [P. t/.j 

120. Tracing an ellipse. To trace the curve ^, + 




y ft 

The equation of the curve is + , ,• = 1 

a- o® 




(/) Axcs-intersections. The x-axis meets the curve where, putting 
>-=0 in (1), -^2 o*" ^=0^ Of x=±a, i.e., in the pts. A(—a, 0), 


*How this step. See the footnote on p. ISS. 
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A'(a, 0). (See Fig. given below. ) 

Again, the ^--axis meets the curve where, putting ;c=0 in (I), 

= l or or y=^±b, i.e., in the pts. B(0, i*), B'(0, -b). 

(//■) Symmetry. From (1), ^ = 1- 

' O'* a* flS 

h 

or — ...{!) 

.*. for every value of x numerically <a, there are two equal and 
opposite values of y, the curve is symmetrical about the ;r-axis. 

Again from (1), =1 — 

b“ b^ 


or 


x=±-‘‘^Vb^-f ...(3) 


for every value of y numerically <b^ there are two equal and 
opposite values of a:, the curve is symmetrical about the y-axis. 

[Hi) Imaginary values. From (2), y is imaginary when x is numeri¬ 
cally no portion of the curve lies to the right of A'or to the 

left of A. 


Again from (3), x is imaginary when y is numerically >b, no 
portion of the curve lies above B or below B'. 

{/v) Space occupied. From (2), taking +vc sign with the square 
root, y~ ^ as x (numerically.,<a) increases, y decreases, 

the curve is closed. 


Hence the shape of the curve is that shown in the Fig. 



[ Rule to trace an ellipse whose equation is given : See Rule of 

Art, 96. ] 

[ Aid to memory* Stc Art. 96, Aid to memory* j 

Cor. The ellipse has a second focus and a second directrix. 
Proof. the ellipse is symmetrical about the y-axis (Art. 120, («)), 


Art. 120 ] EQUATION OF AN ELLIPSE 1 HQ 

if on the .r-axis the pis. S'. Z' are taken such ihai 



CS' = CS, CZ'—CZ, then the pt. S'will also be a focui of the ellipse, 
and Z'M', the line thro’ Z' J. to CZ'. will be the corresponding directrix, 

[ Important. The foci S, S' lie on the major axis, on opposite sida 
of C such that CS=CS' = ae ; the corresponding directrices Z\f. 7. M 
are perpendicular to the major axis on opposite sides ofC. 

such that CZ=CZ' = — . 

e 

N.B. The foci of the ellipse = / (a-: h-) ore ( . ae, 0). 

and the equations of the corresponding directrices are x= ,; ^ ] 

EXAMPLES 
2 ^ 

1. Trace the curve 5^+32 (a®:; b*). 

X- V- 

[ Hint. The equation of the curve is -f'= 1 ... (1) 

0- a^ 

Proceed as in Art. 120. Here in step (<). AxeS‘ Y 

intersections, the x-axis meets the curve where, 

putting ;^=0 in (1), ^-^=1 or or x-:^b. i.e., 

in the pts. B(^», 0), B'{—Zj, 0). 

Again, the y-axis meets the curve where, 

putting x=0 in (I), =1 or or y=:\z a, i.e., 

in the pts. A'{0. a). A(0, -a). 

a>b, the major axis of the ellipse lies 
along the >'-axis. ] 

Cor. To find the foci and the directrices of 

the ellipse ^ \ — The foci lie on the major 

o d 

axis on opposite sides of C such that CS=CS'=ae. 

_ the foci are (0, ± oe). 

Again, the directrices ZM, Z M' are X to the major axis on opposite 
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sides of C such that CZ=CZ'——, 

e 

a 

the equations of the corresponding directrices are y= ±—• 
Note. First and second standard forms. The equation 

-0) 

of an ellipse in which i.e., denominator of x^> denominator of y^, is 

called the first standard form, and (changing xtoy and >» to j:m(l)), 

^-=1 ...(2) in which a^>b\ i.e., denominator of y > denominator 

of is called the second standard form. 

Important. To write down the standard results, the student should 

fix in his memory, the positions {Figs.) of the ellipses with respect to the co¬ 
ordinate a.xes. 

[ Aid to memory. -^-1- -p= h 'n which denominator of > denominator of 

v-a, is an ellipse with its major axis horizontal. 

in which denominator of> denominator of r*. is an ellipse with 
a* 

its major axis vertical. ] 

2. Find the equation of the ellipse referred to its centre whose 
foci are the points (2, 0) and ( —2, 0) and whose eccentricity is J. 

( P{P), U. 2951 ] 

Put down the equations of its directrices. [ ■F{P). U* ] 

121. Length of the latus rectum. To fimd the length of the latus 

y* 

rectum of the ellipse — 


Z MS 


n?x 


The equation of the ellipse — 

Let LSL' be the latus rectum, and SL=/. 
Then the pt. L( —ae, 1) lies on the ellipse 




yr = l or 


•[ A. U. 1945 ] 
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or 


P=b\\-e'^) But 6==a2(l~e='), = 


b’'- b* 


=b\ = 


/= 


a 
b-* 
a ' 


rt“ 


LSL'= 21=2 


b2 


[ N.B. The lotus rectum of each of the ellipses 


O- 6“ 




; +4 = 1 is 2 

cr a 

The result may be proved in the second case by drawing the Fig. 
(Art. 120, Ex. 1) and proceeding as in Art. 121. Here L(/. —ae) lies on 
the ellipse. ] 

Note. The plural of ‘latus rectum* is latera recta. 

Cor. 1. To find the equations of the latera recta. The equation 
of the latus rectum through S is x= —ae [(Art. 16) || to >’-axis at a 
distance ae to the left ], and that of the latus rectum through the second 
focus S' is x=ae. 

Cor. 2. To find the co-ordinates of the ends of the latera 
recta. The co-ordinates of L, the positive end of the latus rectum 

/ \ 

through S, are —ae, ^ 1, and those of L'. the negative end, are 
^ —ae, — ^ j. Similarly the co-ordinates of the positive end of the 
latus rectum through S' are ae. ^ V and those of the negative end are 


( - - - a ■ )• 


Example. Find the eccentricity, co-ordinates of the foci, and the 
length of the latus rectum of the ellipse ; 

(1) 9x24-16y2=144. [PM. 1945 ] 

(2) 25x^4-16y®=400 ; find also the directrices and equations of 

the latera recta. ^ P{P). V. 1955 ] 

(1) The equation of the ellipse is 9 .v2+16>'2=144. 

Dividing thro’out by 144, 4 =1. 

[ R,H.S. = 1 and coeffs. of x^. y* asdenoms. [Note this step) ] 
Here (greater denominator) a^=l6, (lesser denominator) ^*=9. 

(i) b^=a'^(l-e‘^), /. 9=i6{\-€^)=]6-\6e\ 

16e>=7. 


e= 


4 • 


(//) The foci are ( ±ae, 0), i.e., ( ±4 . , 0 ) or (±V7, 0). 


V /=SL which, from ihc Fig., is +ve. 
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(i/i) The iatus rectum?=2 


_ 9 

'a ^ ' 4 


9 

2 


Note, (iv) The equations of the directrices are x= ± — , 

e 




4 _ 16 

V7/4 ^ V7 


or •v/7a:±16=0. 


(2) The equation of the ellipse is 25;ic2^16>'2=400. 

2 ^ 

Dividing thro’out by 400, + •■•(!) 

[ R.H.S.= I and coeffs. of x\ y- as denoms. {bfote this step) j 

Here denom. of y^> denom. of x' [i.e.y second standard form] 
the major axis lies along the y-axis. 

From (1), (greater denominator) fl*=25,(lesser denominator) i*—16. 

(/) i*=a*(l-0. 16=25(l-^=)=25-25^^ .-.256^=9, . 


(ii) The foci lie on the mq/V>r axis, i.e., on the 
v-axis on opposite sides of C such that 

CS=CS'=a?=5. I =3. 
the foci are ( 0 , ±2). 

{Hi) The Iatus rectum=2. = 2 }^-=“^. 

a 5 5 


- (iv) The directrices ZM, Z'M' are ± to the 
major axis, i.e., ± to the y-axis or |I to the .v-axis 
on opposite sides of C such that 

CZ=CZ'= — = —= 

cz. ^ 3 3 ’ 


the equations of the directrices are 
2 *^ 

>■=+ 3 or 3y±25—0. 



(v) The latera recta are chords thro’ the foci _L to the major axis, 

i.e., L to the y-axis or tl to the .v-axis. 

3 

their equations are v—±aey i.e.y y“r^5. £-=±3 oryi3—0. 


EXAMPLES 

1. Find the eccentricity of the ellipse whose Iatus rectum is 4 
inches and the distance of the vertex from the nearest focus is 1*5 inches. 

[C. U. 1944] 

2. Find the equation of the ellipse referred to its centre whose 
minor axis is equal to the distance between the foci and whose Iatus 
rectum is 2 . 

3. The Iatus rectum of an ellipse is 5 and its eccentricity^ s, 
find its equation referred to the centre as origin of co-ordinates. 

{B.H.U.1946] 
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4. (fl) Find the eccentricity, the co-ordinates of the foci, and 
the length of the latus rectum of the ellipse 

{/) 2x2+3y--l = 0, (//) 4x2-f3y=--l. [P. U. J956S] 

' (6) Find the semi-major axis, semi-minor axis, llie eccentricity, 

and the foci of the ellipse 4.v*-}-9i '^25. J956S\ 

5. Find the eccentricity, the distance between the foci and the 

latus rectum of the ellipse 3x-- 4y-=12. [P. U.] 

6. Find the eccentricity of the ellipse 

(/) if its latus rectum be equal to one-half its minor axis. 

[P{P}. U. 195JS] 

(ii) if the latus rectum is half of its major axis. (.4. U. 

7. Find the eccentricity of the ellipse if the distance between the 

foci is equal to the length of the latus rectum. [P. U. 1946S] 

StCTlON II 

TANGENTS AND NORMALS 


122. Equation of the tangent. To find the equation of the 


X- , y 


tangent at the point (Xj, yj) of the ellipse , 

^ * 




or 


.2 


•I 


.V* V’ 

[Method of chord.] The equation of tlic ellipse is -f- = I 

Let (.Y., )\) be any other pt. on (he ellipse. 

(/) The equation of the line passing thro’ (.Yj. r,), (.y^, I'i) is 

-(‘I 

•A •! J 

{ii) I^To find the value of^^“ . J 

*•* (•'^ 1 . Ti). Tz) ellipse, 


iP ^ b- 


2 

*> 


a 


, + =1 ...(3) 


Sublracling (2) from (3), 




2 _ 


a- 


O o ^ 

•Vi-, yj^-yr 


H- 


b- 


= 0 . 


Factorising, 0'=-v.^Vl-v ,)^0 


(.Y„ —X,){.Y2 i-.Y,) 

(P 

IP .Ya-h.V, 


(.v.-3’,)(r2': ;’i) _ 

b^ 

.Ya-Xi ip ‘ T2-!-;’i 

{iil) Substituting this value of in (I), the eqiuiiion oj ilic 

A'g —.Vi 

chord thro' [x^, yJ, (x., y..) is 


•[/*. U. I95IS] 
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(iv) Putting jc2=Xi,:F2=>'i in ( 4 ), the equation of the tangent at 
(^i> yi) is 

>-3-.=- [“2] 


a 


or, multiplying both sides by step) 

r ^yl - /r_r \ nr 


or 


XX, >'>'1 ^ X/ y^^ 


a 


O' 


^2 


= 1 

yyi 


[■■■ 


^4- ?T^=1, which is the required equation 
b* 

[N.B. The equation of the tangent at the point (x,, y,) of the ellipse 


^ + -^-=iis 3i-+-yyi_=ii 
02+^2 a2 ^ b2 '-i 

[Rule to find the equation of the tangent at the point (x„ y,) of 
an ellipse (equation in the standard form) : See Rule of Art. 63.] 

[Rule to write down the equation of the tangent at the point 
(Xi, y,) of an ellipse (equation in the standard form) : See Rule 

of Art. 64.] 

EXAMPLES 

1. Find the equation of the tangent to the ellipse 4x24-3y*=24 

at the point (^3, 2). [^* 

2. Show that (i) the tangents at the extremities of the major axis 
of an ellipse are parallel to the minor axis, and {ii) the tangents at the 
extremities of the minor axis are parallel to the major axis. 

3. Find the equations to the tangents at the ends of the latera recta 

oftheellipse +ir=*’^”^show that they pass through the inter¬ 
sections of the axis and the directrices. 1942S] 

[Sol. (ji) The equation of the tangent at 


or 


—^ ^ =1 or —ex-{-y=a ...(1) 

a a 




Substituting the co-ordinates of Z ^0^ in (1), we get 

« )+o=a 


* Why this step. To lake all ihc .t’s and a’on one side, and all they sand 
b* on the other. 
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or which is true, the tangent at L passes thro' 2. Similarly the 
tangent at V passes thro’ 2, and the tangents at the ends of the latus 
rectum thro’ S' pass thro’ 2'.] 

123. Equation of the normal. To find the equation of the 

2 2 

normal at the point {x„ y.) of the ellipse * 4- ^ -*1 ♦ 

The equation of the ellipse is ,,-=1. 

A2 


(]) The equation of the tangent at (.r,, y^) is 

_3 T I , — 1. 
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[Art 122] 


the slope of the tangent=~--^-.= — 

>*1 
6* 

(i7) the slope of the normal 
(/i7) the equation of the normal at (Xj, yj) is 

a-yx , . 

^2 + 

or, multiplying both sides by —, {Note this step) 


[—ve reciprocal] 


[>’“>'i=m(x-A:i)] 


/ \ i , b^v a-x 

{y-yi) r- = - (x-Xx) or -y~b^= --- -a’ 

. -^1 y\ Xx 


y\ 


or 




*1 yi 

[ Aid to memory. Remember the L.H.S., viz., !□ this L.H.S., 

substitute the co-ordinalcs of the point (x„y,}. This is the R.H.S. of the required 
equation. ] 

Example. Obtain the equations of the tangent and normal to 
the ellipse x2+Sy2=14 at (3. 1). ® J j 

The equation of the ellipse is x^-\-5y'*=\A. 

{a) The equation of the tangent at (3, 1) is [Art. 64, Rule] 

J:(3) + 5y(l) = I4 or 3x+5y-14=0. (Here Xi-3, >^1-1] 
(6) Method I. 

(0 The equation of the tangent at (3, 1) is 3A:+5y-14=0. 
the slope of the tangent=— ^ 


5 • 

(»7) the slope of the normal=-^-. 


[—ve reciprocal] 


V. ms] -- 

twby this step. To take all the x*s and o2 on ore side, and all the ys and 
on the other. See the footnote on p. 194. 
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, ' . I .. • 


: ■) -X”*') .‘. the equation of the normal at (3, 1) is 

{.v_3) 

or 3>'—3=5.x-15Tor 5 jc-33J—12=0. 

'♦♦Method n. (Without finding the equation of the tangent.) 

The equation of the ellipse is .\“+5/=14. 


Dividing thro’ out by 14, -^ = 1 o*" 14 + 


5 

r Form 


6 * J 


r -T* >■“ n 

Compare with ^2 = M 


14 


Herea“=14, 6 ^— ^ , 

' the equation of the normal at (3, 1) is 

14 


14.V 

3 


y 


14 


1 


r t 


= 14- -5 
56 


[ Here a-i= 3, ;'i=l ] 

L >T J 

[ Cancel 14 ] 


or 


4 

5 


or 5 a:-3j'= 12 or 5 .v- 3 >—I2=a 


A' _ V _ 

3 5 " 

EXAMPLES 

1 Find the equations of the tangent and normal at the point of 

the ellipse x 2 + 4 y‘=-* 25 , whose ordinate is 2. 

2. Find the equations of the tangent and normal of the ellipse 

J- =1 at the end of the latus rectum (first quadrant). [P.U.] 

3 Find (/) the equations of the tangents, and (//) the equations 
of the'normals at the ends of the latera recta of 

2xH3y2=6. [F.f/. 1944 ] 


< i 


SECTION III 
AN ELLIPSE AND A LINE 

124. Points of intersection. To find the points of intersection 

a fi 

T.) 


of the line y=mx-f c with the ellipse 

The equation of the line is y= 7 M.r-rC ... (1) 

„ „ ellipse + ^3 = 1 - ( 2 ) 

O’) Substituting the value of y from (I) in (2), 

+ 


A- 


a- 


(mA+c)* , a 2 wlrH2mcA+c*_j 

= 1 or - 1 ,,,-. 
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or b^x^-\-a^-nf^x^‘-\-2a^mcx-{-a^-c-==a-b^ 

OT 'X\a-m‘^-\-b^) + 2ahncx-\-a^[c'^~b’)=0, 

which is a quadratic in x giving two values of x. 

(//) Substituting these values of .v one by one in (I), we get the 
corresponding values of y. 

These corresponding values of x and y are the co-ordinates of the 
required pts. of intersection. 

[ Rule to find the points of intersection of a line and an ellipse: 
See Rule of Art. 69. ] 

EXAMPLE 

What are the co-ordinates of the points where 5.v=4>' meets the 

[P.U.] 


.2 
16 


X‘‘ V 

curve ■' + 25 * 


125. Length of the intercept. To find the length of the inter- 


X- 


cept made by the ellipse ^ 


= 1 on the line y=mx-f c.* 
The equation of the line is y=mx+c ... (1) 

- ( 2 ) 

(0 Substituting the value of y from (1) in (2), 




„ ellipse is ", + '=\ 

a- b* 


\ + 

a- 


(mjc+c)* 
/)2 


-=1 or 4 . c® ^ 


0 r + ah}}^x’-\- lahnex +a V= a^b^ 

or ^*(<3W+6")+2a2/„CA-+fl2(c2-^»^)=0 ... (3) 

which IS a quadratic in a. Let a,. Aj be the roots. 

[ To find the value of Aj—a,. ] 

2a^mc 


From (3), Xi+x^— — 


and 


AiA,— 


a-ic^-b^) 
ahn^+b^ 




[ Sum of the roots ] 
[ Product of the roots ] 


V 4a'//i'-=c^ 

i U2V1 


{ahn-+b'-) 

= A / 

^ (aW+b^)^ 

2a , 

~a-m^+b^ VflWc-— 

2a ,~~ 

~aW+b^ V—A^c 2 -(-a 2 /H 262 +A* 

2ab 


Aa-{(^-h-) 
ahu'-^-b- ' 


''a^m^-\-b~ ^ a*/M2+62—c* -..(4) 


1 ?.u. mss ] 
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(») [ To find the value of 72 1 

>'i)» fe y^) lie on the line, 

... (5) 

yi==mxi+c ... (6) 

Subtracting (5) from (6), yi—yi.—ni [x 2 —Xi) ■■.(7) 

(///) Now length of the intercept =:\/(x2—;ci)*4-0'2'~J'i)* 

^^/\xi-Xif-\-m\x2~Xxf 

=(^ 2 -^ 1 ) V"l+m« 

lab 


[ Note this step ] 


[From (7) ] 


[ From (4) ] 


= -T^iTTiV . %/ l-i-m*. 

[ Rule to find the length of the intercept made by an ellipse on 
the line y=mx+c : See Rule of Art. 70. ] 

Cor. Condition of tangency. To deduce the condition that the 
line may touch the ellipse.* 

If the line touches the ellipse, the length of the intercept =0, 

i.e.. —2 ^?t:t3 V 1 -l-m- =0, aW+A^-c^f^O 

av7i’-\-b^ 

Of c^=aV+b^, c—which is the required condition. 

EXAMPLE 

Show that the length of the line y=.v+2 intercepted by the ellipse 

3xH4y2-16=0 is-l^-V2. 

126. Condition of tangency. To find the condition that the 

y2 

line y=mx-fc may touch the ellipse 

[Method of intersections.] 

The equation of the line is y=mx-^-c ...(1) 


■8 


#» n 


ellipse + 

(i) Substituting the value of y from (1) in (2), 

. m2jc2+2mcx+c3 

“* ft L'* * 


^2 --or ^3 + - ^2 

b-x--\-a-mKx^ + 2a‘mcx+a^<^~a^b^ 
x=(a W+62)+2a®mc.v4-fl-(c^—== 0 ■ - ■ '3) 
which is a quadratic in x. 

C/i) If the line touches the ellipse, the quadratic (3) has equal roots 
4a^mV-4(a2m2+h=)fl2(c3-62)=0 [ii(_4ac=0] 

or, dividing by 4a^, a->n-c^-{a^fn^c^-o^m^b^-\-b^c^~b*)=0 

or, 

or, dividing by b^, C"+h "=0 or c^=a-ni^-\-b-, 

c=±Va'm*+bS which is the required condition. 


= 1 


or 

or 


•[P.U. I95SS ] 


t i.e., the factor involving e. 
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[Rule to find the condition that the line y=mx-{-c may touch an 
ellipse : See Rule of Art. 71.] 

[Aid to memory. Pulling b=a, the ellipse becomes the circle 
(Art. 119, (a). Note 4), ^nd the condhion of tangency becomes 

c=±-\/a-m-+a- or c= ±a-\/l+iit‘. (Cf. Art. 71.)] 

Cor. 1. To find the equation of a tangent in terms of its slope. 

(See Art. 126.) Substituting the value of £'( = rhVa-»i'T-6-) in (1), the 
equation of the tangent is y = mx±\/A^ni 24 -b 2 . 

X’ 

[N.B. ff m is the slope of a tangent to the ellipse ^ 2 “+ ^3 /• 

the equation of the tangent is y=mx±>/a“ni-+b 2 .] 

Cor. 2. Any tangent in the m-form. The equation any tangent 

X* . V' 


to the ellipse '^2 m-forni, is y = mx+v'a-m-+b®. 

[Taking -}-ve sign with the square root in the equation of Cor. 11 

[Aid to memory. Putting b=a, the ellipse becomes the circle x 2 +>' 2—<23 
(Art. H9, (a). Note 4). Hence 

( 1 ) If m is the stnpe of a tangent to the circle x^+y^^a-, the et/itaiion of the 
tangent is y=mx ±a\/i+m^. 

(/»■) The equation of any tangent to the circle x 2 +v 2 =a 2 , //, 1 /,^ m.form, is 

y=mx+a\/i+m2. (Cf. Art. 71, Cors. I and 2.)] 

Example. Find the equations of the tangents to the ellipse 
j 6 -i-y2=l which make with the axis of x an angle of 60^. [D.Lf. 1942] 

V- 

The equation of the ellipse is 


16 ^ 1 '• 


[Compare with 


or 


Here a®=16, /> 2 _j . ;^ = tan 60*=-v/3. 
the equations of the tangents are 

y=v/3jfi:v/16(v'3)H! 

=V3.v±7 

^/lx-y-\-l=0, ' v / 3 jc ->'- 7 = 0 . 

EXAMPLES 




= 11 


{y=mx±\/a'^in--\b'^ 1 


1. Prove that y^mx + c cuts V_|- ^3 =1 in two points. Also 

find the condition when the line is tangent to the ellipse. [P.U. 1943\ 
Deduce the corresponding condition for the circle x* 4 -y- = H. 

\B. U. 1944] 

[Hint. Proceed as in Ex. I, Art. 71.1 

2. Show that the line y=x-f ^ touches the ellipse 

2x»+3y*=l ; find the co-ordinates of the point of contact. [C.U. 1955] 

3. Show that the straight line y=mx + v/a*mHb^ touches 
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-1- 7, =1 for all values of m. 


[ Art. 127 

V.] 


4 Determine c so that y=x+c may touch the ellipse 

2xH3y'-l. [P- U.] 

[♦■'^Sol. The equation of the ellipse is 2x^-^3y^=l or «+ ^=1. 

n A 


[Compare with 


.>2 


flS ^ ^ ^ 


Here a"~l, h-=l. 

The equation of the line is y=.v-l-c. 
Here m=l, “c”=c. 

If the line touches the ellipse, then 

c^±ViW+li 


[Compare with y=mx-\-c] 


[c=-}:\'a^ni^-\-b‘] 

5. Find the condition that the straight line x cos a-fy sin a—p 

o o 

may touch the ellipse [Bar, U, 1953] 

6. Condition of tangency. Find the condition that the straight 

= 1. [P.U. 1957S] 
[B. H. U. 1948] 

= 1 which make 


y* _ 

b"- 


X- y- 

a3 “*■ b= 


line lx rmy f n=0 may touch the ellipse - „ 

Find the co-ordinates of the point of contact. 

7. Find the equations of the tangents to 

equal intercepts on the axes. [P- 3952] 

8. Find the equations to the tangents to the ellipse x“-f3y®=3 
(/) which are parallel to the straight line y=4x+8. 

(//) which are perpendicular to the straight line t 

SECTION IV 

AN ELLIPSE AND A POINT 

127. Test for a point to lie outside, on, or inside an ellipse. 

T„ sh.nv that the qmtuity 

irnr as the point (.v„ r,) lies outside, on. or inside the ellipse 

-1. 


X- , V- 
^ 

The equation of the ellipse is 

Y- r- 
4- • =1 

a- b- 

Let P be the pt. (.Vi, Vi). 

From P draw PN J. on the .v-axis to 
meet the ellipse in Q (.Vi. >-')■ 

•.* Q lies on the ellipse 







Art. 128 1 


AN ELLIPSE AND A POJNT 


201 


^r 


a 


i 


y 


or 


■^t 


i .'2 


a- 
x^- 


Now-“:+ 

a- b- 


= 1 


- 1=0 




...(1) 


2 


I 


a 


b'^ 


[ R.H.S. zero ] 

1-0 

[ Substitute for 0 from (1) ] 


a- ^ h’- ‘ + A’- ' ) 

= l [NP=-NQ=J .,.(2) 

(/) If P lies outside the ellipse (as in the Fig.). NP > NQ, 

from (2)*, y - I is +ve. 

a- h- 

(/7) If P lies on the ellipse, NP=NQ, 

from (2), — I is zero, 

a- b- 

(///) If P lies inside the ellipse, NP < NQ, 


from (2)/‘ +^‘ -1 is-ve. 




[Rule to find whether a point lies outside, on, or inside an 
ellipse (equation in the standard form) : See Ride of Art. 72. ] 

EXAMPLES 

1. ^Find whether the point (4, 5) lies witiiin the curve 

16 '■ 25 or not. [P.V. ] 

2. Find if the point (4,-3) lies within or without the ellipse 

5xM'7y- = 140. [ ^ j 

two tin!. 7'^" ^ from any point 

oT^^.cT be drawn to an ellipse, and they are real, coincident, 

elHp^e or i«side the 

Let the equation of the ellipse be +^%1, and let the pi. 

{/) The equation of any tangent to the ellipse, in the m-form, is 

y=.„,x-hV [ Art. 126, Cor. 2 J 

(it) If it passes thro’ (x^. y,). then yi=niXi + VaW4-b'‘ 


or, transposing, 
or, squaring. 


yi 2 - 2nixiyi +'w^^i -= ahn--\- b^ 


• R.H.S. is+ve, L.H.S. is also+vc. 
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(Art. 129 


which is a quadratic in m giving two values of m. 

from (xi, yi) two tangents can be drawn to the ellipse. 

(///) The tangents are real, coincident, or imaginary according as 
the roots of the quadratic (1) are real, equal, or imaginary, 

i.e., according as is +ve. 0, or -ve 

( M-4flc is -i-ve, 0, or -ve ] 

[ Cancel 4 ] 

or, according as is +ve, 0,or -ve, 

Le., according as is +ve, O.or -vc 

or. dividing thro’out by a^b\ [ which is -rve ] 

according as is -l-ve, 0, or — ve, 

/.e., according as the pt. (x„ lies outside, on, or inside the ^ 

EXAMPLES 

1. Find the equations of each of the two tangents to the ellipse 

-f —1=0 from the point ( —15, —7). [ C. 17. ] 

[ Rule to find the equations of the tangents drawn from a given 
point to an ellipse : See Rule of Method I, solved Ex.. Art. 73. ] 

2. Find the equations of the tangents drawn from the point 
(4, 1) to the ellipse x2+2y2=6, and prove that the angle between them 

is 

3. Show that the tangent at the point ( -1, 1) to the elHpse 

passes through the point (1,2) and find the equation of the 

other tangent from (1, 2). [ ] 

129. Director circle. To find the locus of the point of inter¬ 
section of two perpendicular tangents to an ellipse.* 

Let the equation of the ellipse be ' 


IS 


(/) The equation of any tangent to the ellipse, in the m-form, 
y—mxA-^/ortn^-rb^. [ Art. 1 26, Cor. 2 ] 

(j 7) If it passes thro’ (Xi, y,), then y^=mx^-\-\/a^oi^'\-b'^ 

or, transposing. yi-»iXi 

or, squaring, y^^—lmXiy^-\-m’Xx^—a^m--\-b^ 
or m 2 (Xi^—fl“)—2«iXtyi4‘(yi*—...(1) 
which is a quadratic in m. Let mj, be the roots. 

{Hi) If the tangents are X. oii^u— — L 

from (1), yi‘-l>-= -V+a” 

.*1 —tt 

the locus of (Xi, yi) is [ changing (Xi, yO to (x, y) (Art. 74) ] 

x 24 -y-=a*-|-fc^ which is a circle. 


or 


*[P.U. i952S ] 
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Note. This circle is called the director circle of the ellipse. 

[ Rule to find the locus of the point of intersection of two 
perpendicular tangents to an ellipse (equation in the standard form) : 
See Rule of Art. 75. ] 

EXAMPLES 


1. (a) Define the director circle of an ellipse. 

(6) Find the equation of the director circle of the ellipse 

_y2 


a® 




= 1 . 


( P{P). U. 1955 ] 


2. Tangents to an ellipse make angles 6^ and 0^ with the major 
axis. Find the locus of their point of intersection if 


(/) tan 0i + tan ^ 2 =k ; 

(ill) cot 0i+cot 
(/v) constant ( =2x). 

Chord of contact 
130. Equation of the chord of contact. To find the equation 
of the chord of contact of tangents from (Xj, y,) to the ellipse 


(//) tan 0j tan <?2 = k ; 

[ D. U. 1938 ] 


a® ^ b® *• 


The equation of the ellipse is 

fl" b“ 


Let P be the pt. (x,, yj, and T(x', y'). 
T'(x', y*) the pts. of contact of the tangents 
from P to the ellipse. 

(/) Then the equations of the tangents at 
T, T' are 



xx'y/_ 

xx'',yy^_ 

b‘ 


...(I) 

-( 2 ) 


both these tangents pass thro’ P, 


tj® 


yxy'__-i 

6® 




a® ^ 6® ^ 



m) 


.. irom (3) and (4), T{x\ y), i {x , y ) ue on the lint 

^2'” a®”^b® therefore, the required 

equation of the chord of contact. [ Dcf. (Art. 76) I 

[ N.B. The equation of the chord of contact of tangent.^ from (.v,. Vj) 

to the ellipse / is =1. ] 


•[P. U. I9S6S ] ' - 

equations (3) and (4) change (.c'. v') 

ana (ar, y ) to (x, y). 
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EXAMPLES 

1. Tangents are drawn from the point (1, 2) to the ellipse 
3 -^ 2 ^ 4 y 2 _ 5 Find the equation to their chord of contact. 

2. If the chord of contact of tangents from (a, jS) to the ellipse 

-'=1 touches the circle X’-\-y-=c\ show that the point {x, /3) lies on 


, V 


a 


^2 


4 ^ 

A- . V- 


Ihe ellipse ^ 2 - 

Pole and polar 

131. Equation of the polar. To find the equation of the polar 
of the point (Xj, yi) with respect to the ellipse 3 - 2 ■^^ 2 =^- 

The equation of the ellipse is 


,.2 y 2 

_ t 

a- />• 


Let P be the pt. (.Vi. I'l), and PTT' any 
line ihro’ P to meet the ellipse in T, T. Let 
the tangents at T, T' meet in Q(x', y'). 

(0 The equation of TT', the chord of 

contact of tangents from Q, is 

xx . vv' - 

+ ■ ■ rs 1 

a- />- 

{//) it passes thro’ P, 

• =1 
a‘ h‘ 

{Hi) the locus of Qt.-v', y') is 

•v,.v , y,y , , _ xx, , yyi 



[changing (x', y') to {x, y)] 

f ' _] ip ''**1 •'•'1 = 1 . 

which is the required equation of the polar of P [Def. (Art. 7S)], and is 
clearly a si. line. 

[N.B. The equation of the polar of (xi, y^) w. r. t. the ellipse 


X- 


a 




y -1 is 


[Aid to memory, SCC Art. 79, Aid to memory.] 

EXAMPLE 

Show that the polar of the focus w.r.t. an ellipse is the corres¬ 
ponding directrix. 

[Sol. Let the equation of the ellipse be ^3 4* =1. 

Then the equation of the polar of the focus {—ae, 0) 

[ 

Qj. __ =lorx=— ^ , which is the corresponding directrix.] 


. x(-flc) y( 0 ) j 


xxi ,yy\^t' 
2 “b 
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132. Pole of a given line. To find the pole of the line 

=1 * 


Ax-j-By-f C=0 with respect to the ellipse ^ , 

d o** 

The equation of the ellipse is ^ -j- =i. 


Let (jTi, y,) be the required pole. 

(/) The equation of the polar of (x,, >•,) is 


XX 


' + 


yy\ 


= l or 


XX, 


- 1=0 ...{!) 


a^- ^ b 


or 


{//) it is the same as the equation of the civen line 

A.v-l-B>-+C=b ...(2) 

•V, 

«> / 1 

(///) comparing co^fTicienis in ( 1 ) and ( 2 ), - 7 —= = ~ 

A B C 

Aa^ • ^1 c ’ -C 

the required pole is ^ ^ h-\ 


C “ ’ C 

[Rule to find the pole of a given line with respect to an ellipse : 
See Rule of Art. 80.] 

EXAMPLES 


X2 


1. Find with respect to the ellipse , 


y' 


r =1 the pole of the 
line y = mx+c. f- | 

2. Find the pole of the line x—2y-f-3 0 with respect to the 
ellipse 3x-+4y*=12. 

3. Show that the focus of an ellipse is the pole of the correspond¬ 
ing directrix. |^/> ^ /p .^551 

Properties of pole and polar 

133. Reciprocal property. If the polar of a point P with respect 
to an ellipse passes through a point Q, then the polar of Q passes through 


Lcl the equation of the ellipse be 


• p 

a- 


=1. Let P, Q be the 


pis. (x„ >-i), (xj, yfi. Then the equation of the polar of P is 

•^•^1 . yyx 


a 


t 




= 1 . 


If it passes thro’ Q, then 


y-iy 

1)^ 


„ =i ...{!) 


Now the equation of the polar of Q is 


XjX, 

a” 

^-^2 I yy -. _ 

a- ' b 

x,x 
a 

polar of Q passes thro’ P. 
•[J.&K.U.I951] - - 


Substituting the co-ordinalcs of P in (2), we get -'‘y = 1 , 


= 1 -.( 2 ) 
.Vi.V, 
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EXAMPLE 

If the polars of two points P and Q with respect to an ellipse 
meet in R, &en R is the pole of the line PQ. 

Use of parameter 

134. Auzili^ circle. Def. The circle described on the major 
axis, AA', of an ellipse as diameter, is called the auxiliary circle of the 
ellipse. 

Cor. The equation of the auxiliary circle is x^-(-y3=a^ 

For, its centre is C(0, 0), and its radius CA=fl. 

Eccentric angle. Def. [See Fig. of Art. 135.] Let P be any point 
on an ellipse, and NP its ordinate. Produce NP to meet the auxiliary 
circle in p, and join Cp. Then Z.A'Cp is called the eccentric angle of 
P, and is generally denoted by B. 

•♦Note. The point p on the auxiliary circle is said to correspond to 
the point P on the ellipse. 


A-+ 


135. To express the co-ordinates of any point on the ellipse 
in terms of one variable (called the parameter).* 


The equation of the ellipse is 


• I 1% I • 


Let P(x. y) be any pt. on the ellipse, 
and NP its ordinate. 

Produce NP to meet the auxiliary 
circle in p, and join Cp. 

Let ZA'CP=0. 

Then x=CN 


CN 

[But -=cos 0, 

Cp 

=a cos B. 



.'. CN=Cpcos0] 

[ V Cp=CA'=a ] 

Substituting this value of a: in the equation of the ellipse, 

COS* ^ ^ 


a 


s 




or l“Cos2d=tsin*^, or ^*=6* sin*^ 

/, y~b sin 0.t 

• • *=* y=b sin B. which are the required co-ordinates. 
♦•Another method. The equation of the ellipse is 


Also 


I f A A 

<3- 6* 


...(I) 

cos2e+sin2fl=l ...(2) 


comparing (1) and (2), ~=cos* 0, 


or 


^ =sm« 9 

—=cos sin 9 

a * b 


•[ P.U. 1954 ] 


t j'=NP (in the Fig), which is +ve. 
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x=a cos y=b sin which are the required co-ordinates. 
(Comparison of the two methods. The foregoing method does not 
give the geometrical meaning of 0, i.e., /_\'Qp=9. ] 

Cor. Any point on the ellipse. Any point on the ellipse 

\ + - rr = 1 Of b sin 6). 

a’ 0 ^ 

Note. Since the position of the point P (a cos 6, b sin 0) is known 
when the value of 6 is given, hence the 

Def. The point whose co-ordinates are (a cos 6, b sin 6) is, for 
shortness, called the “point 6.** 

[ Aid to memory. Putting 6 = 0 , the ellipse becomes the circle A:2+y2=o* 
(Art. 119, (o). Note 4). Hence any poim on the circle x^+y^=a^ is (a cos 0, b sin 6 ). 

( Cf. ArL82.)] 


EXAMPLES 


1. What are the parametric co-ordinates? 

Write down the parametric co-ordinates of 

(0 x^'\-y-=a'^, (//) y^=4ax, 

(///) = [ P{P)M. 1949S ] 

2. If ^ is the eccentric angle of a point P on the ellipse ^2 

find the co-ordinates of P. [ B. U. 1943 ] 

Prove that the area of the triangle formed by three points on an 
ellipse, whose eccentric angles are a, y, is 

lab sin sin sin [ Cf. Art. 9, Ex. 2, {b), (/). ] 

3. A system of chords of an ellipse is drawn from one end of 
its major axis, find the locus of the middle points. [7. & K. U. J952\ 

4. Find the locus of the middle points of chords of an ellipse which 
are drawn through the positive end of the minor axis. 

••5. Tangents are drawn from points of the ellipse - «+ = 1 to 

a^ o* 

the circle Show that the chords of contact touch the ellipse 

a^x^+bY=r*. [ A. U. 1937 J 


on 


136. To find the equation of the straight line joining two points 
the ellipse 152 " eccentric angles are given.* 

The equation of the ellipse is 

a* b‘ 

Let 62 , be the eccentric angles of the pts. 

(1) (2) 

Then their co-ordinates are (a cos 0^, b sin O,). (a cos 0^, b sin 

[ Art. 135 1 

the equation of the line passing thro’ them is 


[ p. u. ims ) 
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[Art: m 


i ••' ‘ % r-A 

y—k sin 6i^r— 




A 


^ / i C*. 


sm ^3-^0 sm tf| 
COS d^—a cos ^1 


^2+^1 ^_t~l* 


\^y-yi 


• '. •'> i 


2A cos sin 

; ■ e.+B, : 

2(2 sm -•;!--sm---^— 
\ ^ 2 • 2 


^ A ^ 

x^~x^ 




■■Q 


e^) 


•. *‘ 

, dividing by b,* 

^i+^a 

cos -'2"/ 

—sin ^1=- ,sr ( ^ 

* sin 


^ ^ 

[Cancel 2 sin ' 2“ ^ from the num. and denom 

{Note this stei 


^ “COS di ) 


f 


or 


or 


sin 2 

y . ^1 + 02 • n • ^1 + ^2 

i Sin 2' ® - sm 0i sin -* J- ® 

'■« ^1 + ^2 . A ^1 + ^2 

--- cos 2 “ +COS ^1 cos -^-- 

COS S, + . sm * ^ 

a 2 b 2 

=cos cos * H-sin sin 

2 2 

^1 ^2 


•}' 

' / 
{ 


• p 


which is the 


X 

a 


^ z 

(a ^1+^2 ^i“^2 

co$(di —>2'“ ) = cos --2~ 

^1 “1“ ^2 I y ' “h ^2 /1 \ 

+ A sm * =cos-'2~ —(0 


is 


: Pii-p* , V . <7,-i-ro p,—Po ... 

^ cos ^2 + i ® ==cos-‘2— •••(*) 

required equation. 

fo deduce the equation of the tangent at the point &i 
Bi—Biin (1), the equation of the tangent at t 

i- ^ «?n fl-=cn^ 0=1 


Cor. To deduce the eq 
Putting in (1), 1 

^ cos L sin 0i=cos 0=1 
a o 


♦ * V < • ♦ 

cos ^1+"^ sin ^1=1, which is the required equation:'" 

EXAMPLES 

1. Show that the point (a cos 6, b sin 0) lies on the ellipse 
, _|_ y‘ =1 for all values of 0. What is the geometrical significance 

of'e? I Bar. U. 1953 ^ 

Obtain the equation of the tangent at the point. [ P'.U. 2954 ] 

‘ * - _^_^ __ _ - ^ _ _ 

•Wty this step. To take X and a on on© side, and y and 6 on the Other. 

ii'f/u. l950] ■ 




CHAPTER VllI 


[^^^This chapter should be omitted by the Intermediate 
students of the Jammu & Kashmir University.] 


THE HYPERBOLA 
SECTION I 

EQUATION OF A HYPERBOLA 

138. Hyperbi>la. Def.* A hyperbola is the locus of a point 
which movesf so that its distance from a bxed point is in a constant 
ratio, greater than one, to its distance from a fixed straight line. 

Defs. (/) The fixed point is called the focus, and is usuallv 
denoted by S. 

(») The fixed straight line is called the directrix. 

{///■) The constant ratio is called the eccentricity, and is denoted 
by e (the initial letter of the word .ecceniricity). 

INote. It is assumed that the point moves in the plane in which 
the fixed point and the fixed straight line lie. 

[N.B. Definition property. If P is any point on a hyperbola 
whose focus is S and eccentricity c, and PM _L on the directrix, then 


SP 

PM 


=e or SP=e.PM. (e>l)] 


139. Standard form. To find the equation of a hyperbola in 


x" y 


the form =1. ; 



Lei S be the focus, ZM the directrix, and e the eccentricity of the 
hyperbola. From S draw SZ X on ZM. Divide SZ internally and 
externally at A, A' in the ratio c : I, so that 

SA _ e SA' ^ 

AZ 1 ’ A'Z 1 
or SA=e.AZ ...(1) 

SA'=e.A'Z ...(2) _ 

•(A U. 1953] J[A U. 1955] 

§ SA'> A'Z, A'lies on SZ produced. 


225 


226 


NEW INTERMEDIATE CO-ORDINATE GEOMETRY [Art. 139 


or 

or 

or 


|Then A, A' lie on the hyperbola (Def.).] 

Bisect AA' in C. l^t AA'=2fl, then CA=CA'=a. 

(j) Adding (7) and (2), 

SA+SA'=e(AZ4*A'Z) 

CS-CA+CS-(-CA'=e.AA' 

2CS=6'.2a [•/ CA=CA'] 

CS=ae. 

Subtracting (7) from (2), 

SA'-SA=^(A'Z-AZ) 

AA'=elCZ-f-CA'-(CA-CZ)] 

2fl==e.2CZ [V CA=CA'J 

CZ= — . 
e 

(77) Take C as origin, CA as the x-axis, and CY J_ to it as the 
y-axis. Then the co-ordinates of S are {ae. 0), and the equation of ZM 

[(Art. 16) [I to y-axis at a distance — to the right] 
a 


or 

or 

or 


IS x= ■ 


or X -=0. 

e 

(Hi) Let P(.x, ;') be any pt. on the hyperbola. Join SP, and from P 
draw PM J_ on ZM. 

Then SP=e.PM ...(3)_ __[Def. (Art. 138)] 

SP=\/ {x—ae)'-^(y~-0)'=V {x—aeY-\-y\ 


But 


X — 


and 


PM = 


a 

e 


[± from {x, y) on —=0] 

e ** 


1 


= a: — 


a 

e 


from (3), v(x—ae)--\-y^ =e (x— ^-^=ex—a 

or, squaring, x^-2aex-l-d‘e'-\-y^=e^x^—2aex-\-a^ 
or y.!(e2-I)*_^3=a2(^2_l) 

or, dividing thro’ out by a~{e--~\) f, ^ 

or. putting a^e'~\)=b‘t 


a^e’~\) 


= 1 


[V e>l) 


[': e> 1] 




r2 


— ^ 2 ’ which is the required equation* 


Cor. Important CS=ae, CZ= ^ b^=a^(e*—1). 

e 


•Why this step. c>I, we have written the equation so (hat the co- 
efiicient of jf3 is {positive, i.e.,) i and not 1—e3. Compare page 185, line 10 from 
the bottom, where, e being <1, we have wriiicn the equation so that (he coefficient 
of a :2 is (positive, / e.,) 1 -c-. 

m 

tWhy this step. To get 1 OD the R.H.S. as required in the equation to be 

X% V- 

found, viz., -i- — .i, —I. 

<3* 
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Note 1. Intersections of the hyperbola with the y*asis. The 

2 2 ^ 

y-axis meets the hyperbola — ^ 2 ““* -(I) where, putting jic = 0 

^ ~ y~ (imaginary), the v-aKisdoes 

not meet the hyperbola (in real pts.). 

Defs. (/) The points A, A' are called the vertices of the 
hyperbola, {ii) AA' is called the transverse* axis. {Hi) (See Fig. of 
Note 3 below.) If we take two points B, B' on the y-axi$ such ilut 
^^“CB =b. then BB' is called the conjugate axis, (jy) C is called the 
centref of the hyperbola. 

Note 2. Standard form. Since simplest form 

of the equation of a hyperbola, it is called the standard form. 

Note 3, To interpret geometrically the equation 

From any pt. P on the hyperbola 
draw PN on the transverse axis. 



^ {x~a){xfa) 
a^ 

PN* _ (CN-CA)(CN+CA') AN.A'N 

CB* ~ " CA^-CA*~ 

PN* _CB* 

AN.A'N~CA*’ required geometrical interpretation. 

Note 3. Rectangular hyperbola. Def When the two axes of a 
hyptrb^ora ^ rectangular 

•So called because it lies across {i.e., cutsj ihe hyperbola (in A, A'). 



IS 0 called because C bisects every chord of the hyperbola, which 
For, Ici ('(«,>-) be any pt. on the hyperbola, 


[ irons across. ] 
passes through it. 


then 


=1 

bi 


Substituting the cO'*ordinatcs of the pt. 
P'{ ^y) in chc equation of the hyperbola, we 

Is true, .'. P'also lies on the hyperbola. 

Now ibe mid-pi. of PP' is 

o, (0.0).Le.,C 


or (0,0),/.r.,C 
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Cor. The equation of a rectangular hyperbola is [putting b=a ] 

^ A 




a 


i 


— -^-=1 or X®—y“=a*. 


EXAMPLES 


1. (j) Obtain the equation of a hyperbola referred to its 

principal axes. [ U. 1938 ] 

{b) Find the equation to the hyperbola, referred to its axes as 
■axes of co-ordinates, whose transverse and conjugate axes are respectively 
2 and 3. 

2. Find the equation to the hyperbola, referred to its axes as axes 
of co-ordinates, whose-conjugate axis is 5 and which passes through the 
point ( 1 , — 2 ). 

3. Equation of a hyperbola referred to any focus and directrix. 

Find the equation to the hyperbola whose eccentricity is 2, whose 
focus is (2, 0) and whose directrix is x—y—0. [P.V. ] 

y2 

140, Tracing a hyperbola. To trace the curve ~1. 

The equation of the curve is —,— •■•(!) 

(i) Axes-intersections. The ;c-axis meets the curve where, 

yS 

putting y =0 in ( 1 ), ^ x-=a' or a:= ±< 7 . Ue.^ in the pts. 

A(fl, 0). A'( —a, 0). (See first Fig. on p. 229.) 

Again, the y-axis meets the curve where, putting x=0 in (I), 

— i-' = l or y*= — 6 * or y= ±ib (imaginary), 

the y-axis does not meet the curve (in real pts.). 

ym 

(/7) Symmetry. From '^2 


or 


I a7 / 9 

± ^ Vx- 




...( 2 ) 


for every value of .V numerically > fl, there are two equal and 
opposite values of y, the curve is symmetrical about the .v-axis. 


yS ^>2-|-y2 

Again from (I). -^ 2 - = l-r 52 = “^2 ‘ 


or 


x=± I ..-(3) 


for every value of y there are two equal and opposite values 
of X, the curve is symmetrical about the y-axis. 

{Hi) Imaginary values. From (2), y is imaginary when x is numeri¬ 
cally < G, .*. no portion of the curve lies between A and A'. 

(jv) Space occupied. From (2), taking -Fve sign with the square 

root, y= * Vx^'—a ^. .*. as x (numerically > a) increases, y increases; 

when x=oo, y=oo, the curve extends to 00 , to the right of A and 
to the left of A', i.e., it is open. 
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Hence the shape of the curve is that shown in the Fic 
It^consists of two infinite branches. 



[ Rule to trace a hyperbola whose equation is given : See Rule 
of Art. 96. ] 

[ Aid to memory. See Art. 96, Aid to memory. ] 

Cor. The hyperbola has a second focus and a second directrix. 

Proof. the hyperbola is symmetrical about the y-axis (Art. 140* 

yJll' X-axis the pis. S', Z' are taken such that CS' = CS. 

CZ —CZ, then ihc pt. S' will also be a focus of the hyperbola and Z'M', 

I?®, ^ corresponding directrix. ( Sec 

Fig. below. J /- o t 




•j ^ ^ lie on the transverse axis on opposite 

sides of C such that CS=CS' = ae ; the corresponding directrices ZM. 
Z M are perpendicular to the transverse axis on opposite sides of C such 

that CZ=CZ' = ® . 

e 

N. B. The foci of the hyperbola =■/ are ( ±ae, 0). and 

the equations of the corresponding directrices are x = i 

EXAMPLES 

co-ord'ijrales''1-2° : 

1. ( 1 ) whose foci arc (2, 0) and (-2. 0) and eccentricity I 
is V2. ""d whose^ecc^nWefty 
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2. whose conjugate axis is 3 and the distance between whose foci 

3 Find the eccentricity of the hyperbola whose equ^ion is 

2x=>-3;^2=15. [P.U.1955^ 

4. Find the eccentricity and the co-ordinates fo ^^ 

curve 3;c*-y=4. [ ^ 


y* x® 

**5. Trace the curve - 



[ Hint. The equation of the curve is - ^3 =* •••(*) 

Proceed as in Art. 140. Here in step ( 1 ) Axes-intersections, the 
X-axis meets the curve where, putting y=0 in (1). 

_ or x®=—h® or x=± ib (imaginary), 

the x-axis does not meet the curve (in 

real pts.). 

Again, the j-axis meets the curve where, 
putting x=0 in (1), 

=1 or y^=a^ or 

I.C., in the pts. A(0, a), A'(0, —a). 

the transverse axis (=2o) of the hyperbola 

lies along the y-axis. . .. *.• 

Cor. To find the foci and the directrices 

of the hyperbola =1. 

The foci lie on the transverse axis on opposite sides of C such that 
CS=CS'=ae. the foci are (0. ± ae). 

Again, the directrices ZM, Z'M' are J_ to the transverse axis on 

c 

opposite sides of C such that CZ=CZ = 



the equations of the corresponding directrices are ■ 

Note. First and second standard forms. The equation 

...(1) of a hyperbola in which the coefficient of is 
negati\ e, is called the first standard form, and (changing x to >» and y 
to X in (I)), ...(2) in which the coefficient of x* is negative, 

is called the second standard form. 

Important. To write down the standard results, the student should 
fix in his memory the positions (Pigs.) of the hyperbolas with respect to 
the co-ordinate axes. ] 
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X2 y2 

[Aid to memory. —^ =1 in which the coefficient of y2 is negative, 

is a hyperbola with its transverse axis horizontal. 

yd 

^2 ~ a hyperbola with io 

transverse axis vertical. ] 

♦*6. Find the co-ordinates of the foci of the curve 9}>^~4x^=36. 


141. Length of the latus rectum. 

rectum of the hyperbola 

Or 


To find the length of the latus 



The equation of the hyperbola is 


a 


- ^ =\ 
/>* • 


Let LSL' be the latus rectum, and SL=/ Then the pt. L(je, /) 
on the hyperbola 

1 2 1 
— =1 or .,=e*—1 

6 * 


or 


a^e-^ 


a- 

/a= 62 (e“-l) 


[ But 6^=a*(e*— 1), 


■ c2_ i_ 1 

. t 1 ^.2 j 


a 


a 


1= 


b- 


a 


LSL' = 2/=2 


b2 


lies 




( N.B. The latus rectum of each of the 



2 


b2 

a 


hyperbolas 




The result may be proved in the second case by drawing the Fig 

(Art. 140. Ex. 5) and proceeding as in Art. 141. Here L(/, «<?) lies on 

the hyperbola, j 

EXAMPLES 

^he hyperbola x* — 4y’=4, find the axes, the co-ordinates 
of the foci, the eccentricity, and the latus rectum. [ F. U. \ 

Find also the equations of the directrices. [ P,U. 1954S J 

•v /"'SL which, from Ihc Fig., is+ve^ 
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2. Find the eccentricity, the distance between the foci, and the 
latus rectum in the curve 

SECTION II 

TANGENTS AND NORMALS 


142. Most of the results for the hyperbola —^ ~ =sl may be 

proved by the methods employed for the ellipse '^2 = 

For, in the equation of the ellipse '^ 2 "“^ ^2 changing b* to 

we cet =1, which is the equation of the hyperbola. 

b- 

Hence we shall leave the proofs of these results as exercises to the 
student. 

[Aid to memory for standard results for the hyperbola • “ feV 

y- 

//; the corresponding results for the ellipse change o* to —62^ 

{For a point of contrast, see end of Art. J43.) ] 

EXAMPLE 


Find the equation of the tangent at the point (s„ y^) of the 

= 1. [B.U.1936] 

[ B.H.U. 1945 ] 


X* 

hyperbola - « 


y* _ 

b» 


Find also the equation of the normal. 

[ Hint. Proceed as in Arts. 122, 123. ] 
f N.B. The equation of the tangent at the point (Xj, >»,) of the 


hyperbola 


— =1 IS — 


a- 


yyi 


62 


ar 


= 1 . 


The equation of the normal 


a"x , b*y A . • Q ^ 
IS - +-^=aHb-. ] 
3^1 yi 


r Rule to write down the equation of the tangent at the point 
(Xi, yi) of the hyperbola (equation in the standard form) : 

See Rule of Art. 64.) u • . / \ r 

r Rule to find the equation of the tangent at the point (Xj, yi) of 
the hyperbola (equation in the standard form) : See Rule of An. 63. ] 


SECTION III 

A HYPERBOLA AND A LINE 

examples 

1 Points of intersection. Show how to find the points of 

intersection of the line y=mx+c with the hyperbola ~ 
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{ Hint. Proceed as in Art. 124. 

It will be found that the quadratic in x is 

xHdhn^-b^)+2a^mcx-\-QHc^-i-b-^)=0. ] 

2. Length of the intercept. Find the length of the intercept 

made by the hyperbola * 0 — =1 on the line y = mx4-c, and 

deduce the condition that the line may touch the hyperbola. 

[ Hint. Proceed as in Art. 125 and Cor. ] 

3. (a) Find the points common to the hyperbola 4x®—4>/-=I5 and 
the straight line jjc—2>'—3=0. 

(b) Find the length of the straight line intercepted by the hyperbola. 

4. Prove that the straight line 5x-f-12y = 9 touches the hyperbola 

x2—9y2=9, and find its point of contact. [ P. U.] 

5. Condition of tangency. Find the condition that the line 

y=mx + c may touch the hyperbola “ b-”'* [ I943S ] 

Cor. 1. Equation of a tangent in terms of its slope. If m is the 
slope of a tangent to the hyperbola ^3 — equation of the 


tangent is y = TCix ±_v' a^m^ b-. 

Cor. 2. Any tangent in the m-form. The equation of any tangent to 
the hyperbola — ^2 = I, in the m-form, is + 


a 


( Hint. Proceed as in Art. 126 and Cors. 1 and 2. ] 

6. Find the equations of the tangents to the hyperbola 

3x2—4y-= 15 which are parallel to y=2X'fk. [ M.U. ] 

7. Find the equations of the tangents to the hyperbola 
3^2 —y2=3 which are 

(/) parallel to the liney = 2x-f4. 

(») perpendicular to the line x + 3y=2. [ P. U. 1954S ] 

8. Show that the line y=mx-rv/a*m“^ —b-is a tangent to the 


hyperbola 


■ — : „ =1 for all values of m. 

i* b^ 


( P.U. 1956 ] 


9. Condition of tangency. Show that the line lx-f'my + n=0 will 

2 


touch the hyperbola * 2 “ a^F —b-m* = n2. 


( Short-cut. Proceed as in Ex. 9, Art. 71. 1 

10. Show that the line x cos a-fy sin a 




hyperbola 


— ^ 2 = 1 , if p* = a2 cos- a—b^ sin^:^. 


p will touch the 
[ B.lf.U. 1949 1 


SECTION IV 

A HYPERBOLA AND A POINT 

143. Test for a point to lie outside, on, or inside a hyperbola. 
To show (hat the quantity —7 is negative, zero, or positive 



234 


NEW INTERMEDIATE COORDINATE GEOMETRY [ Art. 143 


according as the point (;ci> >^ 1 ) lies outside^ on> or inside the hyperbola 

^ 2 — [Contrast with Arts. 72, 107, 127] 


O/V4 « V. ^ 



Let P be the pt. (x,, >>i). From P draw PN X on the x-axis to meet 
the hyperbola in y). 

•.* Q lies on the hyperbola 

. a :,^_ y'^ , 

a"- 62 " ‘ 

or ■■■(*) t ] 

Now^ 2 — ^3 ~ 62 — [ Substitute for 0 from (1) ] 

«= 62 * k fl 2 62 * 

] 

= jV [ NQ2-NP= ] ...(2) 

(i) If P lies outside the hyperbola (as in the Fig.), NP>NQ, 
from ( 2 )*, -^'2 — -^'2 —1 is —ve. 

(//) If P lies on the hyperbola, NP=NQ, 
from (2), ^' 2 — -^ 3 -“* is 
(Hi) If P lies inside the hyperbola, NP<NQ, 

9 3 

from ( 2 ), is +ve. 

A point of contrast. For the ellipse 'ii® quantity 


V R.H.S. ia —ve, .% L.H.S. is also —ve. 


Art. 143 ] 


A HYPERBOLA AND A POINT 


235 


y 2 V ^ 

is positive, zero, or negative according as the point {x^, y,) 
lies outside, on, or inside the ellipse (Art. 127). 

But for the hyperbola quantity — 1 is 

negative, zero, or positive according as the point (arp lies outside, on, 
or inside the hyperbola. 

[**Rule to find whether a point lies outside, on, or inside a hyper¬ 
bola (equation in the standard form) : In the L.H.S. of the equation 
of the curve {R.H S. being zero), substitute the co-ordinates of the point : 
if the result is negative, the point lies outside the curve, if zero, it lies on 
the curve, and if positive, it lies inside the curve. Contrast this Rule with 
that to find whether a point lies outside, on. or inside a circle, parabola or 
ellipse {equation in the standard form) {Arts. 72. 107, 127).] 


EXAMPLES 


1. Explain the significance of P= ^2 ~ relation to a 

point (X', y') if (/) P=0. (ii) P>0. and ((//) P<0. [B.H.U. 1946] 

2. Two tangents from a point. Show that from any point two 
tangents can be drawn to a hyperbola, and they are real, coincident, 
or imaginary according as the point is outside, on, or inside the 
hyperbola. 

[Hint. Proceed as in Art. 128.1 

3. Tangents are drawn from the point (—2, —1) to the hyper¬ 
bola 2x*—3y*=6. Find their equations. \P. U. 1954] 

4. Tangents are drawn to the hyperbola Sx- —y^ = 5 from the 
point (0, 2). Find their equations. 

5. Director circle. Find the locus of the point of intersection 

of two perpendicular tangents to the hyperbola — ^^3 = 1 . 

[P. U. 1956] 

[Hint. Proceed as in Art. 129. 

••Note. It will be found that the locus is y- = o*—6®, which is a 

circle. It is called the director circle of the hyperbola. Its centre is the 
origin, and radius=\/a*—Hence : 


(/) If a^>h^, the radius is real, .'. the director circle is real. 

(i7) If a^=b^, the radius = 0, the director circle reduces to a 

point circle at the origin. In ihis case the origin, i.e., the centre of llie 
hyperbola is the only point from which two perpendicular tangents can 
be drawn to the hyperbola. 

(///) If the radius is imaginary, .*. the director circle is 

imaginary. In this case there is no point from which two perpendicular 
tangents can be drawn to the hyperbola.) 


Chord of contact 

6 . Equation of the chord of contact. Find the equation of the 
chord of contact of tangents from (Xj, yj) to the hyperbola 3 — - = 1 . 

S D 
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[Hint. Proceed as in Art. 130.] 




[N.B. The equation of the chord of contact of tangents from (Xj, yj) 


to the hyperbola - ^2 =1 is 


Pole and polar 

7. (a) DeOne the polar of a point with respect to a hyperbola. 

[ M.U. 1937] 

{b) Equation of the polar. Find the equation of the polar of 


X** 

the point (xj, Yi) with respect to the hyperbola 


a- 

(c) Show that the polar of the focus w. r. t. a hyperbola is the 
corresponding directrix. 


[ Hint. {^) Proceed as in 
Art. 131. ] 



Q( X 



[ N. B. The equation of the polar of {xi, w. r. t. the hyperbola 

_yyi _i 1 

38 


2 “ A2 =■* 


[ Aid to memory. See Art. 79, Aid to memory. ] 

8 . Pole of a given line. Find the pole of the line Ax-|-By-f-C=0 

2 9 

with respect to the hyperbola -b^~^* ^ ^ 

f Hint. Proceed as in Art. 132. ] 

9. Find the pole of the chord x—2y=l with respect to the 
hyperbola 4x2-9y2=12. 

10. The line Ax+By-l-C=0 meets the hyperbola 4x*--y®=4a2 in 
the points P and Q. Find the co-ordinates of the point of intersection 
of the tangents at P and Q. [ P. C/. 1956 S ] 
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Properties of pole and polar 

11. Reciprocal property. If the polar of a point P with respect 

to a hyperbola passes through a point Q, then the polar of Q passes 
through P. [ i,^ ;p 55 5 - j 

[ Hint. Proceed as in Art. 133. ] 

12. If the polars of two points P and Q with respect to u 
hyperbola meet in R, then R is the pole of the line PQ. 

Use of parameter 

f Auxiliary circle. Def. The circle described on the transverse 
axis, AA', of a hyperbola as diameter, is called the auxiliary circle 
of the hyperbola. J 




a 


144. To express the co-ordinates of any point on the hyperbola 
~ L 2 l^fms of one variable {called the parameter). 


The equation of the hyperbola is 


■^■=1 
a- b- 


Also scc-^1 —lan-^= I 

.'. comparing ( 1 ) and ( 2 ), 


...( 2 ) 


•i 


^., = sec-e, •^., = tan''^<? 


or 


a- 

X 


h- 


^ =sec d, ^ =tan 0 

;• * = ^ sec 0 , y = b tan 0. which are the required co-ordinates. 
♦♦Another method (Geometrically), 

tj2 

The equation of the hyperbola is ^ = \ 

hi 


Let P (x, y) be any pt. on 
^he hyperbola, and NP its ordinate. 

From N draw NQ tangent 
to the auxiliary circle to touch 
it at Q, and join CQ. 

Let f\CQ = 0. 

Then x=CN 


Y' 

p 

4 

\ 

lx.) 





/a 


Y 



M 

c Aa r 

'J X 


CN 


sec t?. cQ = CA =<7 1 

‘his^value of .x in the equation of (he hyperbola, 

.2 — = 1 , or =sec 2 ^-l=tan=^, or y'=b'^ Vaxi-O 


a 


y—b tan 0* 

x=a sec e, y=b tan B, which are the required co- ordinates. 
* V >'«NP which, from the Fig., is +vc. 
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[ Note. / ACQ in the hyperbola corresponds to the eccentric 
angle in the ellipse ; but it is not so important as that angle, and has no 
special name. 

Comparison of the two methods. The first method does not’ give 
the geometrical meaning of i.e., /_ACQ=d. ] 

Cor. Any point on the hyperbola. Any point on the hyperbola 

w sec Q, b tan 6). 

a- o 

Note. Since the position of the point P (a sec 6, b tan B) is known 
when the value of B is given, hence the 

Def. The point whose co-ordinates are {a sec B, b tan B) iSt for 
shortness, called the ‘‘point 

EXAMPLES 

1. Show that (a sec b tan B) represents a point on the 
hyperbola ~ [ P. U. 1955S ] 

P is a variable point on the hyperbola whose vertex 

A is {a, 0). Show that the locus of the middle point of AP is 

[ P. U. 1953S ] 


i2x~ar_ 4y\ 

» A X • 


a 




2. Find the equation of the straight line joining two points 


X- 


on the hyperbola “ ^., = 1 with parameters and 0 ,. 

( B,U. 1947 1 

Deduce the equation of the tangent at the point B^. 

[Hint. {/) Proceed as in Art. 136, and express secants and tangents 
in terms of the sine and cosine. 

It will be found that the equation of the line passing thro’ the two 


pts. is 


X B,—B9 V • + 

- cos * *. sin 

a 2 b 2. 


1 sin . ^ 1 +^* 

- cos ' ‘sin-^-'—* 

cos 2 cos 2 


1 

cos 


cos 


Bi-B. . . . ^i-h^a 1 

sin sm ~ - 




= ^ . r cos cos —*-l-sin sin —sin B^ sin 

cos t/j L - ^ 

0 ,+ 


2 


= cos 


(li) It will be found that the equation of the tangent at 


{a see 01 , ^ tan 0 i) to the hyperbola is - sec B^— g-tan 0i = l. ] 
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3. Find the equation of the normal to the hyperbola 

at the point (a sec 0 , b tan 0 ). r J^i 6 S 1 

[ It will be found that the equation of the normal at the point 

{a sec 6, b tan 0) is =a*-f b- 1 

sec 0 tan f/ “ • J 

SECTION V 

GEOMETRICAL PROPERTIES 

145. Focal property. The difference of the focal distances nf 
any point on a hyperbola is constant, and equal to the transverse 



-JM_ 


PC* •¥. 



Zl A 


Of Ihe^ype’rbolaf corresponding directrices 

Th‘ro-'p P'- hyperbola. Join SP, S'P 

in FrtrpVr'aJ'"p^7^n 

(0 SP=e. PM = e. NZ=e(CN-CZ) = e(r.- “ )=e.r.-o ...(I) 

W) S'P=e.PM=e.NZ'=e(CN + CZ')=e(,r,+ “ ) = e;r. + o ..(2, 

on rJ,e^/;^erW:te‘exr+"t o„y p„,„, 

.•«;ran/!’s%Sstic'rst'^ 

denoted by S S' '’yPcrbola, and are 

EXAMPLES 

MsBHfS!f “‘--'s is 

--_[JN^tion^ SP^ S P denotes the difference between SP and S'P.l 

•[P. t/. 1955) 


tC/». U. 1942] 
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[Art. 145 


2. (a) If the tangent at any point P of a hyperbola meets the 
transverse axis in T, and PN is perpendicular on the transverse axis, then 

CT.CN=CA% 

(^>) If the tangent at any point P of a hyperbola meets the conjugate 

axis in t, and P/t is perpendicular on the conjugate axis, then 

O.Oi = CB^* 

3. If the normal at any point P of a hyperbola meets the trans¬ 
verse axis in G, and PN is perpendicular on the transverse axis, then 

CG = e-.CN. 

[N.B. If the normal at any point P(.Vi. ;'i) of the hyperbola meets 

the transverse axis in G, then CG^e-.x,., 

4. The tangent at any point of a hyperbola bisects the angle 
between the focal distances of the point, and the normal bisects the 
exterior angle between the focal distances. 

"*^' 5. If the normal at any point P of a hyperbola with centre C and 
foci S, S' meets the transverse and conjugate axes in G and c, and it CF 
he the perpendicular upon the normal, prove that PF.PG^6", PF.Pg=a-, 
where a is the semi-axis transverse and h the semi-axis conjugate. 

6. The locus of the feet of the perpendiculars from the foci on 
anv tangent to a hyperbola is the auxiliary circle, and the product of 
the perpendiculars is equal to the square on the semi-conjugate axis. 

7, Diameter property. The locus of the middle paints of a 
system of parallel chords of a hyperbola is a straight line passing 
through the centre 

“ •> »> 

[N.B. The equation of the diameter of the hyperbola =7. 

hi , 

hiscctiny parallel chords of slope m. is y— x.J 


8 . Find the equation of the locus of the middle points of the chords 
of the hvperbola 2.v--3r--^l, each of which makes an angle of 45^ with 

the .v-a\is. ^ ^ 

**y. Equation of a chord in terms of its mid-point. The equation 

of the chord of the hyperbola whose mid*point is 


(X,. y,), IS ,, 



yr 

b- 


* 


[Hint. Proceed as in Method I, solved Ex. 1. Art. 84. (Here the 

nnd-pt. (.Y], }\) lies on the diameter .v —x (Ex. 7).] 

IN B The equation oi'the chord of the hyperbola 5=0. whose mid¬ 
point is {x,. V, ), /jT = S„ u’/mre r=0 is the equation of the tangent at 
(x^. y^), and is the result of substituting the co-ordinates of the point 

(Y,. V,) in S.] 

*M0. Find the equation of the chord of the hyperbola 25.Y--16y5=4(X), 
w'liich is bisected at the point (5, 3). [Pei/t. U. J953] 


•It will be found that O.Oj=» -62. The negative sign shows that Ci and C/i 
arc drawn in opposite directions. Similarly for Ex. 6, (ii). 


Art. 136 ] 


AN ELLIPSE AND A POINT 
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Deduce the condition that Ix-f my-^n^O may touch the ellipse 

[ p, u. ]■ 

[Sol. (i) The equation of the ellipse is ^^=1 ...(1 ) 

Substituting the co-ordinates of the pt. {a cos 9, b sin Q) in (1) 
we get 

fl* ^ ~ ' 

which is true, the pt. lies on the ellipse. 

(«) 6 IS the eccentric angle of the pt. 

{Hi) The equation of the tangent at {a cos 0, h sin 0) is 
x{a cos d) y{b sin 6) , , xr 

r2 "1” !.*> - * 


a 


62 


or 


a: cos 0 V sin _ 
a ' b 


^'='1 


{/V) The equation of the tangent at {a cos 0, b sin Q) is 
AT cos e ^ y s^n ^ ^ + T sin ^ 


...{!) 


a a a 

If it is the same as the equation of the given line 

then comparing coefficients in (I) and (2), lx-\-ni}-\-n 0 ...(.) 

cos 9 sin 9 


« • 


a __ 
/ “ 

cos 9 = — 


m 

al 

n 


1 

--or 

n 


cos 9_ sin 9 
al hm 


1 

n 


sin 0= — 


bm 


n 


Squaring and adding, 1 = 


n 


n 


(■.• cos® O-Hsin® 0=1) 

-1 j which is the required condition. ] 

2 . Find the point of intersection of the tangents at the points 

01 , 9f of the ellipse 


x® v® 

——I- -^ = 1 

a* ^ b® • 


[ Hint, Write down the equations of the tangents, and solve them 
X y 

V* ~y by cross-multiplication as in Misc. Ex. 15, (/7), Chap. III. 

*t*^^M^*’*^'**‘ '^be equation of the line, joining the pts. 9,, IK 

on the ellipse, is ^ i. 2 

cos -t- -V sin ‘ = /-rtc i 136) 


a 


2 -+ V sin 


in 9, — 0 # 

in » _ cos ® * 


Find its pole w.r.t. the ellipse.l 

3. Define the eccentric angle of a point on an ellipse. 

j - 1 . - ^ ] 

Find the equation of the normal at any point of an ellipse whose 
eccentric angle is given. U. 1955 ] 

^ [.Si)J. .(//). Let 0 be_ the eccentric angle of the pt. Then its co-ordi¬ 

nates are {a cos 0, b sin 0). 
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The equation of the normal at (a cos B, b sin 0) is 

■ ' /I L u u c/ I V- V. 


a cos Q b sin y L ^ i 

__a*—b* 1 

COS0 sin0~ ■* 

Prove that the line lx-j~my-fn=0 is a normal to 




+ y“ = 1 if . [pe,h. I 

aa + ’ 1* ^ m* n* ^ 

[ Sol. The equation of the normal at {a cos 6, b sin B) is 


[Pesh. U, 1955 ] 


_or -(«*“**)=0 

cos B sin 0 cos 0 sin B 


... ( 1 ) 


VV/|9 W t>IAA V ^- 

If it is the same as ihe equation of the given line lx-^my-\-n=0 ... (2) 
then comparing coefficients in (1) and (2), 
a b 


cos 0 

i 


sin B —(a*—h*) 


IcosB 


b 

m sin B 




cos 6 = — 


an ■ _hn_ 


n»/i» 


b*n* 


Squaring and adding, * = 7 i(^ar^rj»+^s(a 2 -rfta)a 

( V cos*0+sin*0=I ) 

* 4 - ^ ^ . which is the required condition.] 

” jc* y 

5. Prove that the line y—mx-\-c is a normal to 


+b^ = . [P.V. 1949 1 

X“ )r 

6 . (/) Find the equation of the chord of the ellipse 

:ung the points whose eccentric angles are a+^ and ^ ^ ^ 

(ii) The eccentric angles of two points on the ellipse 
■ '_^_/=lare and . Find the equation of the chord passing 

..'rough^them. ^^o^TRICAI. PROPERTIES ^ ’ 

137 {a) Focal property. The aiun of the focal distances of any 

point on an ellipse is constant, and equal to the major axis.* 


[ P{P). U. 1952 ] 


ATS 


P(_x^^ , 


N s/a'-T'x 


•[BM.U. 195J ] 


Art. 137 (a) ] 


GEOMETRICAL PROPERTIES 
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f v ^ Z'M' the corresponding directrices 

ot the ellipse. 

Let P{a:i, ^,) be any pt. on the ellipse. Join SP S'P. 

• ^ St line MPM' || to the jc-axis to meet ZM. Z'M' 

in M, M . From P draw PN X on the A:-axis. 

«■) SP=e.PM=e.NZ=e(CZ+CN) =e ( +x, )=a+ex, ..,(1) 

(//) S'P=e.PM'=e.NZ=e{CZ'-CN)=e^-^-x, )=a-«, ...(2) 

., SPXS'P=a+ejC|+a—ej:i=2a (constant) 

= major axis. 

Cor. Focal distances. The focal distances of any point (jti Vi) 
on the ellipse are a±cx,. ’ 

Note. The property of an ellipse proved in Art. 137. (a) is 
extremely important, and is sometimes taken as its 

Def. An ellipse is the locus of a point which moves so that the sum 
of its distances from two fixed points is constant. 

^ The fixed points are called the foci of the ellipse, and are denoted by 

EXAMPLES 


1. Mechanical construction for ellipse. Give a mechanical 

construction for an ellipse. [ 1938 1 

[ Construction. Fix two pins at the foci 
S, S'. Take a thread of length 2a(=major axis), 
and fasten its ends to S, S'. Place a pencil point 
P vertically against the thread in the angle SPS', 
and move the pencil all round so as to keep the 
two portions of the thread between it and the 
fixed ends always tight. Then the pencil point 
describes an ellipse. 

(For, SP+S'P=Iength of thread=constant.) 

Note. Gardener’s method. This is popularly called the gardener’s 
method of describing an ellipse.] 

2. An ellipse is the locus of a point which moves so that the 
sum of its distances from two fixed points is constant. 

From the above definition of the ellipse, deduce its equation in 
the standard form. [ A.U. 1940 J 

[Sol. Let S. S' be the fixed pts., and 
la the constant sum of the distances. 

Let SS'=2ae. 

Take C, the mid-pt. of SS', as origin, 

CS' as the x-axIs and CY X to it, as the 
y-axis. 'Then the co-ordinates of S, S' are 
( —ae, 0), {ae, 0). 

(0 Let P {x, y) be any pt. on the 

ellipse. 
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(») Then SP+S'P=2a. 

{Hi) V{xA-ae)^^^y*-{-\/{x—ae)*+y^=2a ...(1) 

Now identically, 

[ — [(a-— =4aex ...(2) 

Dividing (2) by(l), 

\/{x+ae)^-\-)^^\/{x—ae)^^y^ =2ex ...(3) 
Adding (1) and (3), 2V(x4-ae)*-{-y^=2a-{-2ex 
or \^{x+ae)^-\-y^=a-\-ex 



or, squaring, x^4r2aex-\-a^e^-\-y^—a--\-2aex-^e^x*' 

or .x*(I-f-’')+y2=a2(l-eS) 

or, dividing thro* out by -^t-+ 

or, putting a^{\~e^) = h*, which is the required equation. 

Note. Cf. Solution of Ex. 5, Art. 12. ] 

3. The focal distance of an end of the minor axis of an ellipse is k 
and the distance between its foci 2h. Find the lengths of its semi-axes. 

[ A.U. 1942 ] 


137. (6) If the tangent at any point P of an ellipse meets the 

major axis in T, and PN is perpendicular on the major axis, then 

CT.CN=CA“. 

Let the equation of the ellipse be 


A 

a 


•1 


-h j^B= *• P P*- (-^1’ 3'»)* 

The equation of the tangent at P is 

a'i ^ 

It meets the major axis where. 





putting ^=^0 in (1), 


-Y.Y 

fl* 


• =l 



A.Vl=a^ i.e., CT.CN = CA«. 

Cor. To find the length of the subtangent. 


a 


a 


Subtangent = NT=CT-CN=- ---Ai[V CT= - (Art. 137,(6))] 

Xi Xi 




137. (c) If the tangent at any point P of an ellipse meets the 
minor axis in t, and Pn is perpendicular on the minor axis, then 

Ct.Cn=CB>. 


*Wh>' this step. See the footnote * on p. 18S 



Art. 137 (d), (e)] geometrical properties 

^ Let the equation of the ellipse be 

^==1* Let P be the pt. (x^, y^). 

The equation of the tangent at P is 

j_ yyi _ 
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a 


2 


+ =1 ...( 1 ) 



It meets the minor axis where, putting 
x=0 in (1), ®=1, 

^ 1 = 6 “, i.e., Ct.Cn=CBK [V C« = NP=;;i] 

137. (d) If the normal at any point P of an ellipse meets the 
major axis in G, and PN is perpendicular on the major axis then 

CG=e2CN.* 

^ Lct^ the equation of the ellipse be 
„' 3 ~+ '^ = L Let P be the pt. (x,. j-j). 

The equation of the normal at P is 
a^x b^y 

It meets the major axis where, 
putting j^=0 in (1), 



a 


a 


i.e., CG^e^.CN. 


Cor. To find the length of the subnormal. 

SubnormaI = NG = CN-CG=x,-eVi [*.* CG=e>>x, (Art. 137, (^))J 

any point of an ellipse bisects the angle 
between the focal distances of the point. J ® 

Let S, S' be the foci of the ellipse. 

. Let the normal at P(xi, y,) meet the 
major axis in G. 

SG§^CS+CG 
GS' CS'-CG 

^ ae-^e^Xi 
ae—e^Xi 

[V QS=ae. CG=e^ CS'=CS=f7el 

^e(a+ex,) 

e{a~exx) 


Then 



that 


V. 1955} --- 

tWhy .hi. ...p, y 

§Why .hi. ...p, in .0 prove .hat PO bisect, ^SPS', tve have to prove 


SG 

GS' 


SP 

S'P 


we consider 


SG 
GS' • 


•<1 • 
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SP 

a--ex^ S'P 


[Art. 137, (a). Cor.] 


PG bisects ZSPS'. [From Geometry] 

Cor. The tangent at any point of an ellipse bisects the exterior 
angle between the focal distances of the point.* 

Proof. PG bisects the interior angle between SP and S'P. 

[Art. 137, (e)] 

But PT is X to PG, PT bisects the exterior angle between SP 
and S'P. 


EXAMPLE 


**lf the normal at any point P of an ellipse with centre C and foci 
S, S' meets the major and minor axes in G and g. and if CF be the 
perpendicular upon the normal, prove that PF.PG = b*, PF.Pg=a*, 
where a is the semi>axis major and b the semi-axis minor. [A.U.] 

[Sol. (/) Let the equation of the 
ellipse be ^-1-^3=1. Let P be the pt. 

{Xt, >'i). The equation of the tangent at P 

XVI _ 

From C draw CK X on the tangent. 

Then PF=CK 

=X from C(0, 0) on the tangent (1) 

1 


is ^'-+ ^^=1 ••■(') 



V 


>'i* V6‘j:,»+aVi’ 


= ...( 2 ) 


a 


Now the equation of the normal at 


p is ...(3) 

Xi yi 


Q*X 


It meets the major axis where, putting y—0 in (3), — — =sn*—i*- 

•^1 




x= ■ 


a 


Xi, G is ( 


a^—b^ n ^ 


/ b* ~r. r V ^, 

= V “ s * — ■■■ 


from (2) and (4). PF.PG= - 


U. 195JS] 


Art. 137 (f) ] 
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(«‘) The normal at P meets the minor axis where, putting ;c=0 in (3) 


Pt- V ».-0).+ ) 

V 


Vb*x^^-haW 

- 


02A2 


...(5) 





from (2) and (5), PF.Pff= — _ 

. 137. (/) The locus of the feet of the perpendiculars from the 

foci on any tangent to an ellipse is the auxiliary circle* and the 

product of the perpendiculars is equal to the square on’the semi- 
minor axis.f 

Let the equation of the ellipse be v 

n* ^ '• 

(i) The equation of any tangent to the 
ellipse, in the w-form, is 

The slope of any line _L to it = ^ 

m 

[ “ve reciprocal ] 

the equation of the X SY from S( -ae. 0) on the tangent (I) is 
y~^= ~ ^ (x+ae)- ...(2) 

in and ^ P»- Of intersection of 

( 1 ) and (2)), i.e., to eliminate m from (1) and (2), 

Now (1) aod (2) may be written as ‘ ’ 

ICojismnt terms on R.H.S. (ATote these steps) 1 
y~tnx=V Q^m^-\-b^ ...(3 

x-\-my= —ae ...( 4 ) 

Squaring (3) and (4), 

y^—2mxy-\-m‘^x^=a^ni^ + b^ 

x^ + 2mxy+m^y^^a^e^. 

Adding, Ar*(l+,«2)+_r*(i+m!)=a>«i=+*" + a!es 

[ But b*^aH\~e*)t \ 

Dividing thro'oiit by 1+mS ^ )* 

This is the auxiliary aT Ud CoM 

^ T PiP).uTm5 ] 

X.+V*l^ roo^ auxiliary circle 

* +>*"<** (note*), we charge 6* into o*(l—e*), 


and 


and 
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NEW INTERMEDIATE CO-ORDINATE GEOMETRY [Art. 137 (g) 


Similarly the locus of Y', the foot of the JL from the other focus 
S' on the tangent, is the auxiliary circle. 

(ii) To prove that SY.S'Y'x=CB^ 


or 


The equation of the tangent is 

m.v—...{I) 

SY = 1 from ( -ae. 0) on , 

1 

c'v' If / Av /i\ aem-{-Va^ni*+b^ 

SY = J_ from {ae,Q) on (1)= 

vm*+l 

■ SYS'Y'= _ m-a~{\~e^^b* 


m^+l 


rwHl 


=*'('";+« =A*=CB=. 

m"-hl 


[ But a\{-e^)=b^* ] 


(^) Diameter property. The locus of the middle points 
of a system of parallel chords of an ellipse is a straight line passing 
through the centre. ^ 

Let the equation of the ellipse 


be 


.v^ , V® 


a- 


+ = 1. 


ends of any chord of the system and 
f.Y, v) its mid-pt. 

Then .v=-'^- + '\ ...(1) 

Let m be the slope of the || chords. 



Then 


m = 


-Va-.l’i 


•••( 2 ) 




.Yj —.Vi 

To find the value of 1 

^3-^1 J 


(-'i, .I'l), (.Vj. I’a) lie on the ellipse, 

= I ...(3) 


^ 9 4% 

a- b‘ 

•y rt 

■^Y , >'2 


d^' 

Subtracting (3) from (4). 


-(4) 

-V3=-x,3 Vz^-Vr^- 

,a -r- 


a 


b^ 


= 0 . 


Factorisinn, -.v.){A-,+Ar.)_^ v,) 

4 - ' 


a- 


•Why tbi» btep. In order to prove that SY.S'Y'—CB*=62 (not wc 
clungc n-(l ^ into b-. 

♦[ PIK 1956 \ 
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or 


A* 


• • 


yj—yi _ _ 

^2 yi~^yi 


a 


■ .-(5) 


[Cf. Step {//■), Art. 122.] 


(m) Substituting the values of ^ (="*), 

^a+^i(=2A-), y2-\-y^{=2y) from (2) and (I) in (5) 

2x 

^ - .2 ' o.. [Cancel 2] 


or 


a 


2v 


X, which is the required locus. 

the ellipse.*' “ “""-e of 

^‘lualion of the diameter (Def, Art. 84) of the ellipse 
a“ *2 parallel chords of slope m, is y=— x ] 

[Aid to memory. Putting b^a, the ellipse becomes the circle xaj.ya »^3 
(Art. 119, (a), Note 4). Hence the e^wa/Zorj diameter of the circle x^Zv^ o 2 
bisecting parallel chords of slope m, is ^ ' 

(Cf. Art. 84.)] 


y*=— *. 

HI 


[Rule to and the locus of the middle points of a system of 
parallel chords of an ellipse: See Rule of Art 84 .] system ol 

EXAMPLES 

ellipse are®Sa°ral!er ‘""" “‘^emiiies of a diameter of an 
ellipse are parallel [PiP). U. 19S0S] 

(Hint. Let (x„ y,) be an extremity of a diameter. Then the other 
extremity is (—>* 1 ) ( . the mid-pt. of a diameter is the centre (0 0)) ] 

r, o ?•„ Find the locus of the middle points of the chords of the el’linc. 

2x“+3y = 4, each of which makes an angle of 45® with the .r-axis ^ 
**3. (a) Equation of a chord in terms of its mid-po'in^' ^Thi 

equation of the chord of the ellipse -f = 1, whose mid-point is 


(xi. Xi). is 


1 yyj ^ , yr 

a2 b2 a* 


b2 * 


[P. U. 1957] 


[N.B. The equation of the chord of the ellinse C—o -i 

eqaauon of ihe la%en,“a, 
co-ordinates of the point 

**{b) If chords of an ellipse pass through a fixed ooint ^:a 

points He on another ellipse. ^ ^ 

[Hint, {a) Proceed as in Method I, solved Ex. I, Art. 84. (Here 
the mid-pt. {x^^yfi lies on the diameter >»=— x (Art. 137 (g)) 
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[ Art. 137 (g) 


Sol. (b) The equation of the chord, whose mid-pt. is (xx. >* 1 ), is 

rr_c _L yy'i " * 

(T=S>i, t.e.,) ^j—r 


b* 


_1 = £C4.ZiL _i 

^ a* ^ h* * 


or 




yyi _ 


9 




n- 


^ b^ 


If it passes thro* the fixed pt. (A, A:), then 
hxi _^yi_^Xi^^_i J*!*. 

b* ' 


the locus of (xj, >*1) is 


[changing (Xj. y^) to (x, >')] 


hx ky _ 

^ .a * — 


2 


2 + which is an ellipse.] 


a‘ b^ a 

4. The tangent at a vertex of a diameter of an ellipse is parallel 
to the chords bisected by the diameter. 

[Sol. Let the equation of the ellipse 


be 


X 

a 


t 

. + ir=>- 


( 1 ) Let m be the slope of the || chords. 
Then the equation of the diameter bisect- 

ing them is y=— •••(0 [Art. I37,(g)] 


a-m 



Let (x,, y,) be a vertex of the diameter, 
(xi, yj) lies on (1) 


(// 7 ) the slope of the tangent= — 


the 

• . yy\ 

vertex is 4- . «-= 

fl* O' 

= 1. 




a* 

r coeff. 

of X 

>■1 

L coeff. 

of y 

b^ 



6^x, 



flV’i 




1 


[Substitute the value of from (2) {Note this step)] 
b^X 

= — — =w=the slope of the chords 

the tangent is || to the chords.] 

5. If one diameter of an ellipse bisects chords parallel to a 
second, the second diameter will bisect all chords parallel to the first. 


2 


,.3 


[Sol. Let the equation of the ellipse be ^ 

and the equations of the diameters be 

y:=mx ...(1) 
y=m'x ...(2) 




b^ 


and 


MISCELLANEOUS EXAMPLES ON CHAPTER Vll 
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Art. 137 (g) ] 


The equation of the diameter bisecting chords ll to the diameter (2) 
(/.e.» of slope m') is 

If the diameter (1) bisects chords || to the diameter (2), then (1) is 
the same as (3). 

b* , b« 

/. comparing coefficients, m=— or mm =— - 3 -. 

The symmetry* of this result shows that the diameter (2) bisects 
chords (1 to the diameter ( 1 ). 

Conjugate diameters. Def.f Two diameters of an ellipse are said 
to be conjugate if each bisects chords parallel to the other. 

••Cor. 1. Condition for conjugate diameters.f The condition, that 

y=mx, y=m'x may be conjugate diameters of the ellipse 


mm = — 


b* 


••Cor. 2. Equation of conjugate diameter. The equation of the 
diameter conjugate to the diameter y=mx of the ellipse ^ 

b" 1 

. 2 - *•] 


y= - 


a*m 


*•6. Show that the diameters >’+x=0 and 2>'—x=0, are conjugate 
diameters of the ellipse x*+2>'*=3. 

•• 7 . In the ellipse -- 1 —=1, write down the equation to the dia- 

a* o* 

meter which is conjugate to the diameter 

(0 x+y=0. (n) 

•*8. Find the eccentricity of the ellipse if y=x and "iy^ —2x are a 
pair of its conjugate diameters. [ V. I942S ] 

M1SCELL4NEOUS EXAMPLES ON CHAPTER VII 

1. Find the equation of the ellipse which has the point ( — 1, 1) 
for focus, the line 3x—4y=0 for directrix, and whose eccentricity 
5 

16 ^ . 

2 Find the lengths of the axes and the latera recta of the ellipse 

4x*4-3y*=24. [ P. U. I930S ] 

Find also the co-ordinates of the vertices and the foci, and the 
equations of the directrices. [ D. U. 1932 ] 


*"The symmetry of this result shows" means that “on changing m to m' and m' 
to m, the result remains unchanged.'* 

For, mm'^— - becomes -. 

'a* a* • 

t[/». U. I953S] 
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3. What does 2:ic*4-3>'*=6 represent ? What are the co-ordinates 

of the ends of the latera recta ? [ P. I/. ] 

4. Show that 4x‘+y- — 8x+2y+l=0 represents an ellipse. Find 

its eccentricity, co-ordinates of its foci, and the equations to the 
directrices. [ p. U. 2933 ] 

[ Sol. The equation is 8Ar+2y+l=0. 

Transposing, 4(.r^—2x) + (y*-i-2>’)= —1. 

[ Constant term on R.H.S. ] 

Completing the squares, 

4{.v*~2.r+l)+(yH2y4-l)=-1+4+1. 

[ Adding 4+1 to both sides ] 
or 4(.xr-l)*+(y+l)8=4. 

Put.x-l = v', y+l^y. 

Then 4.v'»+y*=4 or + -^- = 1 ...(1) 

'>\hlch is an ellipse. Here denom. of > denom. of .v'* 

[ i.e., second standard form ] 


the major axis lies along the new y-axis. 
From{l), (greater denominator) a*=4, and 
(lesser denominator) 6^=1. 

(I) 1 ~e% 1 =4(1 -e')=4-4e^ 

01- Ae^=3. e = . 

(//) The foci lie on the major axis, i.e., on the 
r-axis on opposite sides of C such that 

CS = CS' = ue=2.\'^ = -v/3 

the foci are .v’=0, y'=±V-l 

[(0, ±ae)] 

‘>r .Y— 1 =0. y+1 ^ +\/3 or .Y = l, y= — 1±\/3. 

the foci are (I. — l+^"3). 

{Hi) The directrices ZM, Z'M' are X to tbe 
major axis, i.e., X lo the y-axis or || to the .x-axis 
on opposite sides of C such (hat 



CZ=CZ’= ^ = 

e 



the equations of the directrices are 
4 4 


. ^ 
e J 


y = :t 


or v-“l 


■ X or v^yXv'^i4—0. ] 

5. Find the eccentricity, the foci and directrices of the ellipse 

(/) 3x2 + 4y2-12x-8y + 4 = 0. [ B.U. 

iii) 8(xylF-h6(y-l)-*-l=:0. 

6. Show that the equation 2.Y-+y*=3jY represents an ellipse, find 
its eccentricity, latus rectum and the co-ordinates of the foci. 
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**Show also that the origin is at an extremity of the minor axis. 

7 Determine the centre, equations of the major and minor 
dxeS| their lengths^ the foci and the directrices of the ellipse 

tt Cl* 25x2+9y2-150x-90y+225=0. [B.V.I939] 

that the angle between the tangents to the ellipse 
Va + ha x2+ya=ab at their points of intersection 



tan“* 


a—b 
V ab 


[A.L\ J 


9. Find the co-ordinates of the point on the ellipse t •{''=/ at 

which the tangent makes equal angles with the axes. [ P(P). V. 1956S 1 
Prove also that the length of the perpendicular from the centre on the 

tangent is 

[ Hint, (i) Let {x^, y^) be the required pt. The equation of the tangent 
at (xi, yi) = 1 . 

it makes equal angles with the axes 
its slope = i I, ( Art. 20. Ex. 3 ) ’ 


+ 


b- ‘ 


... ( 2 ) 


Also •.* (x,, yj) lies on the ellipse, 

Substitute the value of y, from (1) in (2), and find the values 

p JiSrs?. srf™ ">■ 

cuhr from the centre on either tangent is iV2. \ D 0 1933 \ 

K' the co-ordinates of the point on the ellipse \\ 

which the normal .s parallel to the line 6;r-5;.=2.’^ tpum'i 
12. If the normal at the end of a laius rertnm it- ^ 

through one extremity of the minor axis, show*that the 
of the curve is given by the equation -Lo iTn tiVt^^ 

[Hint. Draw a rough Fig. Find the equation oftte^’ntfmtl 
at(-oe. 

lfitpassesthro-(0 -*) then it will be found that 

_ tib=a*—b* [ But b^~a^ (1—e*) ] 

ora. avl-c*=a2-a2(l_e*)=aV. 

pncel o>) or Vl -e‘ =e^ Square and transpose. 1 

‘he length °^.thyme^.=^ intercepted by the ellipse 
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14. Show that the line yv'3=x+3 touches both the parabola 
va=4x and the ellipse 2x®+3y*=6 and find the points of contact. 

15. Prove that the polar of the point (—3, 4) with respect to the 

parabola y*=4x touches the ellipse x-4-2y*=3 and find the co-ordi¬ 
nates of the point of contact. [P.U. 1949 ] 

16. Common tangents to two ellipses. Find a common tangent to 

the ellipsesand =1. [ P.O. 1932 ] 

[ Hint. Let m be Ihe slope of a tangent tqjhe first ellipse. 

Then its equation is y=mx±V ... (1) 

( y=mx ± y/ 

If it touches the second ellipse, ihen 
^ iV aW ... ( 2 ) [c=±\/flW+i>*i 

Square (2). find the values of m, and substitute them one by one 

^ a : :c> * 

17. Trace the conics =1, and + "9 “*• P*‘Ove that 

the points of intersection form the four comers of a square. 

Obtain the equation of a common tangent to both. [P(P).U. 1956] 

jfS y% 

18. A circle of radius r is concentric with the ellipse —- 3 + 

nrove that the common tangent is inclined to the major axis at an angle 

1 A / 

\/ ■ 

. X* y* 

19. Prove that the equation of a tangent to the ellipse g,- =1 

may be written in the form x cos a+y sin a=\/o’* cos* a- 1 ' 6 * sin*a. 
Hence find the locus of the intersection of perpendicular ^angents.^^^^ ^ 

[ Hint. Find the condition that x cos a+y sin a—p ...(1) may 
touch the ellipse (Art. 126,Ex. 5). It will be found that 
n«=fl* cos* a+ 6 * sin* a or p—V a* cos* a+ 6 * sin* a, .’. fr om ( 1 ). 
the equation of the tangent is x cos a+y sin a=Va* cos* «+ 6 * sin** ...( 2 ) 

Changing a to 90*+a, the equation of a_l tangent IS 

sin a+y cos o=Vo* sin* a+ 6 * cos* a ...(3). Square (2) and (3), 

20. Tangents are drawn from the point (2, 3) to the 
9x*+16y-=144. Find their equations and the equation of their chord 

of contact. , , 

21. Tangents TP, TQ are drawn to the ellipse ^ 3 -+ -^3 = 1, centre 

C, Prove that the product of the slopes of PQ and TC ^ j 

22. Find with respect to the ellipse 4x*+5y*=20, 

({■) the polar of the point f), and 
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(h) the pole of the line 2x—5y + 10=0. 

23. A straight line of given length slides with its ends on two lines 
a right angles to each other. Find the locus of any point on the line. 

[ M. 'u. ] 

[ Sol. Let the line AB slide with its ends on the v* 
two 1 lines OA, OB. Take OA, OB as axes (Art. 8«r, ^ 

Rule 1). Let P(x’,>') be any pt. on AB, BP=o, PA=^», B 
Z.BAO=0. 

From P draw PM and PN _Ls on the x-axis and Ni " V 
y-axis. 



a 

P(X, K; 

b 


Then ^BPN= Z.BAO ( Corresponding ) 

=0. 


L 

O 


M 


Now 

;c=OM=NP 

j^But 

NP 

=a ebs 0. 

PB " 

Again 

y=MP 

But 

MP 
AP " 


=b sin 6 


% ♦ 

cos B= —, sin 9=-^ 
a b 

. Squaring 


• • 


NP=PB cos 6 


MP=AP sin 9 


] 

] 


, , ( cos20+sin2^=*l j 

fji —which is the required locus. This is an ellipse. | 

24. A line of given length 2a moves so that its ends always lie on 

two fixed perpendicular straight lines. Prove that the locus of its middle 
point is a circle. [ R. B 1932 ] 

25. If 0„ 0, be the eccentric angles of the extremities of a focal 
chord of an ellipse of eccentricity e, prove that 

cos^>-j^-^=ecos-^-l^V 


[ M. U. 1931 J 

26. {a) Prove that the locus of the middle points of the portions of 
tangents to the ellipse ^=1 included between the axes is the curve 

"'a. ^ 

(6) Find the locus of the mid-point of the normal PG at P G beins 
on the major axis. ' ^ 

27. If a tangent to the ellipse -^,4- ^,=1 whose centre is C, meets 
the^major axis in T and the minor axis in r, prove that 

[ P. U. 1935 ] 


a‘ ^ 

CT» C/* 


= 1 . 


28, The normal at any point P of the ellipse-1*+= 1 cuts the 

^^5® at G and g respectively ; prove that 
+4Cg —25, where C is the centre of the ellipse. [ A.U. 1948 J 
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29. Find the condition that the line cos asin a=/) may be a 

normal to the ellipse 2j:*-f-3>'*= 1. [ J. A K. U. 1949 ] 

30. Given the ellipse 36x*+100y*=3600, find the equations and 

|Q 

the lengths of the focal radii drawn through the point {0,*^). [DM.] 

31. Prove that the normal [ at the point (.Vi, >’,) of an ellipse] divides 

the major axis into segments whose product is a^—e^x^^. [P. U.] 

[Sol. In the Fig. of An. 137, (rf), AG.A'G = {CA+CG)(CA'-CG) 
=ia+e^Xi){a~eKx,) ( v CG=elY, (Art. 13?, (d)) ] 

32. Prove that the sum of the squares of the perpendiculars on any 

tangent to an ellipse from two points on the minor axis, each distant 
\ o^—b^ from the centre is 2a}. . [ C. U. 195S ] 

33. Find the locus of the point of intersection of the two straight 

lines — '1^ +/=0 and ^ —1=0. 

a D a b 

34. In an ellipse the length of the subtangent corresponding to the 

point (3, J-) is . Prove that its eccentricity is ^ . [A.U. 1939] 

35. Prove that in an ellipse the pole of a chord lies on the diameter 

which bisects the chord. [ P. V. 1953 S ] 

[Hint. Let the equation of the chord be y=^mx-\-c ...(1). Find 
its pole w. r. t. the ellipse. Show that it lies on the diameter bisecting 

the chord (1), i.e., on y=- x. ] 

' arm ■' 

•*36. Prove that the polar of any point on a diameter of the ellipse 
''* + =/ is parallel to the conjugate diameter. [ PM. 1945 ] 

<3* D* 

[ Sol. Let the equation of the diameter be y~mx, and (;iCi, yi) any 
pt. on it so that y’l—mxi ...(1) 


The equation of the polar of (xj, >»i) is 


yy'i - 1 

a^'^ b^ 


0 » 


'^1 

the slope of the polar=—— 

yi 

b^ 


6 *x, r Substitute the value 

^V’l L of yi from (1) 


a^mxi a^m 

=the slope of the conjugate diameter 

—f— X 

o*m 

the polar is || to the conjugate diameter. ] 
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11. The tangent at a vertex of a diameter of a hyperbola is parallel 
to the chords bisected by the diameter, 

[ Hint. Proceed as in Ex. 4, Art. 137, (g). ] 

12. If one diameter of a hyperbola bisects chords parallel to a 
second, the second diameter will bisect all chords parallel to the first. 

[ Hint. Proceed as in Ex. 5, Art. 137, (g). ] 

[ Conjugate diameters. Def. Two diameters of a hyperbola are 
said to be conjugate if each bisects chords parallel to the other. 

♦*Cor. 1. Condition for conjugate diameters. The condition, that 

y=mx, y=m'x may be conjugate diameters of the hyperbola 

, b2 

mm = ... 

a* 

**Cor. 2. Equation of conjugate diameter. The equation of the 

X- V- 

diameter conjugate to the diameter y=mx of the hyperbola ' = I is 


b- 1 


MISCELLANEOUS EXAMPLES ON CHAPTER VIII 


1. Prove that the straight lines ‘^-4- ^ =m and — N = 

a b a h m 

always meet on a hyperbola. 

2. Prove that, when m varies, the point of intersection of the 

straight lines \/3x—y—4\/3m=0 and v'—4-v/3=0 describes a 
hyperbola whose eccentricity is 2. [ B.U. 1943 \ 

3. Find the equation to the hyperbola of given transverse axis 
whose vertex bisects the distance between the centre and the focus. 

4. Find the equation to the hyperbola whose eccentricity is ^ . 

whose focus is (a, 0), and whose directrix is 4x-f 3yi=.a. [ P.V. 1956 ] 

♦•Find also the co-ordinates of the centre and the equation to the 
other directrix. 

[ Hint. (//) Find Z, the fool of the directrix, i.e., the pt. of 
intersection of the directrix and the J. from the focus on the directrix. It 

a 


will be found that Z is 





Now 


CZ ^ 

CS ae 


1 

’ 


C divides ZS externally in the ratio I : e-, i.e., 16 : 25. Find the 
co-ordinates (x, y) of Z'such that C is the mid-pt. of ZZ’. It will be 


found that Z' is 



89 41 \ 

75 ^’ 25 “ )' 


The other directrix is [| to the 


given directrix thro’ Z'. ] 

5. {a) Find the lengths of the axes, and the eccentricity of the 
hyperbola 2y’*-F2A:—3=0. 

(b) Find the equations of the axes of the hyperbola 

16x2-yH64A:-|-4y-|-44=0. [ B.V. 1945 \ 
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6 . Find the centre, eccentricity, foci and directrices of the hyper¬ 
bola 9;r2_i6/^-i8x+32y-151=0. 

7. Find the centre and the length of the transverse axis of the 
hyperbola x^-2y^+2x-^y=l, 

8 . Find the co-ordinates of the point at which the line 3x-f 4j>=7 

is a normal to the hyperbola 4x^—3y^—l. [ PM. 1956S ] 

9. Tangents are drawn to the hyperbola from the 

point (/i, k), and make angles 6 and 6' with the axis of x ; prove that 


tan ^H-tan d'= 


2hk 


10. Find the equation of the common tangent to the two 
hyperbolas ^ and^ 3 -- ^= 1 . [ F. f/- ] 

[ Hint. Let m be the slope of a tangent to the hyperbola 

A 


.2 


—^=1* Then its equation is y=mx±\/'a^m'^—b^ ...{!) 




If it touches the hyperbola > 


{-b^f 

^ Form 



then ±\/—( —fl*) ...(2) [c= ±\/n*/n*—A*J 

Square (2), find the values of m, and substitute them one by one 

in (1). ] 

11. Find the equations of the straight lines which are tangents both 

to the parabola y^—Sx and the hyperbola 3x*—y*=s3. [ MM. 1943S ] 

12. If the polar of a point (a, with respect to the parabola y^=4ax 

touches the circle x^-\-y^—4a*y prove that the point (a, )3) is on the rectan¬ 
gular hyperbola x^—y^=4a\ [ P.U. 1952 ] 

13. If the polars of (Xj, yj), (Xg, y*) with respect to 

are at right angles, then will =0- \P.U. 1955S] 

14. The polar of any point on ^+^ = 1 with respect to 

^^-^ = 1 will touch ^+^=1 - 

[ Hint. Let (Xj, yi) be any point. The equation of its polar w.r.t. 
^ — ^ 3 ~~* " (i)* Find the condition that it may touch 

x^ y^ 

-j-+ = l. (Reduce (1) to the form /x+my+/i=0, and use 

fl*/*+A*m*—n* (Art. 126, Ex. 6).) It will be found that 

a 0* 

(^i» yi) lies on -f 
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15. If the polar of a point with respect to 


+ co-=l touches 
a* b* 

the hyperbola -show that the locus of the point is 

the hyperbola. [ P.U. ] 

16. The poles with respect to the parabola y^=4az of tangents 
to the circle x*'f-y*=a* are on the hyperbola 4x2 —y^=4a^ 

[ Hint, Let (x„ y,) be the pole. Then the equation of the polar 
w.r.t. the parabola is yyi=2a(x+ri). If it touches the circle 
the length of the X from the centre (0, 0) on it=the radius, 

X Cancel a. Square. (a:,, yj lies on ? ] 

17. The poles with respect to the parabola y2=4ax of tangents to 
the hyperbola 4x2 —y2=4a* qjj circle x2-|-y2=a2. 

♦*18. Prove that the locus of the pole with respect to the hyperbola 
2 2 

— ^-j~ = l of any tangent to the circle, whose diameter is the line 

y2 J 

joining the foci, is the ellipse t/. ] 

••19. The normal to the hyperbola ^ “ ui" the axes in 

d o 

M and N, and lines MP and NP are drawn at right angles to the axes. 
Prove that the locus of P is the hyperbola a^x* —b2y2=(a2-j-b2)2. 

[ B.U. 1947 ] 

[ Hint. The equation of the normal to the hyperbola at 
{a sec 6, b tan $) -(I)- I* meets the jc-axis where, 

putting y=0 in (1), x= — sec 6. It meets the y-axis where, putting x=0 

in (1), y= ^ tan 0. .*. 


the co-ordinates of P are 


^ sec 0 ...(2), y= —^ - tan ^ ...(3) 

Eliminate 9 from (2) and (3) by using sec* d—tan* 9—\. ] 

20. Shew that the locus of the centre of a circle which touches 
externally two given circles is a hyperbola. [ Annamalai U. J 

[Sol. Let S, S'be the centres, and o, 6the 

S 

radii of the two given circles, P the centre of the 
touching circle and r its radius. 

Then S'P—SP=6+r—(o+r)=6—a (constant), 
the locus of P is a hyperbola whose foci 
arc S, S' (Art. 145).] 

••21. In the hyperbola 16x>—9y*=144, find the equation to the 
diameter which is conjugate to the diameter whose equation 16 

*=2y. ( C. U. 1946 j 



APPENDIX 

EQUATION OF THE TANGENT BY THE METHOD OF 

DIFFERENTIAL CALCULUS 

with the geometrical 

application of the ^fferential coefficient in Differential Calculus.] 

> cMe P»“‘ (»>. yi) 


[Art. 62] 


y 


y-y,= - f~ (x-x,) 


or 


of the circle x®-f y*=a® 

[Method of Differential Calculus.] 

The equation of the circle is x*+>»*=a*. 

(/) Differentiating both sides w.r.t. at, 

1 - 

(iV) Putting x=:ci, y=yi, Ji. 

dxx 

(in) the equation of the tangent at (atj, is 

[ (*-*.)] 

yyi-yi^=~xxi+Xjf or xxx+yyx=Xj^+yi^=a^ ^ 

• o9 k- u • *1- . . [ V ;'i) lies on the circle] 

•. **i+yyi=a®, which IS the required equation. 

i. . two methods The foregoing method (which 

IS accepted m the examination) is quicker than the. method of chord 

(Art, o2},J 

[Rrfe to end the equation of the tangent at the point (x,, y,) of a 
curve whose equation is given : \ iwi/ 

(i) Differentiate both sides of the equation of the curse w.r.t. x, and 

Ix ■ 

{it) Put x=xx^ y=yxs and find the value of-^- fe ^ 

dx '* dXx 

{Hi) the equation of the tangent at (jr^, y^) is 

y-y>=-axt (*-**)• 

Simplify this equation by means of the condition that (*., yj Hes on 
the curve. The result is the required equation.] 

EXAMPLES 

• I 1- the equation of the tangent at the point (x„ y,) of the 

circle x“+y3+2gx+2fy+c=0. 

[Ans. ^^i+yyi+g(x+A:J+%+yj)+c=0.] 
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[Hint. After step (Hi) simplify the equation as in Art. 64, step (iv).] 

2. Find the equation of the tangent at the point (x,, y.) of the 
parabola y2=4ax. [Art. 99] 

[Ans. yyj=^2a[x-\-Xi).] 

[Hint. After step ((7/) simplify the equation as in Art. 99, step (iv).] 


3. Find the equation of the tangent at the point (xj, y,) of the 


V2 

ellipse H-ch =1. 


[Art. 122j 


[Hint. After step (m) simplify the equation as in Art. 122, step (/v).] 

4. Find the equation of the tangent at the point (x^, y,) of the 


hyperbola * -y; = 1 . 


[Art. 142, Ex.] 



PUNJAB UNIVERSITY PAPERS 

1953 

s-raigll; (/..)r- .h= 

point P-™ “>e 

middlc'poinMf“A!Tj.“" whose 

and 
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3. Find the equation of the polar of the point {^i, yi) to the 
parabola y^—Aax. 

Prove that the polars of all points on the directrix pass through the 

focus. 


4. Find the equation of the normal to the ellipse ^ + at 


the point (u cos 0, b sin d). 


. y 


Prove that/x+/w^+«=0 is a norma! to the ellipse -a +^=l if 


a* h* (fl*—6*)* 

F"*" m* “ n* • 


5. Define hyperbola. Obtain its equation in the form 

Find the eccentricity, co-ordinates of the foci and the length of the 
latus rectum of the hyperbola 9x*—16/=144. 

1954 


1. Find the area of a triangle the co-ordinates of whose vertices 
are given. 

Use it to find the equation of a straight line passing through two 
points (Xi, and (xg, j'g)- 

Determine the area of the triangle formed by the lines x-j-4>'=9, 
9;c+10;'-i-23=0 and 2;;-|-7x=ll. 

2. Determine the co-ordinates of any point on the ellipse^-!- 

in the form x=a cos 6, y—b sin 0. 

Determine the equation of the tangent to the ellipse at this point. 

If this tangent meets the axes in the points P and Q, show that the 


locus of the mid-point of PQ is 


=4. 


3. Show that the equation flx*-}-fl>'*+2gx-f 2/>^-|-c=0 always re¬ 
presents a circle. Find its centre and radius. 

Find the radical centre of the three circles 

3x*-|-33^*-|-6y-{-8x—9=0 and x*-h/—5x=0. 

Find the length of the tangent from this point to any of the 
circles. 

4. Find the co-ordinates of the point of intersection of the tangents 
drawn to the parabola >»®=4x at the points where it meets the straight 
line 4x+10=0. 

Show that the locus of the mid-points of a system of parallel chords 
of a parabola is a straight line parallel to its axis. If this straight line 
meets the parabola in the point V, show that the tangent at V is parallel 
to the given system. 

5. Tangents are drawn from the point (—2,—1) to the hyperbola 
2x*—3y*=6. Find their equations. 

Find the equation of the hyperbola whose foci are (2,0) and (—2,0) 
and eccentricity, I • 
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1955 

1. (a) Find the perpendicular distance of the point {x',y') from the 
straight line x cos v.-^y sin a=/7. 

{b) Find the co-ordinates of the orthocentre of the triangle, the 
equations of whose sides are y+x=6, 'hy—x-\-2=0 and 5x—3>'-^2=0. 
Also determine the length of the altitude on the side whose equation is 
x+>'=6. 

2. {a) A circle passes through the points (5, 7), {6, 6) and (2, —2). 
Find the co-ordinates of its centre and length of its radius. 

(6) Find the equation of the circle described on the common chord of 
the two circles x^-\-y-~6x—4y—\2 and 2 a:-6 >’= 15 as diameter. 

3. (a) Determine the equation of the chord of contact of tangents 
drawn from the point (atj, >> 1 ) to the parabola y^=4ax. 

If the point lies on the directrix of the parabola, show that its chord 
of contact passes through the focus. 

{b) Show that the line 3>'.=6x-|-2 touches the parabola 3>'*= 16.x 
and find the co-ordinates of its point of contact. 

4. {a) Find the equation of the normal at a point ?{x', y‘) on the 

ellipse - 2 "+ 1^2 normal meets the major axis in the point G 

and PN be perpendicular to the axis, show that CG=e^ CN where C is 
the centre of the ellipse. 

ib) Determine the co-ordinates of points on the ellipse a:*-|- 3>’2=37 
at which the normal is parallel to the line 6x—5y=2. 

5. (a) Obtain the equation of the hyperbola in the standard form 

^Show that the difference of the focal distances of any 

point on this hyperbola is constant. 

(6) Find the eccentricity of the hyperbola whose equation is 

2x2-3>'«=15. 

1956 

1. (a) Prove that any equation of the first degree in .v and v 
represents a straight line. 

Show that {ax-\-by-\-c)-\-k{a'x-\-b'y+c') — (i represents a straight 
line through the point of intersection of the straight lines ox-t-6>'-fc=0 
and o'x-l-6>-f-c'=0. 

{b) Determine the equation of the bisector of the acute ancle 
between the two straight lines whose equations are 4x —3>’-f-2=0 and 
12x-f5>'-8=0. 

2. Find the co-ordinates of the radical centre of the circles whose 
equations are x*-|-j^—3x—5;'-|-8=.0, x*-|->*-6x-8>'-l-11 = 0 and 

2x*+2j'* ~ 5x—-h 6=0. 

Obtain the length of the tangent drawn from this point to the third 
circle. Write down the equation of the circle whose centre is the radical 
centre and radius is the length of the tangent obtained. Show that this 
circle is orthogonal to any one of the given circles. 
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3 (a) Show that 2a/) are the co-ordinates of any point on the 

parabola y^=4ax. Find the equation of the normal to the parabola at 

this point. Hence, or otherwise, show that three normals can always be 

drawn from any point to the parabola. , j u 

(/)) Find the length of the chord 4y=3.x:4-8 intercepted by the 

^ 4 (a) Prove that the locus of the middle points of a system of 

parallei chords of an ellipse is a straight line through its centre 

(h) Find the equations of the tangents to the ellipse x-hJy -J. 

(i) which are parallel to the straight line y=4x-hS. 

(ii) which are perpendicular to the straight line x--=4y-j-5. 

5 (a) Show that the straight line given by the equation 

y=f,ix-i- always touches the hyperbola 

Determine the locus of the point of intersection of two tangents to 

the above hyperbola which are at right angles to each other. 

(/)) Find the equation to the hyperbola whose eccentricity is focus 

is the point (a, 6) and directrix is the line 4x4-3y=a. 

1957 

1 (a) Find the equation of a straight line in the form 

x-x'^y~-y^^ 

cos y sin 

Stale clearly what is represented by /), 0 and ^ 

(b) Find the equation of the straight line through 3) per 

pendicula^to^Tx^ equations of the straight lioes through (1, -1) inclined 

Find' Vc ^.Tdhlon'that /x+my+K=0 may touch’ t’he 
circle (.vyhy=nj.e equation of the circle, which has for a diameter the 
common .,.+^._6.e+3>.+2=0. 5, 7 


3. (fl) (0 Find the equation of the chord of the ellipse ^2 + . ■ - - 


A- 


"'’"'’(hnJ^hor^fya.ri;nM-'>'>rough a fixed point, their m,d- 

(,!f Hnd the co-ordinates of the foci and the Ut^th 

''’V^T,)'FlnT.hrconf.'o;%tutT(r.)'be the ends of a focal c’hord 
of parabola v' = 4«v. Show that the tangents at the ends of a focal chord 

of a parabola intersect u right angles on its directrix. action of 

(b) l-ind the equation of the locus of the point of mteisection o 

l^vo tangents to a pa^rabola. which make an angle of 45 with one another^ 

5. ((i) Show that the locus of the pole of any tangent of the circle 

\- f V- -u- with respect to the hyperbola .x- is the circle itself. ^ 

(b) Show that the area of the triangle formed by the lines .v y u, 
v+ r -0 and anv tangent to the hyperbola is constant. /, » 


Answers and Hints 

CHAPTER I 

Page 3. Ex. {/) A(0, 0) ; B(2a. 0) ; C(2a, 2a) ; D(0, 2a). 

Ui) A( —a, —a) ; B(<7, —a) ; C\a, a) ; D( —a, a). 

Pages 5-6. 

1 . (i 7 ) V (a: 2—Ar,)*+0’2 —a)*, where (x., v,), (x-,, V2) are the two pts. 

(b) (/) 13 ; (/■/) (a+6) V2. 

2. (/) fl(/2-OVTvTO='+4 ; (/7) 2a sin 

[Hint, ( 11 ) a cos jS— o cos a=a(cos /3— cos v) = 2a sin sin * ^ • 

-• a 


a sin ^—a sin a=a{sin /3—sin a.)=2a cos - 2 


sm 


__ * . a—jS 

= ~2a cos 2 “ sin * 


r' 1 


[ **Note. It is assumed in (/) that > ti so that the given answer 

gives a positive result for the distance. Similarly it is assumed in (») 
that a > )9. ] 

3. 7 or ~1. 4 . [Hint. Let the ordinate=>'. ] 

7. [ Hint. Let A(0, -]), B{2, 1), C(0. 3), D{ -2, 1) be the pts. 

Show that AB = BC = CD = DA, 

and AC2=AB^-1-BC2 so that zlABC=l rt. ] 

8. [Hint. Let A(4, 3), B( —2. 3), C(6, — 1) be the vertices of (he 
triangle and S the pt. {1. -1). Show that SA=SB=SC. ] 

Pages 9-10. 

1. (a) (0 X- , y= - , where { x,. y, ), ( ) 

are the two pts., and the ratio in which their join is divided 

internally. 

~ )» ( 3^a ) 

are the two pis., and mj : m 2 the ratio in which their join is divided 
externally. 

(b) (0, 0) ; (3, -9). 

2. (o) [Hint. Proceed as in Art. 6-1.] 

4. [ Hint. Let A(l, -1). B( -2. 2), C(4, 8), D(7. 5) be the pts. 
Testfor a rectangle. ABCDis a |[gm., and ZABC=1 rt. ] 

Page 12. 2. (0, 3). 

[Hint. Let A(jri, >> 4 ), BCx,, >' 2 )» Q-’fa* 3 'a) be the vertices of the 


i 



il 
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iriangle. Proceed as in solved Ex. 1, Art. 7, and prove that the 
nates of G, the pi. which divides the median AD m the ratio 2 . 1, are 

x= 3 . y--- 3 • 

The symmetry* of these results shows that th^e co-ordinates ^ 
pis. which divide the other medians in the ratio 2 : 1 are the same as 
tl^se of G. G lies on each median, i.e.. the medians are concurrent.] 

6 ^ [ Hint’'Let A(.V..>’.), B{.v,. 3 -,), C(x„ v,) be ‘he vertices of 

triangle. Proceed as in solved Ex. 2, Art. 7 and prove that the c^orfi 
nates of I, the pt. of intersection of AD and BE, the bisectors of the 

flXj+ixg-l-cXa a/i+6>’2+0_’s 

/sAand B. are .r= y-'^ a + b-^c ‘ 

The of these results shows that the co-ordinates of P^* 

intersection of the bisectors of the ^s B and C are the same as those of I. 
I lies on each bisector, i.e., the bisectors of the /_s are concurrent, j 

17, / \ 

1 . (a) i [ (Xi>*o-X 2 ri) + (-^2>'3-^3y3) + (-V3>'l-^i:*’3) ]* (^ 1 -W* 

(.Yn, y„), (.Yg, V3) are the vertices of the triangle. 

i^’) ( 1 ) 11 ; (») Area in magnilude=fl®. 

[ •♦Note. The negative sign in the Ans. ( -fl ) ^ ° He? 

the vertices of the triangle and going round the triangle in the given 

of the vertices, the area is on the right hand. ] 

2. {a) *[(Xi.V8-Xjy,)+(x2y3-.V3y8)-f(x3y,-x,y8). J 


(b) (/) 2ab sin 


a —i3 . j3—y . y—a 

. ^sin '^2 Sin Y 


r Hint. By the Rule (Art. 9), it will be found that 

/ =Jn/)fsin (^-s)-l-sin (y-^)-l-sin (a-y)] 


2 sin 

. y—a 
-ab sin 


V—a 20—a—y ^ 

^- cos 2 sin 


Y— 

2 


-a y^1 
-cos 2 J 


cos 


_cos 


••'The sytnmeiry of ifiese results shows"' means that “on changing Xi, i. » * 
v^, y., y’i cyclically, r^., on changing x, to.r., xj to jr,. x* to Xi; >’i to>,»yi o i. a 
toy., the results remain unchanged”. 


For, 


X,+X, + X5. „ X,+X, + Xi _ .T,+Xi4-Xj^ 

.v= ' * ’becomes x=* 2 - — 3 -• 


Similarly for y= . 


y'The symmetry of these remits shows" means that “on changing Xi>x,,x, / 

.Vj. y,, yj / O, b, c cyclically, i-e., on changing x, to x„ x, to x„ x, to Xi / Yi to y,, 

y* to y., y, to y, ; Q\.ob,b to c, c to a, the results remain unchanged.” 

, ax,4-ft.t,-4-c.c, , bx!»+cx,+ax, flXi+^Xj+cx, 

For, x= ' , becomes x= , , , - - = — ^rir, i —* 

’ ayh+c b+c-ya a+o+c 

C-- I 1 f uyi-fhVj+c.Vj 

Similarly for a+byc ' 


answers and hints 


=ab sin 


y—a 


. 2 sin 




■'*“ 2 • ^ ~2 — ~~2 — ’ J 

[•♦Note. The negative sign in (he Ans. \(t—t \^ 

means that plotting the vertices of the triangle and going round the 

tnangle in the given order of the vertices, the area is on the right hand 1 
[Hint. 

[(From Algebra) Ikibia-b) - {a~b){b~c){c~a)] 

2~ ^2)(^2 ^3)(^S — ^l)- 

are coTlinear.]' “*• P'*' <“• «>• *> 

MISCELLANEOUS EXAMPLES ON CHAPTER I 

Pages 18-20. 2. . —2~)* • — 2 '^). 

3. (0, 2v'3), or (3, -\/3). 4. (3, —4), 5. (5, —4) ; (7, 0). 

*• (-T- 8. 5 . 


8. 5. 




be the vertices of the 

^mangle ajid (X, V) the required co-ordinates of the circumcentre S. 

Then SA—SB_SC, .. what ? Square, and solve as in Ex 2. ] 

(-n, 'oh rod l^He (x: yT " ^ " 

Or thus ^ Let A(jf|, y^), B(.rs, y,)^ C{x„ y^^) be the vertices of the triangle.] 

12 .' (- 2 .- 8 ). 

yiint. Let the required co-ordinates of the other end he 
The mid-pt. of the join of (-6, 4) and {x, y) is ^ ^ ^ 

This is the same as l—a’ _ 9 \ i 

13. (11, 10). ^ 

14. {h) [Hint. Let ABC be the triangle. Choose the axes a.: in Art r it 
Then C is (a. 0). B is (-a, 0), and let A be (;c°A)!] 

27, ^3 'i). 

16 . (7, 2), or (I, 0). [Hint. Use the complete area formula.] 18 . 11 . 

19. Area in magnitude= • 

[••Note. The negative sign in the Ans. (-iL)n,eans that, plotting 

the vertices of the quadrilateral and going round the auadrilateral in 
the given order of the vertices, the area is on the right hand ] " 
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CHAPTER II 

Page 21. 2. (3, -4), (-4. -3). 

Pages 22-23. 1. x^-\-y^—Ay=0. 

2. 2,v-l->’-l-5=0. 

[Hint. (/■) Let {x, >») be any pt. on the locus. 

{ii) Then distance of (x, >») from (1, —2) 

=distance of (x, y) from (—3, —4). 

(m) V (x-I)*+7iJ+2P =\/(x+3)»+(>'+ 

Square and simplify.] 

3. 3x*-L3r’4-2x+l6y-Hl5=0. 

4 [1—A:-cancels thro’out.] 

6. 2ax^k'^=0. 7. mx~y=0. 8. x*-3y^=0. 

9. y^—2ax + a^=0. 10. 2x-|-3y—1=0, or 2x+3>'-9=0. 

CHAPTER III 


Page 26. 2. (r) x—3=0 ; (ii) x4'4=0. 4. x-f-2=0. 

Page 27. 1. (/) •v/3x—>*=0; (») x=0. [Hint. The line is the >’-axis. 
{Hi) \/3.v4-v=0 ; (»v) x-fV3>'=0. 2. a:— y=0, x+;f=0. 

Pages 28-29. 1. {b) (/) x—>»+2=0 ; {ii) x~y—3—0. 

2. 3x—4,v—8=0. 4. X— 3=0, or x-|->'-f-3=0. 


X y 

Pages 30-31. 1. (a) where a, ^ are the intercepts of 


the line on the axes. {b) 3x-!-4>'—12=0. 2. (i) y=mx-hc. 

3. X rj—7=0. 4. X— ;’-|-l=0. [Hint. Let the intercepts be —a.] 
5 X—3=0. [Hint. The intercepts are (0 equal, 

(/(■) equal in magnitude but opposite in sign.] 

8. x-2r + 6=0. 


X V 

[Hint, (f) Let the required equation of the line be ^ — 

{ii) The pt. which divides the join of {a, 0) and (0, b) in the 


ratio 1 : 2 is 




This is the same as (—4, 1) ...(3) 


Compare (2) and (3).] 

Page 32. 3. (/) \/3x—,v+4=0 ; (/7) x~\/3y—4=0. 

4. (/) m is the tangent of the angle which the part of the line above 

ilie .Y-axis makes with the x-axis and c the intercept of the line on the 
v-a\is ; (//) a and b are the intercepts of the line on the axes ; {Hi) p is 

ihc length of the perpendicular from the origin upon the line and a the 
angle which this perpendicular makes with the x-axis. 


Pages 34-35. Art. 24. 1. [Hint. Let (Xi. >’i), (.v„ >' 2 ). (-^ 3 . >’ 3 ) be 

any three pis. on the locus of the equation /x-f-m>'—1=0 ...(1). Then the 
co-ordinates of these pts. satisfy (!). Gel three equations in /, m ; (2), (3), 
(4). Solse (2) and (3) for /, m by cross-multiplication, and substitute these 
values of /, m in (4), etc. ] 

3. [ Hint. Choose the a.xes as in Art. 8-1, Rule I. It will be 

found that the equation of the locus is x-\-y=a, which, being an equation 
of the first degree in x and y, represents a st. line (Art. 24). ] 


ANSWERS AND HINTS 


4. [ Hint. Choose the axes as in Art. 8-II, Rule II. ] 

5. -3 : 2. 

[♦♦Note. The negative sign means that the join of the two pts. is divided 
by the given line externally in the ratio 3 : 2. {Cf. Art. 6-11, Note.) ] 

6. -2 : 5 ; 1 : 2. 

[♦•Note. The negative sign means that the join of the two pts. is 
divided by the x-axis externally in the ratio 2:5.] 

Page 35. Art. 25. 1. (/) y=|x+2. (») y= —\x-\ —, 

(a) -cot a. (6) (i) 135“ ; (») 150“ ; (m) tan'^ i. 

(0 -1 ; (») 1. 


3. 

4. 


Page 36. 1. 


^+-^ = 1 
5^5 


3 4 

2. (/) — 5, 4 ; (ii) 2 sin a, 2 cos a. 

[ Hint. Use the Rule (Art. 26, Cor.). ] 

Pages 38-39. Art. 27. 

1. {/) X cos 240“+y sin 240“=2 . (it) x - y-1 . 

(Hi) xcos 180“+ysin 180“= I . (iv) xcos90“+y sin 90“=-|. 


2 . 


X cos 225“+y sin 225“=— :<x=225“. 3. 0=60“, p=2. 

yz yi 


4. - 


_ m _ ^ ■ 1 _ c ___c _ 

V 1+m* V1+/W* ^ Vl+w* ’ ^ V 1+m* 


_ b ^ a ^ 

Vo*+6 


ab rt 

-k» i 


1 . 


V o*+6^ 

Page 39. Art. 28. 2. 3x-y-l=0. 3. x cos a+y sin a=y. 
Page 41. 

(^) y-yi=-~^-(x-x^), where (x„y,), (x^, y^lare the two pts. 


, (b) x+3y+7=0, 3x-y+l=0, 7x+y-ll=0. 

[Hint. Let A(l, 4); B(2, —3), C( — 1, —2) be the vertices of the 
triangle. Find the equations of the sides BC, CA, AB. ] 

2. (/) xy,-x,y=0. (//) x+y-(a+6)=0. (Hi) x+f,/jy-a(/. + /,)=0. 

3. (/) y—4=0. 

[ Hint. (//) It will be found that the equation of the median is 
2 

y= ^(-^-1). Cross-multiply, then y(0)=2(x—1) or x-l= 0. 

Note. Important. // m the two~pt.form. you get a zero in the 
denominator^ cross-muliiply. ] 


a 0 


5. 3,----. 


7. 1:1, he., the line is bisected. 


6. -V3, 120“. 


Vi 


9, 3;if-4^+3=0: 
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4 * 

[Hint, (ii) Let the line meet the axes in A, B. Find the interceDls OA. 
OB on the axes. Then AB=V"C^2-l-OB®. ] 

^-^1':»'i) the given pt. thro* which the line is 
drawn, 0 ^e angle which the line makes with the x-axis, andr the 
distance of the pt. (x, y) from {x,, y^). 2. 2. 

V2' 

4 (a) x+y-7^0 ; (b) (2, 5), (4, 3). 

5 “V or^5« ^ 

* " * . C 


3. 


Page 45. Ex. 


2 . 


Page 49. 

ab'~a 'b 

aa'+bP' 

Page 51. 


VA*+B*' 

1. (i) 60° ; (ii) 45° ; (fti) 90° 

3, tan-13. 4. 45°. 5. 


(iv) tan 


-I 7 


tan-i-^ 6. 45°. 


^ - , 2. [ Hint. Choose the axes as in Art. 8-II. 

trfsinMA^ ®(-^2. .ya)^ C(x„ ^3) be thc vertices of the 

90 slope formula for the line passing thro’ two pts. 

2y, Cor*), J 

Pages 52-53. 3. 3*-4j.-f6=0. 4 . 2x-3y+7=0. 

4x+y~3=.0. 6. x-3y+4=0. 

Page 54. 1. 

[ Hint. Here Wj-sslope of the line passing thro* (1,2) and (2, —2) 

-2-2 - - - 


5. 


3. 


L Xt-Xi J 


2-1 

*= -4. 

w,—slope of the line passing thro* (8, 2) and (4,1) 
4-8 -4 J 

Pages S5-S6. 3. (/) 3x+2j^-17=0. 

[ Hint. First write the equation of the given line in the general 
form : 2x~3y^~ 1 =0. (Form Ax4-B>»+C=0} ] 

(ii) xx'~yy'~(x'^-y^)=0, 

4* (/) mx—ly—{mh--lk)~0. (ii) ox-fpv—(oa+ph)==0. 

5. ^ l2x+5>'+3=0. 

[ Hint. Use Method II of solved Ex., Art. 37. 

The slope of CA = 

6. 2x+4;»-ll=0. 

Page 57. 1. 3x+>»-17=0, x-3>»+ll=0. 

2. >»+2=0, V3x-;;-(2+3v'3)=0. 


L Xt-x^ J 


ANSWERS AND HINTS 


Pages 58-59. 2. (,) (2,-2). (,V) J. , 

3 r-J- 

■ I, 10 ' 10 J ' 

[ Hint. The foot of the _L is the pt. of intersection of the line 
y=3x-h4 and the line thro’ (2, 3) _L to y=3x-\-4. ] 

4. x+y~3=0. 




[ Hint. Let A( 1, 0 ), B( 2, —4 ), C( —5, —2 ) be the vertices of the 
triangle. Find the equation of the line thro’ A _L to BC, and then the 
equation of the line thro’ B X to CA. Find the pt. of intersection 
of these two lines. ] 

/ /.% A ...v 361 


6 . (/) ; 


S.f P ^ "1 

\ 1+sina+cosa ' 1+sin a+cos a / ' 

[ Hint. Draw a rough Fig. The equations of the sides are 

>»=0 ... (1), a: cos a4->'sin a—p=0 ...(2), x=0 

Solving (2) and (3), then (3) and (1), and then (1) and (2), the 

A (o. J- ). B(O.O), C( ^ . 0 ) . 
the lengths of the sides are 


(/V) 


• (3) 
vertices 


o=BC= - 

COS a 


V 


COS^ a 


sin 


V 


pHs\n‘ a-|-COS= a)^ 
cos^ a sin^ a 


COS a sin a 


c=AB= .' 

sin a. 


Now use the incentrc formulae : 


ax^-\-hx 2 -{-cx 3 


a+b+v 


a+bVv • Ex. 2)) 

'9. (-1,8). 

. 69- 2. 4. 3. —2. [Hint. Solve the first and third 

equations {free from the unknown quantity a), and substitute these values 
of x and y in the second equation.] 

4. Wifca—Ci) + m2{c3—Ci)+ma(c,-C2)=0. 

Page 66. 1. 64 ac—23>»—59=0. 

- .. ax + by-\-c _a'x+6>4-c' 

^ flJc' + fiy + c~aV + 6>'+c'- i^c-u'c)x-\-{bc'~h'c)y=0. 

3. 6x+13>'-25=0. [Divide by 43 the equation obtained by Method I.) 

4. 5x+3>'+8 =0. [Divide by 28 the equation obtained by Method f.] 

Page 67. Ex. h cos a+A: sin a—p. [Hint. Proceed as in Art. 44-1.] 


Pages 69-70. 1. (a) 


[Hint. Proceed as in Art. 44-11.1 
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vm 


{b) (/) 1. {it) 2. (fl) At a distance 


4. 


8. (0 
10. (0 


(a-b)^ 

24 


- . / n_ _7_\ 

' *• 17 r 

5 . (/.) 4-. 9. (i) . (,V) 


V13’ ^13’ ^2* 


c—c 


Va^-j-b^‘ 


iii) 


C'-d 


Vl+w^ 

Page 71. 2. On opposite sides. 

4. [Hint. Find the vertices, and show that each vertex and the origin 
are on the same side of the opposite side of the triangle.] 

Pages 72-75. Art. 46. 1. <ixi-by+c_ a,x+b,y+c. 

Writing the equations of the lines so that the constant terms c, Ci 
are both H-ve, the equation of the bisector of the angle in which the 
origin lies, is 

ax-hby-hc _ a,x~hb,y+Ct 
\/a^+b‘ Voi^+bi^ ’ 

and that of the bisector of the angle in which the origin does not lie, is 

ax+by+c_ _ OiX-j-^yj-Ci 

3. 8Ar-14>'-|-37=0, 112A:-f64>^-67=0. 

4. 3A:-n>'*0, 99x-l-27;;-I30=0. 

5. 4x-7>'-f-5=0, 7jc+4j;-f90=0 ; 4 a:-7v+5=0. 

9. 3x-;;-18=0. 

MISCELLANEOUS EXAMPLES ON CHAPTER UI 
Pages 75-79. 2. x-i-y=4. 

[ Hint. Let OA=n, OB=^>, then a-i-b=8 ... (1). Take OA, OB as 
axes. Then A is (a, 0), B is (0, b) 

the co-ordinates of the mid-pt. of AB are ^=-^ » ^~~2 

Eliminate 6 from (I) and (2) [ by substituting the values of a, b 
from ( 2 ) in ( 1 ) ]. ] 

3. ^+ 1 = 1 . 

y 

X y 

[Hint Let the equation of the line be-h-^ = L 


7. x->'-2=0. 


a 


Then it passes thro* (A, ^), 
" a ^ b 




The co-ordinates of R are x=a, y—b ...(2) ] 

5. y=^3x~2 or y~x tan 60® —2, the line makes an angle of 60' 
with the AT-axis, and makes an intercept ( —2) on the 7 -axis ; 


ANSWERS AND HINTS 


IX 


= 1, the line makes intercepts 3, — on the axes ; 

“X 

X cos 300®+^' sin 300®=2, the length of the _L from the origin upon the 
line=2, and this J. makes an angle of 300® with the A:-axis. 

7. 2bx-2ay-\-a’b'-ab=0. 8. -J, J. 

Aa*! -|- C 


9. 

11 . 


12 . 

14. 


A cos sin 

[ Hint. The equation of the given line is 

X V 

coTe"^ sTn 0^^ ^ 

2 m 


^+.K=0, x+>^-i-16=0. 13. y-k=- (x-h), y-k=0. 

1 —m^ ' 

Sides: 2Ar+>^-4=0, a:-2>;+3=0, 2a:+>'-14=0, ;c- 2>'+13=0. 
Diagonals : 3Ar—>'—1=0, x’+3y-17=0. 

[ Hint. Two sides pass thro‘ (1, 2), and make an angle of 45® with 
the diagonal passing thro* (1, 2) and (3,8). The other two sides pass 
thro’ (3, 8), and make an angle of 45® with the above diagonal. The 
second diagonal passes thro’ the mid-pt. of the join of (1, 2) and (3. 8), 
and is X to this join. 1 


15- (<) f-- , af-+--')!• (/V) 

Uij ma )] ’ ' 



cos 


^1 + ^; 


Sin 


0 .+ 0 : 


a 


a 


0 ,- 02 ’** 0 ,- 0 , 

cos - 2 ~ ■ 2^ * 


[ Hint, (n) Solve the two equations by cross-multiplication, and use 


sin 0a-sin 0,=2 cos 



sin 


cos 0, —cos 0a=2 sin sin 


2 

0 ..- 0 , 

2 


sin 02 cos 0,-cos 9^ sin 0i=sin ( 02 - 0,)=2 sin ^ cos^^ 2 "‘ . 

d ~6 

Cancel the common factor sin * from each denominator. ] 

16. (1, 1), 45®. (See Art. 33-11, Ex. 5, Note.) 

17. (1,2), tan-i 

}*• . xib~b')-y(a-a’)-\-ab'-a'b=0, x{b~b')-{^y(a~a')-{-a'b'~ab=0. 

[ Hint. Draw roughly the lines, and find the co-ordinates of the 
vertices of the rectangle. ] 

19. (a) u+kv=0 is the equation of any line thro’ the pi. of intersection 
of the lines w=0, v=0. (6) 23;c+23>'-ll=0. 

? «• 5 4x-;^=0. 

I Find the pts. of intersection of the line with the axes and 

the pts. of triseciion of their join. ] 


X 
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21. ax-^-by—a^^. 

22. Area in magnitude=|(a—c)(c— a). 

23. x^’^y'^~~hx—ky=(^. 25, ;ic—j»=0. 



27. 17j:+ 1=0. [Hint. Find the pt. of intersection of the two given 
lines, and then proceed as in Ex. 4, Art. 16. 

Or thus : The equation of any line thro’ the pt. of intersection of 
the two given lines is 2;c—3>'+4-f A:(3;c+4;^—5)=0, 
i.e., (2+3A:)x+(4yt-3)y+4-5A:=0 ...(1) 

If it is i| to the ^^-axis, its equation is of the form x—Oy 

coeff. of ^=0, find the value of k. Substitute this value of k 

in(l).] 

28. ;c-l=0. 


[ Hint. Find the pt. of intersection of the last two lines. Now find 
the equation of the line thro’ the pt. of intersection of the first two lines 
and passing thro’ the pt. of intersection of the last two lines, found 
above. ] 


31. 3. 32. 4x+3y=0 ; 1. 33. 

3S. 3;c+4>—7=0, 3:c+4;'4-10=0 ;. 



36 36 18 

VIO’ ^734’ V13* 


1^/7 14 \ 14 

V 9 ’ 27 7 ’ 27 * 

[ Hint. Inradius = length of the _L from the incentre on any side 
(say the first). ] 


37, ( o ± V * 0 [ Hint. Let the required pt. be (x, 0).] 

38. ( 3. I). ( - [. - ). 

[ Hint. Let the required pt. be (x, y). Then 3x—2y—2=0 ...(1) 

Solve (1) with each equation of (2). ] 


39. x+7y+5(-v/2+l)=0, x+7y-5{v'2-l)=0. 

40. y—1=0, 4x—3y+3=0. 41. x—y—12=0, 7x+7y—36=0. 

42. 3x-y=0. 

44. [ Hint. Find the equations of the sides of the triangle, and show 

that each vertex and the origin are on the same side of the opposite side 
of the triangle. J 


CHAPTER rV 


Page 81. 2. (/) Two st. lines passing thro’ the origin and 

making angles of 45® and 135® with the x-axis. 

*♦[ Or, two St. lines bisecting the angles between the axes. ] 

(i7) The y-axis and the st. line passing thro* the origin and making 
an angle of 45® with the x-axis. 
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3. (i) Two it. lines I| to the >r-axis and at distances a and —a from it. 
(») TTie x-axis and the st. line |1 to the ^-axis and at a distance a from it. 

4. (i) Two St. lines : xH-y+a=0, and x+y—a=0. 

(ii) Two St. lines : x:+y+a=0, and x—y+o=0. 

5. 6x+5y—56=0, 6x—5y+14=0. 

[ Hint. Find the separate equations of the sides (by factorising (the 
L. H. S.*s of) the given equations). Draw a rough Fig., and find the co¬ 
ordinates of the vertices. Now find the equations of the diagonals 
(two-pt. form). ] 

6. ^ go*’. 

[Hint. The equation represents the two st. lines x —i 2 = 0. and 
y—Z>=0. Use angle formula II (Art. 33-11). Sec Note in Art. 33-11. 

Or thua : The equation represents the two st. lines x=a, and y=b. 

Draw a rough Fig. It will be found that one st. line is i| to the y-axis 
and the other H to the x-axis, the angle between them=90®. ] 

7. •\/3x*—4xy+\/3y*=0. 

[ Hint. First find the separate equations of the lines and then their 
combined equation. Use the Rule (Art. 47, Cor.) ] 

Pages 83-84. 1. 4(hb'-\-h’a){bh'-\-a'h) + {aa'~bh')^^0. 

3. [ Hint. Let the required equation of a line thro’ the origin be 

y=mx ...(I) 

Then the distance of (Xj, yj) from (I) = 5 [ Given ] 

± = S ...(2) [ Complete X distance formula ] 

V 1-Fw* 


(Sec Note after Art. 44-11, Cor.) 


Eliminate m from (I) and (2) by substituting its value T m= ^ ') 

from (I) in ( 2 ). ] , 

5. [ Hint. Let the separate equations of the lines ax^4-2hxy-{-by^=0 

be y=mix ...( 1 ), and y=nux ...( 2 ) 

Then , and mim 2 = ^ ...(3) [ Art. 49, Cor. 1 ] 

The equation of the third given line is /x-l-my+«=0 ...( 4 ) 

Find the area of the triangle whose sides are ( 1 ), (2). ( 4 ). 

It will be found that the area=in®,,, 

* (/+mm,)(/X/n/« 2 ) 

, 8 V (w.+ma)*—4m,m2 o , . 

' Substitute from (3). 1 


Page 86. 1. (/) x—3y=0, and x—4y=0 ; tan** 


13'* 


(//) 2 x+y= 0 . and 2 x+lly =0 ; tan"* 


3 • 


[ Or thus : Hint. (//) Solve the equation as a quadratic in x thus : 
_ —24yXV 576 y*— 1 76y» -24y±20y y 


x= 


8 


8 


= ~ 2 ’ “ 


II 


y-] 


Xll 
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2 . 


(f) x-\-y (sec 0 —tan »)= 0 , and x-h;'(sec 0 - 1 -tan 0)—0 ; 6, 

(/■/) x-y tan a=0, and x±y cot ai=0 ; 90®. _ 

(m) X sin 0—>'(cos 0 - 1 -Vcos 20)=O, and x sin 0—;'(cos 0 —Vcos 20)=O 


tan~^ ^ 


■\/ cos 2 0 


sin 0 




(») It will be 


f Hint. (/) {b) Proceed as in solved Ex., Art. 50. 
found that x+y (cot 2 a—cosec 2 a )=0 ...( 2 ), 
and (cot 2a-|-cosec 2a)=0 ...(3) 

cos 2 a 1 _cos 2 g— 1 ^ —( 1 —c os 2 g) 
sin 2 a sin 2 a sin 2 a 
— 2 sin“a _^_ sin a 
2 sin a cos a cos a 


Now cot 2a—cosec 2a= 


= — tan a. 


sin 2 a 

Similarly it will be found that 

cot 2a+cosec 2a=cot a. Substitute in (2) and (3). ] 

3. {/) tan’^ h Ui) tan"* h 

[ Hint. (/) Factorise. v -n u r ^ 

Or, solve the equation as a quadratic m x (or y). It will be found 

that the equation represents the two st. lines : x—y— 0 , and jc—4y=0. J 

Pages 89-90. 2. (/) x^+6xy-y*=0. (ii) x*~y^=-0, (m) j»-y*=0. 

[ Hint, (i/) It will be found that the equation of the bisectors is 

x^~~y _ Cross-multiply. (Compare the Note in Hint to Ex. 3, («)i 

page 41.) ] • r 

3. [ Hint. It will be found that the equation of the bisectors of 

the angles between the first pair of lines : 2 pxy—y -=0 is 

px^+2xy-py-^0 ...(I) 

If it is the same as the equation of the second pair of lines : 

p 2 _— p 

>'^-=0 ...( 2 )‘. then comparing coeffs. in (1) and ( 2 )» * 

The of the result—I, shows that the first pair of lines 

bisects the angle between the second pair. ] 

5 . [Hint. Find the equation of the bisectors of the angles between 
the second pair of lines, and show that it is the same as that of the 
bisectors of the angles between the first pair. Proceed as in Ex. 4.J 

y- ('■'■) ( -5-• - -5 )= ■ 

2, (0 ( - ^ - ^); 90°. (.-i) (3. 2) ; 90°. 3. 

4. (i) 2 ' 3 ' 

(//) 1 [Hint. It will be found that A:=0, or 1. If A.'=0, the equation 
becomes-4.vf3v-12=0 which, being of the first degree in xandi*, 
represents one st. line. .’. k=0 is rejected.] («/) —3. 

5 (/) r = 0 . or a-l- 6 = 0 . (n) </= 0 , or 6 c—a(f= 0 . 

(Hint. (/) The equation is u.r2-l-6v'-(-cx-hry=0 ...(1) 

Comparing this with flx^-f* 2 /ix>' 4 ' 6 >-*-{- 2 gx-(- 2 />'-!-c= 0 . 


Pages 94-96. 1. (/) (3, 2) ; tan ^ 
3 5 
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here s=a, h~0, b=b^ g—\c,f=\Cy “c”= 0 *. 

If (1) represents two st. lines, then “flAc+2 /gh—ap—bg^~ch^"=0, etc.] 


, , . , ly/h^—ab l i i- 

6 . (a) tan“^ — a-\-b — ’ represented 

equation ax'-{-2hxy-\-by^-\-2gx-\-2fy-i-c=0. (b) 2. 

7. 7 ; imaginary. 


by • the 


Pages 97-98. Art. 53. 2. x^c^~a^m-) + 2a^mxy~i-yH<^^~^‘)=0. 

6 . [Hint. It will be found that the equation of the lines joining the 
origin to th^ pts. of intersection of the line x —1 = 0 and the curve 
5x^-\-]2xy—6y^-\-4x—2y-\-3 — 0h 12a:-— >'2--=0. or>’2= 12.>c% or >’=±2\ 3Ar, 
i.e., y=2y3x, and y=—2-\/3x. Here mi=2\/3, W 2 =—2\/3, .'. /«i = — 

.'. these lines make equal angles with the x-axis (Ex. 5). 

.’. also they make equal angles with the ^-axis.j 


4. 

5. 

6 . 


MISCELLANEOUS EXAMPLES ON CHAPTER IV 

27 
4 ■ 

x^-~2xy-\-2y*=0. [Hint. Proceed as in Ex. 2, Art. 49.1 

rwv* .. « • *iii A < ^ 


Pages 98-99. 1. 


or 


[Hint. Proceed as in Ex. 4, Art. 49.] 

[Hint. The equation is or 

>-y^+xy—X^xy—yx^=0. Factorise.] 

7. The equation of the first pair of lines is .x-=0, 

x^4‘^xy-y^=0 ...( 1 ) [Form ax^^lhxy-\-by'=0] 

and that of the second pair is >’*+Ar>'— ac-=: 0 , or x'^—xy—y‘~0 ...{2} 
Find the equation of the bisectors of the angles between the lines ( 1 ), and 
show that it is the same as (2). Similarly find the equation of the bisectors 
of the angles between the lines ( 2 ), and show that it is the same as (I).] 

8 . [Hint Proceed as in Ex. 4, Art. 51.] 

10, 2;c-3;^+4=0. 3jr+2^+2=0 ; 90^ 

U. y-2x -\-1 = 0 , and ;^- 2 ;t+ 2 = 0 . 12 . 

14. 2 ; 2x—6;^—1=0, and X—2>'-l-3=0. 

15. 2x—5j;+2=0, and 3x+2y—3=0 

16. 2x^-5xy+2y=0. 17. x;^=0. 


9. tan'» 


3 

5 


_7 

2vy 


13. — 1 , or — 


7 

2 


4 

18. 


’ W9 ’ 19 7' 
3x^-2xy-y^=0. 


20. ± I. 


CHAPTER V 

Page 101. 1. (a) {x-a)^+{y-b)^=r\ 

2 . (i) x2+>^-2x + 4y-4=0. (it) x^+y^~2ax~2by=0. 

3. (0 xH>'“-4x-6>»-I2=0. (/V) x2+y''-4x-6;;-12=0. 

[Hint, (i) The centre of the circle is (2, 3), and the radius = the 
distance between (2, 3) and (5, 7)=? the equation of the circle is ? 

•Wby to use inverted commas “ ”, In order to avoid confusion between 

e of the condition abc+2/gh~af*—bg^—ch*=‘0...(l) 
and c of the given equation ajc*+by^+cx+ey=0 ...(2) 
we put 0 of the condition (1) within inverted commas. 


xtv 
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Or thus : Let the required equation of the circle be 

it passes thro’ (5, 7), 

Substitute this value of in (1).] 


Pages 103-104. Art. 57. 1. (i) ^/2 ; (4, 8). 

2 . (a) Vr+P-c; (S. -/)■ (*) (') • 14-) ■ 


• Vliol 
14 


,..v / ^ ^ ^ ^ ,..,Vg^+p-ac .( g 

(“) i la-’ 2a-)’ 2a ’ -a-’ 7’ 



Page 104. Art. 58. 

1. [Hint. Choose the axes as in Art. 8-11, Rule II.] 

Page 105. 1. (/) x^-i-y^~22x-4y+25=0 ; 

{//■) .V-a“=0. 

(Hi) x^-hy‘-ax~by=0 ; ( » 2 ) ’ ^^2^ * 

2. .v=+/ + x-5>'-2=0 \ ~ ’ ”2'* 

4. 15=0. 

5. h (.y“+ y‘) - (/i®+/:*—a® )x - aVi =0. 

Pages 106-107. 1. (n) (.x-Yi)(Y-.Xa) + (;'->»i)(^->-,)=0, where 

(y, V,). (x,. 3-2) are the extremities of the diameter. 

2 (a) (x—a){x-c)4-{y-^)iy~d)=0. [ Hint. Proceed as in Art. 60. ] 

(b) .x®+v®-x-2>--}-l=0; J ; (i. 1). 

3 _ ;^*^^*_3x-4>’=0. 4. x^4-y^—ox—by=^0. 

Page 111. 1. (0 6.x+8>'-|-25=0: (») x—4y+9=0. 2. e=0. 

3. x + 33’-10=0, x-3y-10=0. 

[Hint. In the equation of the circle x®+>'®= 10, put x=l, then 

l4-v®=10or>-*=9, .-. v=±3, .'. the pts. are (1, 3) and (1, -3).J 

4. (i) xx'-[->-y+^{x+x')+/(>--|-/) + c=0. 

Page 113. 1. (/) 4x-3>'=0 ; (//) 4x+>-+2=0. 

2. (i) Tangent : ^ ’ Normal : n.x-h;'=0. 

(ii) Tangent : .ex+/v=0 ; Normal : /x-g>'=0. _ 

3 [ Hint. If the line is a normal to the circle, it passes 

thro* the centre of the circle (Art. 66, Cor.). ] 

Pages 114-115. 1. (0, 5), ( -4, 3). 

2am o(l—m®)l 

2. '')*!_ “Ilf.,„a* l+m® J‘ 

3. The line touches the circle at ( —I, —1). 

Page 117, 1. (4. -p). (-1. 

[ Hint. Length of the chord (intercept) 
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=distance between the pts. of intersection. ] 




V 


_p(i Cl 
!+/>*’ 


Pages 119-121. 1. c= =i=o\/ 1+m*. 3. (7, 3), (2, 8). 

4. (i) c= ~mh+k±a\/ I+w^, (iV) C= —Aa-B^icV A^+B^. 

[ Hint. Use the tangent property : If a line touches a circle, 

the length of the X from the centre on the line=the radius ] 

7. x*+y-2jc+4y-3=0. 

[Hint. Radius of the circle=iength of the X from the centre on the line ] 

10. c=±rN/T+^» ; (-'"A 


11. •\/3^“>'+4=0, V^a:—4 = 0. 

12 . (;) x-h2;;-2\/5=0, x+2>>-|-2-v/5=0. 

(«) Ar= ± 2. [ Hint. Use Method II of solved Ex. 2. Art 71 1 

13. Sat— 4>>-|-20=0, 3.x'—4>;—10=0. 

[ Hint. Use Method II of solved Ex. 2, Art 71 1 

14. (/) ac+j;-3v' 2=0, j:+.y+3v'2=0. 

(«) 4x-h^y+5=:0, 4x-h3>»—25 =0. 

Page 122. Ex. Outside. 

Page 124. Ex. >—2=0, 4.v-3>'-10=0 ; (0, 2), 

[ co-ordinates of the pts. of contact proceed as 

IQ O) iaFt* /X« J 

Page 126. 1. hx-{-ky==:^r\ 

r^M- ’ 3 x-H 4>»-25=0. 4x-3>'-25=0. 

f? contact of tangents from 

(7, 1) and then its pts. of intersection with the circle. ] 

Pages 127-129. 3. (/) Xc-4>'-3=0. (//) x-l=0 

4. (/) ax—by~a^=0. (//) 4;c4-4^_37=0 ^ 

Page 130. 1. (20. -5). 3. (f) ( -2, 1). (,V) (-1. 1). 

a I ^ j / L^t the equation of the circle be 

(a cos dj, a sin 0 ,). (a cos a sin ^a) the ends of the 
chord. Find Ihc slope of the chord (Art. 29. Cor.), also the slope of the 
line passing thro the centre and the mid-pt. of the chord. ] 

T r w-“!' x^+y-i=a^ is {a cos 6, a sin 0). ] 

i. L Hint. Eliminate 0 by squaring the two equations and adding. ] 

Pages 135-136. 3. 2;c—3y-f-13=0 ; , 

Pages 137-138. ^ 

1. [ Hint.. Proceed as in Art. 85 ] ; 

</ 7 ) aJ ^ 


2 . (0 3 ; 
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4. 

5. 


[ Hint. Let (Xi, y^) be any pt. ] 



[ Hint. Let >-,) be the pt. the tangents from which to the three 
circles are equal. Then 

-1 6 x ^+ 60=VV- ' 2 ^ 1 + 27 =+^_ r6.v,-12;<.+84. 

Square, and cancel from each member. Solve for x^, v,.] 

Page 141. 


1. (!) 2.v-3;‘-4=0. (/7) Sv-3r+5=0. (in) ax^by-i- 

2 . 

[ Hint. {//) Find the length of the intercept made by the first circle 
on the radical axis (common chord) by the method of Art. 70. (Use the 
intercept formula.) J 

3. 2^/2. 4. (4. 3), ( -3. -4). 

/-( J (0 Find the equation of the radical axis of the two circles. 

(//) Find the condition that this radical axis may touch one of the two 
circles (say the first). Use the method of intersections ] 

0. (1. 1). 

7. 3.v-f-4v—1 = 0. 

[ Hint. The radical axis of tw’o touching circles is their common 
tangent at the pt. of contact. ] 

8 ( 5 , ^ 4.v—3j'+ 1 = 0 , external. 

[ Hint. Use Method II of solved Ex. 2, Art. 87. 

Or thus; Hint. Use Method I of solved Ex. 2, Art. 87. The contact 
is external or internal according as the centres of the circles lie on opposite 
sides or on the same side of the common tangent. (Use Rule of Art. 45.) ] 

Page 142. 2. 4.v4->’-l = 0. 3. 

Page 143. 1. (,) (2, 1). (,V) (2, -1). (,V,) _ 5.^. 

Page 145. 

1 . 2aa' -^2bh' = c-^-yc'. 

3. A:^-f.v-4-6.v —3 .v=0. 

[Hint. Let the required equation of the circle be 

xM-r^+2^C.v+2/37+c=0 ... ( 1 ) 

It passes thro’( 0 . 0 ). f =0 ...( 2 ) 

it cuts x^+v-— 8 r-(- 12=0 orthogonally, 

25(0} + 2/(-4) = c 4-12 ...(3) [2g,gB + 2/,/j=c,+C2] 

Again it cuts a---}- V”—4.v-6v-3=0 orthogonally. 

2g(-2) + 2/(-3) = r-3 ...(4) 

Solve (2), (3), (4) for g, f, c, and substitute these values in (1). 1 

4. 7a2+7>-*-8a:-8)--12=0. 
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Hi) {o) 


Ai>) ( y, O), ic) 3a:+2=0; 


8 

3 ’ V 3 
m ia) 4, (b) { -1,0), (c) x-l=0. 

[Hints. (/) Compare the equation with Here 4fl=8, a=2. 

{it) Divide thro’ out by 3 (to reduce the equation to the form v*=4flv). 
(m) (a) Use Art. 98, N.B. 

(i) and (c) Draw a rough Fig. (Art. 96, Ex. 1), and proceed as in 
Cor. of that Ex.) 

4 


2. 


. 0 ). 


3. (/) (j) - 


W (0, i), (c) 3>'+l=0 ; 


(//) {a) 12. (b) (0, -3), (c) y-3 = 0. 

4. 4x-l=0; (i) Hi), 

Pages 159-160. 1. 3x+2>'+3 = 0. 

Page 161. 1. {/) y=nix-]~~ ; 

(/j) y=mx—2am~am^, m is the slope of the normal. 

2. Tangent : 3x-4y+8=0, Normal : 12x:+9>'-68=0. 

3. Tangent : x—y4-2=Q, Normal : ;c-f-y—6=0. 

4. At (fl, 2a), Tangent : x-y-\-a=0. Normal : x-{-y-3a=0 ; 

^t {a, -2a), Tangent : x4-y-\-a=0, Normal : x-y-3a=0. 

5. At (3, 6), Tangent : x—y-[-3=0, Normal : x4-y—9=0 ; 
at (3, -6), Tangent : .x-fy-l-3=0, Normal : x—y—9 = 0. 

Were 4a=12, .*. o=3, the ends of the latus rectum are 

{a, 2a), (a, -2a), i.e.. (3, 6), (3, -6).] 

Page 162. 

Ex. (a) y=mx—2am-am^, where m is the slope of the normal. 

{b) (I) V3^-y-5aV3=0. (//) . - .y \ 

Page 163. 3. y^=a{x-a). ^ 

[Hint. If two normals make complementary angles 0 , 90 ’—0 with the 

^-axis, then /W|m 2 =tan B tan (9O°-0) = tan B cot 0=1. /. 

Page 164. 1. (a, 2a), ( ^ 2. (9, 3). (4, 2). 

i-x *^**'^‘ equation of the normal 

at (3, 6) to the parabola, and then use the Note given in Art. 70.) 

Pages 167-16S. 

it * ^ Proceed as in Ex. 2, Art. 71.J 

( a 2a \ 

V * m )' 

4. am^=^nl \ [Hint. Proceed as in Ex. 9, Art. 71.) 

(a) x-y+a=0,x-\-y-\-a=0. {b) ( ^ , ® Y 


1 . 


2 . 


3. {it) 8 ; (2. -4). 
2am 


6 . 
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7. (/) (3fl, 2v'3a). (h) 

8 . x4-ji»-}-a=0. [Hint. See Note in Misc. Ex. 19, ( 6 ). Chap, III.] 
Note. If the tangent cuts off intercepts equal in magnitude but opposite 
in sign, its equation is x~y-^a=(i. 

9. Tangent : 9;c—12>’+64=0, pt. of contact -3 ) : 

Tangent : 3.v+ 9=0, pt. of contact 


[Hint. (/) Here 4a=sl6, a=4, . 

(li) Here 4a=16, a=4, m— — 

Page 169. Ex. (/) Inside ; (ii) outside ; (m) on. 

[Hint. {Hi) Divide thro* out by 2 (to reduce the equation to the form 

9 

y^=4ax). It becomes y-— ^ 

Page 170. 1. 9.v-4y-|-4=0,A—4y+36=0. 2. tan-H. 

Page 171. Art. 109. 

Ex. (/) y=kx ; {ii) x= ^ ; {Hi) kx^~y~-\-2ax=0 ; {iv) y—ak. 
[Hint. Proceed as in Art. 109, and get equation (1). 

t ^'1 ^ /^\ 

.\l -Tj 

(/) mi+m 2 =k. Substitute from (2). 

(///) mi--\-m 2 -==k or {mi^nu)^—2mimi=k. Substitute from (2). 

(/!') ' + ' =k or Substitute from (2).] 

Page 17'l. Art. 110. 

2. [Hint. The pi. of intersection of two X tangents to the parabola 
j 2 =: 4 ( 7 y lies on the directrix x= —a (Art. 109). 

.’. let the pi. be ( —a, .vj. Find the equation of its chord of contact.] 

3 . (4, 4), (1.2). [Hint. Proceed as in Ex. 2. Art. 77.] 

Page 172, 1. {a) [See Art. 78.] 

Page 173. 1. (-n. 3tf). 2. (0,1). 3. , -2 ). 




Page 174. Art. 114. 

2. [Hint. Let A(0, 0) be the vertex, and P(a/*, 2a/) any pt. on the 
parabola. Then the co-ordinates of the mid-pt. of AP are. 



y= ^ ...(2). Eliminate / from (1) and (2). . 

•♦Orthus: The equation of the chord, whose mid-pt. is (4rj, yj), is 
T=Si (see N.B. in solved Ex. 1, Art. 84), i.e., yyr—2a{x-\-x^=yx*~4aXx 
or yyi~2ax=yi^—2axi. If it passes thro* the vertex A(0, 0), then 
0 =yi®—2aAr,, the locus of (Ar^, y^) is [changing (x,, y,) to {x, y)j, 

0=y*—2a.Y.] 
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[Hint. Let P be {at^, 2at). Then Q is -2at).] 


5. (;7) m is the slope of the tangent, (m) y=mx-\- . 

Pages 174-175. Art. 115. 1. (») tx-^y~2al—at^=0. 

2. [at^tz, 

3. c= —2am~am^. 

[Hint. It will be found that the equation of the normal at (o/®, 2at) is 

tx+y—2at — a0—0 ...(1) 

If it is the same as the equation of the given line 

tnx—y-i-c=0 ...(2) 

then compare coeffs. in (1) and (2), and eliminate i between (he two resul¬ 
ting equations.] 

Page 176. Ex. .v^+j-2(x+<7)=0. 

MISCELLANEOUS EXAMPLES ON CHAPTER VI 


Pages 178-183. 

1 . a\x^~2abxy-\-h^y^-2a^x-2h^y-{~a' + a^‘b^-\-b^ = 0. 

2. (/) A:*-l-2x>'-f->'*-8x-|-8>'—16 = 0. 

3. x2+2.v>>+>'2+2.x:-IO>'-5=0 ; 3v 2 ; x+y-2=0 ; ( ’ , 

5. (0 ( -2, -3), (- ^ , -3 ), 2, 2j:+5=0. 

(ii) (-1, 0), (-J,0), 2. 2a: + 3=0. 

6. (I, 2), (0, 2), 4 ;:).-2=0, a:-2=0. 

7. (0 (- 5 3 2,-3=0, (_ 3. 


I 

4 


t'O { 2 )’ ■■'^“^=0. 0). 2a. 


8. (0 2x4->'=0. (»7) >'-6=»i(x—12) or >''f6=m(.v-12). 

10. (0 >-2=4a.v IS a parabola whose vertex is the origin, latus rectum 
=4a, and axis in the +vc direction of the x-axis ; x*=46>' is a parabola 

whose vertex is the origin, latus rcctum = 46, and axis in the -hvc direc¬ 
tion of the >--axis. ((7/) a^x-b^ y=0. 

11. Jr.vi=2a(>'+;',). 12. tan-* ^ 

2{a5H- b^) 

80^’ ' x-;’-3=0, 2 x-;7-12=0, 3;c+J'-33=0. 

- ■ 17. (2,-3). 18. (a/2, 2or). 19. (/7) (1,1). 


9 ■ 


20. a sin^ a= —/? cos a ; ^ — 


cos % 


2a sin a 
cos a 


)• 


21. a^x-\-b^y-\-a^ ir' =0. 

22 . [Hint. The equation of an>'tangent to the parabola 3'2=8 x, in the 


wj-j'orm, is y—mx-\- 


m 


y=mx+ ^ 
L HI 
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If it touches the circle, use the tangent property.] 

23. 9a:+ 3;-+1=0, (-i, _ . x-3y+9=0, (9, 6). 

[Hint. Let m be the slope of the tangent. 

•.* it makes an angle of 45® with ^=2x-j-3, 

nt—2 

tan 45®= values of m, and write down the 

equation of the tangent using v=mA:-l— 

fn J 

24. X—y-f-l=0, X—4>'-f 16=0. 26. y*—4ax=(<2-|-x)* tan*a. 

27. X*—y*+6flx+fl*=0, where is the equation of the parabola. 

28. 0) r -" r, a (~+ \ ')1. 

' ' L fftm * \ m m y J 

[Hint. {«) The co-ordinates of the pt. of intersection are 

-(’)• ) -( 2 ) 


a 


x= 


mm 


If mm'=c, then from (1), x=—.which is the required locus of the 
intersection.] 

29. 45®. 


30. (-- 


2 a sin oc 


a / 


cos a cos 

33. [Hint. The equation of the tangent at (at^, 2at) is r>»=x-ha/* ...(1), 
and the equation of the tangent at ^ , —y- is — y =x-|- y-- ... ( 2 ) 
(i) Show that (1) is i. to (2). 

(;7) For the pt. of intersection, find the value of X from (1) and (2), and 
show that x=— 0 .] 

34. [Hint. Let the ends of a focal chord be (a/“, 2fl/),^ y ,-y 

Then the co-ordinates of the mid-pt. of the chord are x= ^ ^ 

y=a ^ t -? ) ...(2). Eliminate t from (I) and (2) [by squaring (2) and 

substituting the value of t ^-\—^3 from ( 1 )].] 

**Short-cut. The equation of the chord, whose mid-pt. is (Xj, yj, is 
T=Sj (see N.B. in solved Ex. 1, Art. 84), i.e., yyi—2a(x-f-Xi)=yi®—4axj 
or yyi— 2 ax=yi*— 2 axi. 

If it passes thro’ the focus (a, 0), then ? Find the locus of (xi, y,).) 

35. [Hint. Let O be the pt. {k, 0), and P, Q the pts. (arj*, 2ati), 
2aQ. Then the chord PQ, y(/i+/s)=2x-f 2011/3 passes thro’ {k, 0). 

.*. 0 = 2 Ar- 4 " 2 a/i/g.] 

37. [Hint. The normal at (o/i*, 2a/i) passes thro* (o/g®, 2a/,), .’. ? 
Cancel the common factor (/,—/O-] 

38. y’=a(x—a). 

40. ^—1=0. [Hint. Here 4a=6, a= m,=3. Use y=yy.J 

4 m wf9 
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CHAPTER VH 

Page 187. 1. (/) 4^2+9^2-36=0. (iV) 1:2,1. 

2. (/) 3;c2+4/_48 = o. (i7) 3x^-\-5y^-32=0 : a/ 5 • 

[Hint. (/() Let the required equation of the ellipse be =1 -..(I) 

it passes thro’ (—3, 1), (2, —2), 

9 1 

A ^, + ...(2) 


4 4 

(js + 1,2 •■■(3) 

From (2) and (3), find the values of ^ j.. . and of) a\ b-, and 

substitute these values in (1). For eccentricity use h- = a' (1— e^).] 

3. 3x® + 5>'2-32=0. 4. 9I.r2-24.t>-+84>'2_i70x-360;-+475 = 0. 

Pages 189-190. 2. 8x2+9^2-288=0 ; v= + 18 
Pages 192-193. 1. I 

[Hint. 2 =4 ...(1), SA=CA-CS=a-fle= ^ (Given) ...(2) 

Fiom(l), =^4 0,. ...(3) 

1 

From (2), <z(l-e)= ^ •••(4). Divide (3) by (4).] 

2 . A-2+2r=-4 = 0. 

^26=2ae or, squaring, *2=^2^*, f.e., o2 (i-c 2) = n2f,2^ .*.^2 = 7 

Also 2 ^ =2, i.e.f ^ ^ =1. Substitute the value of e found above. 

/. i/=? h^=aH\-e^) = '>] 

3. 20x2+36^2-405=0. 

Vi ■ (± V6' °) ’ "'f • i 2! 3) • '2' 


(b) 


^ 5 -v/S / . 5+5 

2 ’ 3 ’ 3 ’ (± 6 ■ 3. 


6. (/) . 
Tr. . ... 2^2 


{») 


/2 • 


(Hint. (0"^ =+26 = /,. .-.2^ =1 or, squaring. T=l, 
4a2(l_e2) 


i.e., 


a’ 

+5-1 

2 


= 1 .] 


[Hint. It will be found that e= 

{I)e = '^2 -(2)^=—which, being numerically 


I, is 
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impossible (*.' eccentricity of an ellipse is <!).] 

Pages 194-195. 1. 2x-f V3y-4\/3=0. 

2. [Hint. (/) The extremities of the major axis are A(~a, 0), A'{a, 0). 

(fV) The extremities of the minor axis are B(0, b), B'{0, — 6 ).] 

3. (/) At ae, * ex—y-{-a=(i ; 

at (^—ae,— * a =0 ; 

t )’ ; at (ae, eA-- 7 -a= 0 . 

Page 196. 

1. At (3. 2), Tangent : 3.v-^8v-25=0. Normal ; 8x-3y-18=0 ■ 
at (-3, 2), Tangent : 3A-8y-f25=0. Normal : S.v-f 3>’+18=0. 

1. Tangent : ex-\-y-a=0, Normal ; x—ey~ae^=Q. 

[Hint. In the equation of the normal obtained, put b-=a^{{—e-).] 

3- At ( —1, ), Tangent : .x-v'3t+3=0, Normal : 3.r+v'3y+l=0 ; 

at ( -1. - ^" 3 ) , Tangent : .v-fV3y+3=0, Normal : 3x-V3y+l=0 ; 

V 3 )’ : x+V^y~3=0, Normal : 3x-V3y-l=0; 

at ( 1, -^, 3 )- Tangent : x-V3y~3 = 0, Normal ; 3a+\/3>--1=0 . 

Page 197. Ex. ( 2^2. , ( -2^/2. . 

Page 198. Ex. [Hint. First find the pis. of intersection, and then 
the distance between them. ] 

Pages 199-200. 1. (//) c=±\/ a^m~-i-b^. (Hi) c=irv/l+m^ 

2 5 

[ Hint. (Hi) The equation of the circle is „ =1, 

r“ 

in the condition of langency for the ellipse, put 6 *=r®. ] 

2. ^ *3 ) . 5. p^=a' cos^ a-1-6® sin= a. 

6 . aV~-\-h"nr~=fi~ ; (- ^ a\ - b^ ) . 

\ Hint. Proceed as in Ex. 9, .Art. 71. ] 

7. y=—.r^rV''+ 

Note. If the intercepts are equal in magnitude but opposite in signy the 
equations of the tangents are y=x±\/ + b^. 

[ Hint. See Note in Misc. Ex. 19, (b), Chap. III. ] 

8 . (/) 4.y->--:.7=0. (iY) 4A-f-vi-7=0. 

Page 201. 1. No. 

2. Without. [Hint. Divide thro* out by 140 {to reduce the equation to 

y2 

the form + ^^3 =!)•] 
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Page 202. 1. 4x-5>'+25=0, a:-4j-13=0. 

2- A.— :^^-3=0. x-h5y-9=0. 3. 5x-^2y-9=0. 

Page 203. 1. (a) The locus of the pt. of intersection of two i 

tangents to an ellipse is a circle called the director circle of the eliins,-“ 
(b) x--{~y-=^a'^-\-b^. 2. (i) kx-~2xy~ka^=0; {ii) kx^~y~~ka^~b-=h- 

iiii) k^y^-2xy-k^b^=0 ; (/v) .v=-2x>- coha~y^~a^U^-=0 ‘ ’ 

[Hint. Proceed as in Art. 129, and get equation (1). 


mj+m2= — 


yr~b^ 


x,^~a^ 


...( 2 ) 


(/) m^-\-m 2 =k. Substitute from (2). 

(//) m^m.i=k. Substitute from (2). 

m, + m. Subsiiiuie from (2). 

(/v) 0^-\-e^_=2x. tan (^?,4-0..) = ian 2a 

tan ^i + tan 02 , ^ 

1-tan 0, tan Substitute from (2).] 


Page 204. 1. 3.r+8;'-5=0. 

Page 205. 1. (- ™ „3, »■ y 2. ^ . 2 ) . 

Page 206, Ex. [ Hint. Proceed as in Ex., Art. 81. ] 

Page 207. 1. A variable in terms of which the co-ordinates of 

any point on a curve are expressed, is called a parameter, and the 
co*ordin3tes are called the parametric co-ordinates 

ii) [a cos 0. a sin 0), (/7) (at^, 2ai). {Hi) {a cos 0, b sin 0). 

2. (a cos 0, b sin 0). 

^ _ «= + b-^ - a 

one (positive) end of the major axis, and 
1 [a cos 0, b sin 0) any pt. on the ellipse. Then the co-ordinates of the 

mid.pt. of AT are cos t/= ? sin 

Ehminate 0 by squaring and adding. 

The equation of the chord, whose mid-pt. is (.v,. v,). 

IS T —$1 (see N.B. in solved Ex. 1, Art. 84), 


+ h-i + ui -1 or 


ata: 


' + 


+ --1 or = 

n It passes thro A («, 0), one (positive) end of the major axis, then ' 

Find (he locus of (x-„ ;»,).] 

4 _L y r. 


_ 

a- ^ A* 


- 0 . 


Pages 208-210. 



3. (/) [Sec Art. 134.] 
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6. (i) — COS a-1- sia a=cos B. 

Q o ' 


m 


[ Hint. (/) Use Art. 136. (h) cos cos I5®=cos (45'’-30“)= ? ] 

Pages 211-212. 3. k, Vk^—h^. [Hint. The focal distance of 
B(0, b)=a-\-exi=a-\-e{0)=k (Given), also 2ae=2h. ] 

Pages 217-219. Art. 137 (g). 

2. 2x-{-3y=0. [Hint. Usej'=— x. ] 




7. (0 b^x~-a^y=0. (//) bx+ay=0. 8. 


1 

%/3' • 


MISCELLANEOUS EXAMPLES ON CHAPTER VH 

Pages 219-224. 1. 27.x8-f 24 jc;'+20;»*-|-72a:-72;^-|-72=0. 

2. 4V2, 2V6 ; 3^2 ; (0, ±2V2) ; (0, ±V2) ; ^±4^2=0. 

3, An ellipse whose major axls=2-\/3 and lies along the .v-axis, and 
whose minor 3x15=2^2 and lies along the ^-axis ; 

O’-v'a)- 

S. (0 i ; (3, 1), (1, I) ; x-6=0. x+2=0. 

{») 1, (-1, '± 2^6 ) = V''63'-3'6±2=0. 

V2 * 2^2 ’ \ 4 ' 4 J‘ 

[Hint, (ii) The extremities of the minor axis are x'= y=0.] 

7. (3, 5) ; Equations : ;c—3=0, 5=0 ; Lengths ; 10, 6 ; 

(3, 9), (3. I) ; 4>'-45=0, 4>»+5=0. 

8. [Hint. Solve the equations =1, x^-i-y^=ab. 

a^b , ab“ 

y^a-^b- 


6. (/) 


It will be found that x^= '^ '' 


a+b^ 

a pt. of intersectioQ is ( )• 

It will be found that the slopes of the tangents to the ellipse and the 

5 i 

h® a- 

circle at this pt. are mi= — -j , m 3 =— . ...(1) 

0^ b- 

if 6 is the angle between the tangents, then 
tan 6 = . Substitute from (I). 1 

H-miWia ' J 

. 9 N 


h'^ 


9 ( ± 

■ \Va^+b*' Va^-4-b^. 

. 9 \ / 16 


/ 16 
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11. (5, 2), ( -5, -2). 13. 4. 

14. (3,2V3) ; (-1. ^ 3 ). 15. (1,-1)- 

16. ax-by±Va^-ra^b^-\-b*=0, ax-\-by± Va*+a^b'^-hb^=0. 

17. (m) x-i^±5=0, x+>'±5=0. 19. x^+f=a^-\-b\ 

20. >1—3=0, x+>i—5=0 ; 3x+8>>—24=0. 

21. [Hint. Draw a rough Fig. Let T be (.Xi, yi).] 

22. (/) x-y-t-10=0. 07) (-1.2). 

25. [Hint. The co-ordinates of the extremities of the chord are 

{a cos (pi, b sin <px), {a cos h sin 
.•. the equation of the chord is 


^ cos^'t^-^+ sin 
a 2 o 


01+';% _ 


=cos 


01-0 


(Art. 136) 


*.* it passes thro’ the focus {ae, 0), .'. ?) 

“• ('’) =*• 

[Hint, (o) Take the equation of the tangent at {a cos 0, b sin ^). 

(6) Take the equation of the normal at (a cos 0, b sin 0). 
18 . 12 1 


29. 


+ 


cos* a 


* ' sin- a ' 


[Hint. The equation of the ellipse is -~+-^ = l. 


3 


^Compare with + ^ 2 = 1 . ) Herea-=1, a= 

.'. the equation of the normal at {a cos 0, b sin 6), viz., 

==a^ — b^ becomes 

cos 0 sm 0 


X 

y/2 cos 0 


- ^-3 ^ =i —3 = «- Proceed as in Ex. 4, An. 136.] 

30, Equations : jc-8=0, 9jx— 40y + 72 = 0 ; Lengths : . 

[Hint. It will be found that the foci are ( 18, 0). Find the equations 
and lengths of the joins of 

(/) (8, 0) and ( 8 , ) ; (/V) (-8, 0) and ( 8 , ). 

Or thus : To find the lengths. The focal distances arc 
olexj, i.e., 101 g (8) or ^ ^ . 

33. + ^2 =1* ‘tn ellipse. (Hint. Eliminate the variable (parameter) 

/ (Misc. Ex. 23. Chap. IH, Rule).] 
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34. [Hint. Subtangent=-——(As in Art. 137,(Z?), Cor.). (Here x, 

9 16 \ . 2 0 

= 2 (Given), .. ? 

Also ^ 3, lies on the ellipse ^ 2 = ? 

Substitute the value of found above. Z»^=? ] 


CHAPTER Vm 

Page 228. 

1. (n) — ^2 ~1’ 2(7, 26 are the transverse and conjugate axes. 

(6) 9.y2-4>-2-9=0. 

2. 41.v=-4;'2_25==0. 3. .■c3-4.y>'+jH4.v-4=0. 

Pages 229-231. Art. 140. 

1. (/) 45.v2-36r-S0=0. (//) .y2-v2-2=0. 

2. 9.v=-16/-36=0. 3. ^ 2; (±^3,0). 

(0, ± v'I3). 

IHint. It will be found that the equation is ^ =1. 

[R.H.S.= 1, and coeffs. of x^, as denoms. {Note this step)] 
Here ( ~ve denom.) a^=4, ( —ve denom.) —6*= —9, 6*=9. 

Now b^=aHe^-l), /. 9=4{e^~-l).] 

Pages 231-232. Art. 141. 




{ ± \ NO) 



v^5Ari4=0. 


2. V2 ; 4-V/2 ; 4. 


Page 232. Art. 142. 

Ex. Tangent : =1 ; Normal : =fl»+6*. 

fl- 62 

Pages 232-233. Art. 142. 

2. „ ,„Vc^—fl“/n'-i-6N\/ l-f-m* ; c—:tV a-m^—bK 

3. («) (2. -i),( -4, - (b) 3\/5. 

4. ^5, — ^ 5. c= 6^. 6. 4x—2>'±\/65=0. 

7. (/) 2.v->>±l=0. (//) 3.v->-±V6=0. 

Pages 235-237. 

1- (i) If P=0, the pt. (.v', v') lies on the hyperbola ^ =1* 
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[» 


r 


(/i) If P>0 (i.e.y +ve), the pt. (.v', y') lies inside the hyperboid. 
(m) If P<0 (i.e., —ve), the pt. {x\ y’) lies outside the hyperhold. 
3. a:- 7+1=0, 3:v-7+5=0. 4. 3 a:->-+ 2 = 0, 3.v+7-2 = 0. 

5. 6. 


7. 

8 . 


2 . 


3. 


1 . 

2. 

3. 

4. 

5. 

6 . 
7. 

10 . 


(a) [Sec Art. 78.] {b) 


_ 77, _ 

or 


(- C C ^0- ’■ (3. 3> 

Pages 238-239. Art. 144. 
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f A 4li \ 

• I" c J- 


.. 4B 


X ^1 — ^2 7 

cos % — ■; sin \ - 

a 7 h 2 

ax , />r _ , 

sec tan ' 


; ;y sec 0, 


=cos 


a 


tan(?,= l. 


Pages 239-241. Art. 145. 

[Hint. Proceed as in Ex. 2, Art. 137. (a).] 

[Hint, (a) Proceed as in Art. 137, (b). 

(b) Proceed as in Art. 137. (c).] 

[Hint. Proceed as in Art. 137, (r/).] 

(Hint. Proceed as in Art. 137. (c) and Cor.J 
[Hint. Proceed as in solved Ex., Art, 137, (e).] 

Hint. Proceed as in Art. 137, (/).] 

Hint. Proceed as in Art. 137, (;») ] 8. 2.r —3i' = 0. 

125,t —487=481. [Hint. Proceed as in soKed E.\. 2. Art. 84. | 


MISCELLANEOUS EXAMPLES ON CHAPTER VIII 
Pages 241-243. 

3. 3a;®- 7®—3fl*=0, where 2a is the transverse axis. 

[Hint. Let the transverse axis=2a. CA=.ICS, a = \ac, c--^2.\ 

4. 7y^~24xy~24ax-\-6ay-\-l5a^^0 ; ^ ^ ; l2r + 97 +: 9 rr--- 0 . 

5. {a) 4, 2+2 I- 

(b) Transverse axis : 7-2=0, conjugate axis ; a-4-2 = 0. 

[ Hint. Proceed as in Misc. Ex. 4, Chap. VII.] 

6- ( J. 1);^ : (4, 1), ( -6, I) ; 5a-II=0, 5.V+2I=0. 

7. (-1,-2): 2+3. 8. (1,1). 

10. x-y±V~a^-~b^=0, a+ 7± +a2_> 

11. 2a-7+1=0, 2a+7+1=0. 

[Hint. Reject the imaginary values of m.] 

2!. 32a- 97=0. [Hint. Use Art. 145, Ex. 12, Cor. 2 ] 
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PUNJAB UNIVERSITY PAPERS 
Pages 245-246. 1953. 1. (.) (c) (-’f . ^). 

2. (a) hx+ky^h^-\-k^. [Hint. Proceed as in Ex. 1, Art. 84.] 

(6) cos-1 . [See Misc. Ex. 37, Chap. V.] 

3. (fl) [See Art. in.] (b) [Hint. The equation of the 

directrix is x=~6, any pt. on the directrix is {—a, yj.] 


4. 


(a) _ 

^ cos 0 sin 0 


[See Art. 136, Ex. 3, («).] 


{b) [See Art. 136, Ex. 4.] 

5. {a) [See Art. 138.] (b) [See Art. 139.] (c).™, (±5. 0), 

wnere (Xj, >^ 1 ), (x^, (X 3 ,^ 3 ) are the vertices of the triangle. [See Art. 9.] 

(b) -^(3^1—X 2 )+(x,ya—X2yi)=^0. [Hint. The area of the 
triangle whose vertices are (x, y), (x„ yj, (x^, y^) is zero.] (c) 26. 

2 . (a) [See Art. 135 .] (b) 

{.) (- ^ 

(c) [See Art. 117, (e). Method L] 

(o) X—>'+1=0, 3x—:i»+5=0. (6) 45x*-36>'*-80=0. 

Page 247. 1955. 

(a) X' cos K+y' sin a-p. [See Art. 44-1.] (/>) ; 4.y/2, 

(a) (2, 3) ; 5. (*) 2xs+2y®-8x-10>'-27=0. 

(a) >'>'i=2a{x+xi). [See Art. 110.] (b) - ^ 

(fl) (0 =n»-h*. [Sec Art. 123.] (/i) [See Art. 137.(d).] 


3. 


4 . 


» {b) [See Art. 117. {d).] 


5. 

1 . 

2 . 

3, 

4. 


w V-l 


(b) (5. 2). (-5, -2). 

5. (a) (/) [See Art. 139.] (ri) [See Art. 145.] 

Pages 247-248. 1956. 

1. (a) ( 1 ) [See Art. 24.] ; (ii) [See Art 43.] (6) 8 x—1=0. 

2. (-2, 3) ; 2V3 ; x^-+y>-\-4x-6y-^l=0. 


3. (o) (//) /x+>'—2fl/—a/*=0. (b) 


80 
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4. {a) [See Art. 137, (g).] ( 6 ) (0 4x->’±7=0. (ii) 4x-\-y±l=0. 

5. (a) (ii) x^-\-y^=a^~b^. (b) ly^—24xy—24ax-\-6ay-{-\5a^=0. 

Page 248. 1957. 1. (a) [See Art. 30.] ; (x', y) is the given pt. 

thro’ which the line is drawn, 6 the angle which the line makes with the 
X-axis, and r the distance of the pt. (x, y) from (x', y'). 

ib) 5x+7>-+ll=0. (c) V3x-h>»-(x/3-l)=0,>-M=0. 

2 . (a) (h) 2x^-\-2y^~2x-hiiy^3=0. 

3. (a) (/) . [Hint. See Art. 137,Ex. 3,(a)] 

(//) [Hint. See Art. 137, ig). Ex. 3, (6).] (b) ' 3 ^ . (± . o) , * . 

4. (a) /i/ 2 = —I [See Misc. Ex. 31, Chap. VI.] ; [See Misc. Ex. 33, 
Chap. VI.] (b) x'^—y^-\-(>ax-\-a^—(i. 

5. (a) [••Short-cut. Let (Xi, >»i) be the pole of any tangent of the 

circle x*-|-y*=£i* ...(1) w.r.t. the hyperbola x*—The equation of 
the polar of (Xi, yi) w.r.l. the hyperbola is xxj—>'>’|=a 2 . / it touches 
the circle (1), ? Find the locus of (Xj, y,).] 

{b) [Hint. The equations of the lines are x—y=0 ...(1), x-{-y=0 ...(2). 
The equation of any tangent to the hyperbola, in the m-form, is 

y—mx + a\/rn^—\ ...(3). Find the area of the triangle formed by the 
lines (1), (2), (3). It will be found that this area=u’.] 
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